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Abstract: In this paper, we study the dynamics of k-essence in loop quantum cosmology (LQC). The study indic-

ates that the loop quantum gravity (LQG) effect plays a key role only in the early epoch of the universe and is di-

luted in the later stages. The fixed points in LQC are basically consistent with those in standard Friedmann-

Robertson-Walker (FRW) cosmology. For most of the attractor solutions, the stability conditions in LQC are in

agreement with those for the standard FRW universe. For some special fixed points, however, tighter constraints are

imposed thanks to the LQG effect.
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I. INTRODUCTION

Numerous cosmological observations strongly sug-
gest that the universe is undergoing accelerated expan-
sion in the present epoch [1-6]. The most widely accep-
ted idea is that a mysterious dominant component, dark
energy with negative pressure, drives this cosmic acceler-
ation. The most popular dark energy model is quint-
essence. It is described by a canonical scalar field accom-
panied by a particular potential that results in the late
time acceleration of the universe. However, there has
been a growing interest in the study of alternative models
characterized by a non-canonical kinetic term, and there
has been great progress in this area. This scenario was
originally proposed to drive the inflation in the early uni-
verse [7, 8]. It was first applied to describe late time cos-
mic acceleration in Ref. [9]. A more general formalism of
the scalar field dark energy model, called k-essence, was
proposed in Refs. [10, 11].

As we know, the scalar field dynamical dark energy
models suffer from the so-called fine-tuning problem and
the coincidence problem. To attack these problems, we
can resort to scalar field models which have scaling solu-
tions; see Refs. [12-18] and therein (also see Ref. [19] for
a review). As a dynamical attractor, the scaling solution
can partly alleviate these two problems. In addition, we
can also study the stability conditions of the scalar field
dynamical dark energy models, see for example Refs.
[20-22].

Lots of dynamical dark energy models, including k-

essence, have been studied in depth in the framework of
standard cosmology. However, it is expected that in the
regime of very high curvature, general relativity (GR)
breaks down and the Big Bang singularity emerges. A
theory of quantum gravity should provide us a natural
scenario to resolve this problem. One of the candidate
theories of quantum gravity is loop quantum gravity
(LQG), a non-perturbative and background-independent
quantum gravity theory [23-26]. Based on LQG, we can
construct a symmetry-reduced cosmological model with
homogeneous and isotropic spacetimes, known as loop
quantum cosmology (LQC) [27-32]. The non-perturbat-
ive quantum gravity effects result in a —p? modification
to the standard Friedmann dynamics. The Big Bang sin-
gularity in the early universe can be resolved in this scen-
ario [27, 28, 31, 33-39]. It is very interesting to notice
that even at the semi-classical level, instead of the Big
Bang singularity, a Big Bounce emerges [40, 41]. The
LQG effect also results in the emergence of the super-in-
flationary phase [42]. The horizon problem with only a
small number of e-foldings can be resolved in this land-
scape [43]. Further, to search for potential observable
prints, the cosmological perturbative theory in LQC is
also deeply explored in Refs. [44-51] and the primordial
power spectrum is studied in Refs. [43, 52-58]. In addi-
tion, the large scale effect of LQG is also found in Ref.
[59], which provides us the possibility to study the LQG
effect on the dark energy evolution. Many scalar field
dark energy models and their dynamics have been widely
studied in the framework of LQC; see Refs. [60-65] and
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therein.

In this paper, we study the dynamics of k-essence and
its attractor solutions in LQC. Our paper is organized as
follows. In Section II, we introduce the k-essence in the
LQC framework and derive the equations of motion of
the dynamical system. Then, we study the dynamics of k-
essence for constant coupling parameters and dynamic-
ally changing coupling parameters in Section III and Sec-
tion IV, respectively. Some discussion and conclusions
are briefly presented in Section V.

II. K-ESSENCE IN LQC

In the quintessence scalar field dark energy model,
the potential energy of the scalar field plays a key role in
driving the cosmic late-time acceleration. If we introduce
a non-canonical kinetic energy term in the Lagrangian,
we find that even when the potential vanishes, the cos-
mic acceleration can still be achieved. This model, char-
acterized by a non-canonical Kkinetic energy term, is
called the k-essence model. The most general Lagrangian
of k-essence is a function of the scalar field ¢ and its kin-

. 1 . .
etic energy term X = 3 WpH g, ie., L= f(¢,X). In this

paper, we consider a specific form of k-essence [10, 11,
66],

L=a@X+B@X*-V(9), (1)

where V(¢) is the potential, and the coefficients @ and B
are functions of the scalar field. The above Lagrangian is
a polynomial of degree 2 in the kinetic energy X. This
type of Lagrangian can emerge from low-energy effect-
ive string theory [7, 8].

Incorporating the LQG effect, instead of the standard
Friedmann equation, we have an effective one [27-32],

Pr Pt
H? = (1——), 2
1= @

where H = a/a is the Hubble parameter and p; is the total

energy density of the cosmological contents. M§ =—

is the square of the Planck mass. In what follows, wenset
M3 =1 for convenience. p, = V3/(16my>G?h) is the crit-
ical density, where y is the dimensionless Barbero-Im-
mirzi parameter and 7 is the Planck constant. Before pro-
ceeding, we would like to point out that there is an altern-
ative version of modified Friedmann equation proposed
in [59, 67], which could be derived from full LQG as re-
cently shown by [68].
Along with the conservation law

P +3H(p;+p) =0, 3

the effective Friedmann equation provides a description
of the universe incorporating the LQG effect. p, in the
above equation is the total pressure. Differentiating the
Friedmann equation (2) and using the conservation law
(3), one achieves the following effective Raychaudhuri
equation:

H=

_(Pt"'[?z)(l_%)‘ )

2 Pe

We assume that the contents of the universe include
the k-essence scalar field and the dark matter. So the total
energy density and pressure of the contents of the uni-
verse are:

Pt =Pp+Pms Pt =Py+ P> ®)
where ps (om) and py (pn) are the energy density and
pressure of the dark energy (dark matter), respectively.
From the Lagrangian of k-essence (1), we can easily de-
rive py and p, in a flat Friedmann-Robertson-Walker
(FRW) background as [10, 11, 66]

Py = a(P)X +3B()X*+ V(9), (6)
Py = APX +LPX* — V(). (7)

Since we have assumed that the universe is homogen-

. . 1.
eous and isotropic, one has X = §¢2’ where the dot de-
notes the derivative with respect to time. Further, taking
the variation of the Lagrangian (1) with respect to the
scalar field ¢, one obtains the Klein-Gordon (KG) equa-
tion as:

. . ¢2 ¢4
Pla@)+3B@)° 1+ (@) +36 (#)
+3Hpla(¢)+B(@)d"1+V'(¢) = 0. (8)

To study the dynamics of the above system, we define
the following set of dimensionless variables:

@8 B9
- 6H?2 7 12H?
p Y@ o _1dagd
T3H2 T T adp H’
_1de o
6_ﬁd¢H’ z—pc. )

In term of the above dimensionless variables, the effect-
ive Friedman equation (2) and Raychaudhuri equation (4)
can be rewritten as:
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Pm 1
mzl—_z—(x+3y+b), (10)
H 3 1—-(x+3y+b)(1-2)
7= 2x+4y+ 12 (1-27).
(11

Then, we recast the above system into the following
autonomous form:

X' = xA+3xG-2xF, (12)

Y =y6+3yG - 4yF, (13)
b =ob+3bG, (14)
’ 3 2

V=316 -AF ~B(1-T), (15)
v 3 2

&' = 56G-6(1-7)~6F . (16)
7 ==3z1+x+y+b(—=1+2)—xz—yz2), (17)

where

_ 3(x+2y)  xA+36y+ob

X+ 6y 2(x+6y) (18)
G- (—1+2z)(]+x+y1+b(—1+z)—xz—yz), (19)
—-1+z
and
d’a d’s
_“(d?z) _ﬁ(@)
do}' T (dB)
dg dg
_d(In V)
o-——dN . (20)

Notice that here we have introduced the number of e-
folding N =In(a/ap), with gy being the current value of
the scale factor and the prime representing the derivative
with respect to N in the above equations.

Compared with the standard FRW cosmology, an ad-
ditional dimensionless variable z = p,/p. is introduced to
describe the system in LQC. The nonzero z represents the

LQG effect. Next, we shall treat A and § as constant
coupling parameters and dynamically changing variables
respectively, to study the dynamics of the system.

III. DYNAMICS WITH CONSTANT COUPLING

PARAMETERS
In this section, we consider A and § as constant coup-
ling parameters and so we set 4 =1y and & = . The dy-

namic system reduces to a 4-dimensional one. A non-
trivial A and ¢ give the following relation:

Ap(1-T)=6p(1-1). 2n

From Egs. (15) and (16), it is easy to derive the follow-
ing constraints:

(22)

A. Pure k-essence

As was pointed out in the introduction, different from
quintessence, the non-canonical kinetic term of k-es-
sence plays a key role in driving the cosmic acceleration.
So in this subsection, we first consider the pure k-es-
sence model, i.e. V(¢) =0. In this case, b = 0 and the sys-
tem reduces to a 3-dimensional one.

Also, we are interested in the k-essence fractional
density parameter Q4 and the effective k-essence equa-
tion of state (EoS) parameter y,, which read:

_ P _
¢—ﬁ—x+3y, (23)
Py 2x+4y
=l+wg=14—=—=, 24
Yo Wy o~ X3y (24)

for V(¢) =0. We see that Q4 and y, have the same ex-
pressions as in standard FRW cosmology [66]. The obser-
vations constrain the current values for Q, and y, as
[69]:

Q,~0.68, 25)
¥4 ~0.05. (26)

Therefore, we have xy=-1.309 and y,=0.663 for the
current universe.

By setting X’ =0, Y =0 and z’ =0, one obtains the
fixed points for this system. We can explore the stability
of the fixed points by evaluating the corresponding eigen-
values. Following the strategy outlined in Refs. [15, 19,
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70], one can work out the eigenvalues. The correspond-
ing Q4 and y, are also worked out. These results are
summarized in Table 1.

From this table, we can see that the fixed point C is
stable if

2A<5<24+3, 27)

is satisfied. Comparing with the case of k-essence in
standard FRW cosmology in Ref. [66], the LQG effect
imposes a lower bound on §-21. Given the condition
(27), one has y4 <0, i.e., wy > -1, for which the big rip
[71] in the later universe is avoided. Notice that to have
an accelerated expansion universe at a later stage, we
have y, <2/3, which further leads to a tighter constraint:

21<0<2A+2. (28)

Now, we turn to study the evolution of the system
with N. To solve the EOMs of this system, we take the
initial conditions to satisfy the current observation con-
straints, i.e. Egs. (25) and (26). Besides, we assume that z
is small in the current universe. The evolutions of x, y and
z as functions of N are shown in Fig. 1. The red curves
are for LQC and the blue dashed curves for the standard
FRW cosmology. Note that the parameters A and ¢ are
chosen as 1 =2 and ¢ =4.05, which satisfies the stability
condition (28).

From this figure, we find that for most of the time of
the universe evolution, x and y in LQC are the same as in
the standard FRW cosmology. Only in the early epoch of
the universe is there a difference, where x rapidly de-
creases and y increases as time goes back. On the other

hand, z almost vanishes for most of the time of the uni-
verse evolution, but as time goes back, it rapidly in-
creases in the early epoch of the universe. These phenom-
ena indicate that the LQG effect plays an important role
only in the early epoch of the universe. We show the
parameter plot of x, y and z in Fig. 2. The universe fi-
nally evolves into the stability attractor solution (point C,
the red point in Fig. 2).

Furthermore, we plot the evolutions of the decelera-
tion parameter g with N in Fig. 3. We see that in the early
epoch, the universe undergoes a so-called super-inflation
stage due to the LQG effect [62, 72-74]. After that, the
universe enters into a decelerated phase, which is almost
the same as that for the standard FRW cosmology. The
universe then changes from this decelerated phase to an
accelerated expansion stage where the LQG effect is di-
luted.

In Fig. 4, we show the evolution of y, and Qg with N
in the standard FRW cosmology (left) and LQC (right).
Again, the LQC effect plays a key role only in the early
universe and is diluted as the time evolves. Finally, the
universe evolves into the stable attractor with y4 =0 and
Q4 =1, which means the universe is dominated by the
scalar field.

Finally, we would like to point out that the fixed
points A and B are not stable fixed points but are saddle
points, because there is at least one negative eigenvalue
for them (see Table 1).

B. K-essence with non-zero potential

In this subsection, we study the dynamics of k-es-
sence with non-zero potential. V(¢) # 0 leads to b # 0 and
so this dynamical system becomes 4-dimensional. Then

Table 1. Fixed points for pure k-essence.
Point X y z Eigenvalues Qg V¢ Stability Condition
A 0 ! 0 1 1 4 Saddle point
’ 3 74,1,5(4—6+2/l) 3
B. 1 0 0 —6,3,~6+6-21 1 2 Saddle point
1 1 2A-6+4)21-6+6) 0-21
. Z(5=21— ~(6— —§+24,6-21-3, LT AT OT D) bl
C 5(6-21-4) £ (6-0+22) 0 52t ) 1 3 2A<5<20+3
0.0F— " ) 1.0
—— LQC — LQC osh
-0.5¢ ---- standard FRW --- standard FRW .
0.6
— 1 0 L
* e Zo4f
-1.5¢ L 0.2F
200 v e 0.0
-3 -2 -1 0 1 2 3 0 1 2 3 -3 -2 -1 0 1 2 3
N N N

Fig. 1.

(color online) Evolutions of the system with N for pure k-essence. The red curves are for LQC and the blue dashed curves for

the standard FRW cosmology. Here we have chosen 4 =2 and ¢ = 4.05.
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o N

Fig. 2.
pure k-essence. The blue curve exhibits the time evolution
from the past (orange point) to the attractor (red point). The
green point stands for the present universe. Here we have
chosen A=2 and ¢ =4.05.

(color online) The parameter plot of x, y and z for

1.0
— qforLQC
05 e - q for standard FRW
q=0
q 0.0f
-0.5¢
—~1.0k . . 5 :
-2 0 2 4
N

Fig. 3. (color online) Evolutions of the deceleration para-
meter ¢ with N for pure k-essence. The red curve is for LQC
and the blue dashed curve for the standard FRW cosmology.
Here we have chosen 4=2 and ¢ = 4.05.

the scalar field fractional energy density Q, and the EOS
parameter y, become:

Qs =x+3y+b, (29)
2x+4y

==~ 30

s x+3y+b (30)

The values of Q4 and y, of the current universe (Eqgs.

1.4F
1.2¢F
1.0f ]
0.8F / Y ]
Yo/ 6t
0.4F
0.2F
0.0f, ) - -
-10 -5 0 5 10
N

Fig. 4.
we have chosen A1 =2 and 6 = 4.05.

(25) and (26)) give the initial condition space as:
x+3y+b=0.68, (31)
2x+4y=0.034. (32)

Given the initial conditions, we can determine the evolu-
tions of x, y, z and b with N. Note that the initial condi-
tion space is the same as in the standard FRW cosmology.
For detailed discussions, please refer to Ref. [66].

Following the same procedure as above, we work out
the fixed points and the stability conditions, which are
shown in Table 2. From this table, we can see that points
D and E are unstable. We do not discuss these unstable
points.

If the condition 24 < A1+ o with o > -3 is satisfied, A
is a stable fixed point. We show the evolutions flowing to
the fixed point A in Fig. 5. Here we have fixed o =0,
which corresponds to the case of wy = -1 v, Regardless of
whether it is the LQC or the standard FRW universe, the
systems flow to the same fixed point 4. We note that as
the time evolves, the linear and quadratic kinetic energy
terms x and y reduce to zero, but the potential term b in-
creases and tends to the maximum value of b= 1. This
suggests that as in the quintessence dark energy model,
the potential plays the dominant role in driving the cos-
mic acceleration in the later epoch of the universe. It is
different from that for the pure k-essence, for which the
kinetic energy terms play the role of driving the cosmic
acceleration. As in the case of pure k-essence studied
above, only in the early stage of the universe do the LQG
effects play an important role. In most of the evolution
time of the universe, the evolution of the system in LQC
is basically consistent with that in the standard FRW cos-
mology [17, 18, 22, 23].

The corresponding ¢ and y4/Q, are also shown in
Fig. 6 and Fig. 7, respectively. From the two figures, we
can see that the LQG effect plays an important role in the
early epoch of the universe, such that the universe under-

5
4 — Y
3 —
Yol Q
®. ¢2
1 |
ok " I T
-2 0 2 4
N

(color online) Evolutions of y, and Q4 with N for pure k-essence, for (left) standard FRW cosmology and (right) LQC. Here

1) For o < 0, we have similar results. Notice that we do not consider the case of o~ > 0, which cross the phantom field divide.
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Table 2. Fixed points for k-essence with non-zero potential.
Point X y z b Eigenvalues Qg Yo Stability condition
o 4+0 o
- - 1 - —
A 0 2 7} E(_6+2/1_0')"r’_0-_3’7470- 1 3 21<8+0 and o> -3
o 6+0 (o
B s 0 0 w3 o,-3-0,-6-0,0-21+0 1 3 21>6+0 and 00> -3
¢ Le-20+ay Le-s+20 0 22 =26(5+2) +4(6+51+1%) 020 i ss+oando> -3
2072+ —6+24, 5-20-3.6-20+0 3 Tanda
0-2(4+2)
4
1 -
D 1 0 0 0 *4,1,5(4—6+2/1),4+0' 1 3 unstable
E 0 % 0 0 —6,3,60-6-21,6+0 1 1 unstable
0.10 038
—1 LQC — LQC
0.05¢ -~ standard FRW | 0.-6¢ - standard FRW
0.00F——= 04l
x —0.05}F y
0.2r
—-0.10f
~0.15} 0.0
-0.20" -0.2-
-4 -2 0 2 4 -4 -2 0 2 4
N N
1.0 = T 1qQc
0.8 ----- standard FRW
1.0p
0.6} ﬁ—
b
z F
0.4 05l 1
0.2
0.0 0.0 ‘ ‘
—4 ) 0 2 4 -4 -2 0 2 4
N N
Fig. 5. (color online) The evolutions flowing to fixed point A for k-essence with non-zero potential. The red curves are for LQC and

the blue dashed curves for the standard FRW cosmology. Here we have chosen A =1 and 6 =3 and 6 = 0.

goes a super-inflation stage. After that, the LQG effect is
diluted and the evolution of the universe is almost the
same as in the standard FRW universe. Finally, the uni-
verse flows to one dominated by the scalar field.

When 21 > 6+ o0 with o > -3, the universe can flow
to different fixed points B and C depending on the initial
conditions. When the initial condition xy belongs to the
region xp >0, the universe flows to the fixed point B,
which is a potential energy dominant case (see Fig. §8). If
xo <0, then the universe evolves into the fixed point C,
which is a kinetic energy dominant case (see Fig. 9). We
plot the evolutions of the deceleration parameter g with N
for the initial conditions xo > 0 and xo <0 in Fig. 10. We
find that for the different initial conditions, the evolu-
tions of the deceleration parameter ¢ are qualitatively
consistent. That is to say, due to the LQG effect, the uni-
verse firstly undergoes a super-inflation stage. Soon after-
wards, the universe enters a decelerated phase and finally,
under the driving of scalar field, it enters the accelerated
expansion stage.

1.0 y N "
— qfor LQC
05F e e q for standard FRW |
q=0
q 00f
-0.5F
—-1.0t
-2 0 2 4 6
N

Fig. 6.
meter ¢ with N for k-essence with non-zero potential. The red
curve is for LQC and the blue dashed curve for the standard
FRW cosmology. Here we have chosen 1=1 and §=3 and

(color online) Evolutions of the deceleration para-

o=0.

IV. DYNAMICALLY CHANGING 2 AND §

In the previous section, 4 and § are constant. Next,
we study the evolution of the system with dynamically
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1.2¢

1.0f

0.8¢ / e
Yol 0 6F — Q

0.4

0.2F

0.0 . I ————

-2 0 2 4
N

Fig. 7.
(right) for LQC. Here we have chosen 1=1 and §=3 and o =0.

0.020
0.015¢
0.010¢
x 0.005f

—+ LQC
-\ standard FRW

0.000
—-0.005¢

-0.010

1.0

0.8f

0.6}

Z0.4f

0.2f

0.0f

e T T
N

Fig. 8.

5

4r — Y

3t — G

1f P —
0 .

-4 -2 0 2 4

(color online) Evolutions of y, and Q4 with N for k-essence with non-zero potential, for (left) standard FRW cosmology and

1.0
0.8}
0.6} — LQC
Yoat |\ [T standard FRW ]
02
0.0f
-4 -2 0 2 4
N
15 oo
--[--- standard FRW
1.0p
b
0.5¢
00p ————— .
-4 -2 0 2 4
N

(color online) Evolutions of x, y, z and b with N for k-essence with non-zero potential. The red curves are for LQC and the

blue dashed curves for the standard FRW cosmology. Here we have chosen 1=1 and §=1 and o =0. The initial condition is that

x0>0.

05 ——TqQC

0.0
-0.5¢
-1.0f

X
—1.5¢
—2.0F
_2.5F

standard

-3.0
-4

1.0

0.8}
0.6}
% 0.4}
0.2F

0.0f
-4 -3

B e R T
N
Fig. 9.

2.0

— LQC
-- standard FRW

1.0
0.8}
0.6

b 0.4
0.2}

0.0f

—— LQC
---- standard FRW |

-4

-2

0 2 4
N

(color online) Evolutions of x, y, z and b with N for k-essence with non-zero potential. The red curves are for LQC and the

blue dashed curves for the standard FRW cosmology. Here we have chosen 4=1 and 6=1 and o =0. The initial condition is that

x0<0.
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] — q for LQC
q for standard FRW |
q=0

Fig. 10.

1.5

— qvforLQ'C
Lob— q for standard FRW |
0.5F i
q=0
q 0.0f
-0.5F
-1.0f
-15 L L 1 L
-4 -2 0 2 4 6
N

(color online) Evolutions of the deceleration parameter ¢ with N for k-essence with non-zero potential. The red curve is for

LQC and the blue dashed curve for the standard FRW cosmology. Here we have chosen 1=1 and 6 =1 and o =0. The initial condi-

tions are (left) xo > 0 and (right) xo < 0.

changing A and §. We shall mainly study the case of pure
k-essence. For the k-essence with nonzero potential, we
only present a brief discussion.

The system of pure k-essence with dynamically chan-
ging A and ¢ is a 5-dimensional. Following the same pro-
cedure as above, we can work out the fixed points and the
corresponding eigenvalues, the parameters Q, and vy, as
shown in Table 3. The stability conditions are also sum-
marized in this table.

Except for the fixed point E, all the fixed points are
unstable because there is at least one positive eigenvalue
for these fixed points. Since there are two negative eigen-
values and three zero eigenvalues for the fixed point E, it
is a saddle point. These results for LQC are similar to
those for the standard FRW universe [23, 24, 54].

We want to know the properties of the saddle point E.
To this end, we show the evolutions of the system, the
parameters Qy, ¥4 and g with N for different I" and 7 , in
Figs. 11, 12 and 13. The properties are summarized as
follows.

e When I' and 7 are small, the system flows to the
fixed point E at a later stage (the first plot in Fig. 11).
Correspondingly, Q4 — 1 and y, — 0, which are the cor-
responding values of the fixed point E (see Table 3).

e As I' and 7 increase, some of the variables no
longer flow to the fixed point E at the later stage (the

second plot in Fig. 11). Some of the variables even be-
come divergent at the later stage when I" and  further in-
crease (the third plot in Fig. 11). Correspondingly, v, be-
gins to deviate from the value of y4=0 for T=7=1.4
(the second plot in Fig. 12) and even becomes divergent
when I' and 7 further increase to the value of '=7=1.6
(the third plot in Fig. 12).

® The deceleration parameter ¢ is different for differ-
ent ' and 7 in the later stage. In particular, when
I'=7=1.6, g tends to become divergent in the later stage
(Fig. 13).

e Again, the LQG effect plays a key role only in the
early stage.

To sum up, the saddle point E is not an attractor.
Whether or not the system flows to this fixed point de-
pends on the values of T and 7.

The most general case is the one with non-zero poten-
tial and dynamically changing A and é. In this case, the
system is 6-dimensional. The fixed points and the corres-
ponding eigenvalues are worked out in Table 4. There are
9 fixed points for this system. However, there are only
two stable fixed points (C and D) and two saddle points
(E and J) when the parameters satisfy certain conditions.
Compared with the case of the pure k-essence, the sys-
tem possesses two stable fixed points under certain condi-
tions such that we can model the evolution of the universe.

Table 3. Fixed points for pure k-essence with dynamically changing A and §

Point X y z A 6 Qg V¢ Eigenvalues Stability Condition
A 0 % 0 0 0 1 g -4,2,1,1,1 Unstable
1 4 4
B 0 - 0 0 _— 1 - 4(-1+7) 8(-1+17) 411 Unstable
3 5—4r 3 5+4c  —5+4¢° b
C 0 % 0 1 0 1 g 4111 -3+20 Unstable
1-T TLLL——
1 4(-1+7) 4 4
D 0 — 0 1 — 4(-=1+71) 4(-3+2)(-1+1) Unstable
_ _ _ - —4,-1,1
3 C1+D)(=5+47)  5-4r 3 544t (—l4D)(—5+4n) 7 7
E -2 1 0 0 0 1 0 -3,-3,0,0,0 Saddle point
1 0 0 0 0 1 2 —6,-6,3,0,0 Unstable
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Fig. 11.
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Fig. 13. (color online) Evolutions of ¢ with N for pure k-essence with dynamically changing 1A and 6.
Table 4. Fixed points for k-essence with non-zero potential and dynamically changing A and §.
Point x y z b P o Eigenvalues Stability Condition

o 440
A 0 -— 0 — 0 0 o oo Unstable

12 4 2 3o,

o 4+o0 o
B 0 -—— 0 —— — 0 o o (“3+20)0c Unstable

12 4-1+T AU S o A SR

1D 4T aCIn T
C -5 0 dro 0 = T O ., 2Ao+on) oot 3<o<0,1<7<5/4
4 T TPy ’ T 544t 0 544t

o 4+0 o(=1+71) o

D -—— 0 == o —oct+tor  (Q2I-3)@-Do r>5/4or7<11<I'<3/2 -3<0<0
_ _ S5+41 — . o.-3—0.—4— _
12 64 CI+DES+HD =St 003040 e T (<5 +40)
o

E 3 0 0 % 0 0 0,0,0,0,-3—-0,-6-0 Saddle point for -3 <o <0
F 0 % 0 0 0 0 -42,1,1,1,4+0 Unstable
G o 10 o0 0 4 4147 81+ Unstable

3 S-dt 544t 5447 T

1 1
H 0 -~ 0 0 — 0 -3+2T Unstable

— -4-1,1,1,——.,4

3 1-T TLLL At

1 4(-1+1) 4
1 0 - 0 - 4(-1+71) 4(-3+2D)(-1+71) Unstable

_ _ _ - —4,—1,1

3 (-1+D)(-5+41) 5-4r 544t (<1+D)5+4n) ¢ b A+o
] =2 1 0 0 0 0 -3,-3,0,0,0,c Saddle point for o <0
K 1 0 0 0 0 -6,-6,3,0,0,6 +0 Unstable
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V. DISCUSSION AND CONCLUSIONS

In this paper, we have studied the dynamics of a k-es-
sence in LQC. In particular, we have discussed the stabil-
ity conditions of the fixed points. Compared with the
standard FRW universe, we need an additional dimen-
sionless variable z=p,/p.. Notice that non-zero z is re-
lated to the LQG effect. Our discussion is divided into
two main parts. One is that 4 and § are treated as con-
stant coupling parameters. Another is that A and & are dy-
namically changing variables. For every case, we explore
the dynamics of the pure k-essence and k-essence with
non-zero potential. We summarize the main properties of
the dynamical system as follows:

e z is zero for all fixed points. This means that the
LQG eftect is diluted in the later stage of the universe.
The evolution of the system indicates that the LQG ef-
fect plays a key role only in the early epoch of the uni-
verse.

e The fixed points in LQC are basically consistent
with those in standard FRW cosmology [66]. For most of
the attractor solutions, the stability conditions are consist-
ent with those for the standard FRW universe. For some
special fixed points, however, for example the fixed point
C in Table 1, tighter constraints are imposed thanks to the
LQG effect.

In the LQC framework, there are several directions
deserving further pursuit:

e The LQG effect is more evident in the early uni-
verse than the current universe. It would therefore be in-
teresting to study the evolution of k-essence in the early
universe in the LQC framework.

e We can explore the k-essence dynamical system in
a spatially curved FRW universe [75].

e [t would definitely be interesting to study the dy-
namical system when an interaction term between k-es-
sence and the fluid is included.

e One of the important dark energy models, other
than those driven by scalar fields, is the so-called Chaply-
gin gap model, which unifies dark energy and dark mat-
ter [76-78]. Its dynamical behavior has also been studied
in Ref. [79]. It would be interesting to extend such stud-
ies to the LQC framework such that we can explore the
effect of LQG.

e [t would be especially interesting to study the dark
energy evolution in the version of the modified Fried-
mann equation proposed in Refs. [59, 67]. The version of
the modified Friedmann equation in Refs. [59, 67] re-
duces to the leading order effective one (Eq. (2)) if the
higher correction terms are neglected. The higher correc-
tion terms may result in a qualitatively different scenario
from that of the leading order effective theory (2).
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