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Abstract: It has been shown that the Christodoulou version of the strong cosmic censorship (SCC) conjecture can

be violated for a scalar field in a near-extremal Reissner-Nordstrom-de Sitter black hole. In this paper, we investig-
ate the effects of higher derivative corrections to the Einstein-Hilbert action on the validity of SCC, by considering a

neutral massless scalar perturbation in 5- and 6-dimensional Einstein-Maxwell-Gauss-Bonnet-de Sitter black holes.

Our numerical results show that the higher derivative term plays a different role in the d =5 case than it does in the

d =6 case. For d =5, the SCC violation region increases as the strength of the higher derivative term increases. For

d =6, the SCC violation region first increases and then decreases as the higher derivative correction becomes
stronger, and SCC can always be restored for a black hole with a fixed charge ratio when the higher derivative cor-
rection is strong enough. Finally, we find that the C? version of SCC is respected in the d = 6 case, but can be viol-

ated in some near-extremal regimes in the d = 5 case.
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I. INTRODUCTION

It is well known that a curvature singularity could be
formed during a gravitational collapse. There might exist
three types of these singularities, namely space-like,
light-like and time-like. Among them, the undetermined
initial data on a time-like singularity would cause the
breakdown of determinism of general relativity. Al-
though there exist some solutions to Einstein's equation
admitting time-like singularities (e.g. Kerr-Newman and
Reissner-Nordstrom black hole solutions), claiming that
general relativity could lose predictability is rather subtle
due to the presence of the Cauchy horizon, which en-
closes the time-like singularity. In particular, to rescue
the predictability of general relativity, Penrose proposed
the strong cosmic censorship (SCC) conjecture, which as-
serts that the maximal Cauchy development of physically
acceptable initial conditions is locally inextendible as a
regular manifold [1-3]. Consequently, when the initial
data is perturbed outside of a black hole, whether SCC
holds true crucially depends on the extensibility of the
perturbation (e.g., the metric and other fields) at the
Cauchy horizon.

To give a more rigorous definition of the extensibil-

ity of the perturbation across the Cauchy horizon, several
formulations of SCC have been proposed. For example,
the C” version of SCC states that the metric cannot be
C’"(r € N) smooth at the Cauchy horizon [4, 5]. Various
pieces of evidence suggest that the Cauchy horizon can
be extendible with a continuous metric for the perturbed
initial data, indicating the falsity of the C° version of
SCC [6-8]. On the other hand, it has been argued that the
C? version of SCC appears to be true since the curvature
blows up at the Cauchy horizon [9]. However, an observ-
er can still experience a finite tidal force and cross the
Cauchy horizon even when the metric is inextendible in
C? [10]. So requiring that the metric is C? at the Cauchy
horizon seems to be too strong, and extensions with lower
smoothness shall be considered.

It is worth noting that weak solutions can have many
important physical applications, in which C” smooth
solutions are not available. Therefore it might be a more
appropriate choice to characterize the extensibility of the
Cauchy horizon by considering whether the perturbation
is inextendible as a weak solution. For Einstein's equa-
tion, a weak solution is specified by locally square integ-
rable Christoffel symbols in some charts of the manifold.
This observation then leads to the Christodoulou formula-
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tion of SCC, which states that the maximal Cauchy devel-
opment should be inextendible as a spacetime with loc-
ally square integrable Christoffel symbols [11]. Practic-
ally, for a linear scalar perturbation, the Christodoulou
version of SCC can be tested by checking whether the
scalar field will belong to the Sobolev space H, . at the
Cauchy horizon. Note that if the perturbation belongs to
the Sobolev space H, , its first derivative is locally
square integrable. In other words, if SCC is violated in
the Christodoulou version, the perturbation belongs to
H) . and, roughly speaking, has finite energy at the
Cauchy horizon.

To check the validity of the SCC, one needs to ana-
lyze the evolution of the perturbation, which is governed
by two mechanisms. One is the mass-inflation mechan-
ism, associated with the exponential amplification of a
perturbation due to the blue-shift effect, which might
cause a singular behavior at the Cauchy horizon [7, 9, 10,
12-14]. The other is the time-dependent remnant perturb-
ation decaying outside of the black hole, which can com-
pete with the mass inflation to invalidate SCC. For an
asymptotically flat black hole with the perturbation out-
side the black hole decaying in an inverse power-law
way, the mass-inflation mechanism dominates to render
the Cauchy horizon unstable [7, 15-18]. Interestingly, the
exponential decay of the perturbation is observed in
asymptotically dS spacetime, indicating that mass infla-
tion might not be strong enough to keep SCC valid.
Quantitatively, for a linear scalar perturbation in an
asymptotic dS black hole, the competition between the
the mass inflation and remnant decaying is characterized
by [19-24]

B=—, (M

1]
)

where x_ denotes the surface gravity at the Cauchy hori-
zon, and « is the spectral gap representing the distance
from the real axis to the lowest-lying quasi-normal mode
(QNM) on the lower half of the complex plane of fre-
quency. It shows that 8> 1/2 corresponds to the viola-
tion of the Christodoulou version of SCC. Moreover,
B> 1 represents the C! extensibility of a scalar field at
the Cauchy horizon, leading to the bounded curvature if
coupled to gravity [19, 23, 25]. Hence 8> 1 implies the
violation of SCC in the C? version, opening the possibil-
ity to the existence of solutions with even higher regular-
ity across the Cauchy horizon. From now on, the term
“SCC” only refers to the Christodoulou version of SCC.
Recently, the validity of SCC has been widely ex-
plored in asymptotic dS black holes. In particular, the au-
thors of Refs. [23, 26-31] considered scalar perturbations
with/without mass and charge in a Reissner-Nordstrom-
de Sitter (RNdS) black hole, and found that SCC is viol-
ated in the near-extremal region. The analysis has been

extended to the Dirac field perturbation [32-35] and high-
er space-time dimensions [36-38], where there still exists
some room for the violation of SCC. Especially in Refs.
[26, 33], it has been observed that the C? version of SCC
can be violated, since S>1 appears in some near-ex-
tremal parameter regimes. Even worse, if one considers
the case with the coupled linearized electromagnetic and
gravitational perturbations in a RNdS black hole, the C”
version of SCC for any r>2 can be violated by taking
the black hole close enough to extremality [25].
Moreover, the authors of Refs. [34, 39, 40] argued that
nonlinear effects could not save SCC from being violated
for a near-extremal RNdS black hole. Surprisingly, SCC
can always be respected for the massless scalar field and
linearized gravitational perturbations in a Kerr-dS black
hole [36, 41].

It is interesting and inspiring to check the validity of
SCC in models beyond the Einstein-Maxwell theory. In
Refs. [42, 43], we studied SCC for dS black holes in the
Einstein-Born-Infeld and FEinstein-Logarithmic systems
and found that the nonlinear electrodynamics effects tend
to rescue SCC. In addition, SCC has been tested for a
scalar field perturbation in the Horndeski theory in Ref.
[44], which showed that the higher-order derivative coup-
lings increase the regularity requirements for the exist-
ence of weak solutions beyond the Cauchy horizon. On
the other hand, Gauss-Bonnet (GB) gravity, which arises
from the low-energy effective action of heterotic string
theory [45], has attracted considerable attention in the lit-
erature. Coupling to Maxwell electrodynamics, namely in
the Einstein-Maxwell-Gauss-Bonnet (EMGB) theory, the
EMGB black hole solution has been obtained, and vari-
ous aspects have been extensively investigated [46-56].
To the best of our knowledge, little is known about the
validity of SCC in the EMGB theory. The purpose of this
paper is to investigate the validity of SCC for a neutral
massless scalar perturbation propagating in 5- and 6-di-
mensional EMGBAS black holes.

The rest of the paper is organized as follows. In Sec.
I, we briefly review the 5- and 6-dimensional EMGBdS
black hole solutions and obtain the allowed parameter re-
gions, where the Cauchy horizon exists. In Sec. III, we
show how to compute the QNMs for a neutral massless
scalar perturbation in an EMGBAS black hole. In Sec. IV,
we present and discuss the numerical results in various
parameter regions. We summarize our results and con-
clude with a brief discussion in the last section. For sim-
plicity, we set G = ¢ = 1 in this paper.

II. EINSTEIN-MAXWELL-GAUSS-BONNET-DE
SITTER BLACK HOLE

In this section, we briefly review the EMGBAS black
hole solution and obtain the parameter region where three
horizons exist. The action of the Einstein-Maxwell-
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Gauss-Bonnet theory in d-dimensional spacetime is giv-
en by [46]

1
16m
+ Ry RP7) = ' F . )

S d’xy=g|R-2A+acs (R* - 4R, R"

where A >0 is the cosmological constant, R is the Ricci
scalar curvature, and F,, = d,A, - 0,4, is the electromag-
netic tensor field of the electromagnetic field A,. It is
noteworthy that the GB coupling constant agp is natur-
ally assumed to be positive, since the GB correction to
the Einstein gravity is well-motivated from the low-en-

ergy effective action of heterotic string theory [45]. So
we focus on agp =0 in this paper. In addition, the GB
term is known to be topological with no dynamics in the
d =4 dimension. Therefore, we shall consider d >5 in
what follows.

For the action (2), a static spherically symmetric
black hole solution was obtained in Refs. [46, 48, 51]:

d 2
ds? == (AR + —— +2dO2,,

G
4nQ
A=Adt=——— "%
(dt @33 dr, 3)
with the blackening factor
2A 16xM 327202

r2 r2
=l+—=-—,[l+4a
F) 2% 25\/ ¢

where M and Q are the ADM mass and the electric charge
of the EMGBAS black hole, respectively, and dQ?2 , rep-
resents the line element of a (d-2)-dimensional unit
sphere with volume wy_, = 22¢"D/2/T((d - 1)/2). For sim-
plicity, we introduce a redefined GB parameter
@ = agg (d—3)(d—4). In the limit of @ — 0, Egs. (3) and
(4) reduce to the d-dimensional RNdS black hole as ex-
pected [37].

An EMGBAJS black hole is characterized by the para-
meters M, O, A and a. It can be shown that an EMGBAS
black hole can possess one, two or three horizons in dif-
ferent parameter regimes. The topology and causal struc-
ture of EMGBAS black holes have been analyzed in de-
tail in Ref. [50]. To study SCC, we need to find the “al-
lowed ” region in parameter space, in which the black
hole possesses three horizons, namely the Cauchy hori-
zon r_, the event horizon r, and the cosmological hori-
zon r.. For later use, we denote the surface gravity
kp = |f" (rp)l /2 with h e {+,—,c} for each horizon. The al-
lowed region is determined by the two limits, namely the
extremal limit with r_ = r,, which corresponds to the ex-
tremal black hole with charge Q.y, and the Nariai limit
with r, = r., which corresponds to the Nariai black hole
with charge Qp,.. Hence, the allowed region is given by
Ohar < O < Qexe 01 0 < O < Qexe if no Nariai limit exists. In
particular, a 5-dimensional EMGBdAS black hole has

Onar = ﬂ\/—2+3k—2(1 —ky’?/A

and

Qext = n\/—2+3k+2(1 —k)*2/A

@=DA=1) ' @-2)0aar  (d-2)(d-3)wl 04 |

4)

with k=AM -3ra)/(6rr) [57]. The existence of Qpar
and Qe requires a <8M/(3n), which puts an upper
bound on a. If A> A.=3n/(4M), Qnar could only exist
when @ > 8M/(3r)—2/A, which puts a nonzero lower
bound on «. However for d > 6, the allowed region can
only be determined numerically. For example, our numer-
ical results show that, for d = 6, there is no upper bound
on @, and a nonzero lower bound on @ appears when
A> A ~6.348M 723,

The allowed regions and their boundaries in the @-Q
parameter space are plotted in Fig. 1 for various values of
Ainthe d =5 and d = 6 cases. Without loss of generality,
we set M =1 in the rest of this paper. When A > A, the
right-hand column of Fig. 1 shows that the allowed re-
gions have a nonzero minimum value of @, marked by the
point A, as expected. One can also notice that, for the al-
lowed region, @ <8/(3x) in the d =5 case, while no up-
per bound on @ exists in the d = 6 case. Furthermore, we
find that the allowed regions are very similar in the d > 6
cases. We show the allowed regions for the d =7 and
d =8 cases in Fig. 2, showing remarkable similarities to
the d =6 case. Thus we shall consider only two cases,
those for d =5 and d = 6, in what follows.

II1. QUASINORMAL MODES

In this section, we discuss QNMs for a neutral mass-
less scalar perturbation in d-dimensional EMGBAS space-
time. The behavior of the neutral massless scalar field is
governed by the Klein-Gordon equation

V20 =0, (5)

where V is the covariant derivative. To facilitate our nu-
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Fig. 1.

Extremal BH

Nariai BH

Q=0.9Qex

(color online) The regions in light blue are allowed to possess three horizons for EMGBAS black holes with d =5 (upper row)

and d =6 (lower row) for various values of A. The dashed orange and green lines represent the extremal black hole and the Nariai

black hole, respectively. When A > A, (right column), there exists a tipping point 4, which marks a nonzero minimum value of @. The
solid red line, which represents the near-extremal black hole with the charge ratio Q/Qex = 0.9, intersects the dashed green line at point
B, where SCC tends to be saved, as discussed below.
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Fig. 2.
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(color online) The regions in light blue are allowed to possess three horizons for EMGBAS black holes with d =7 (upper row)

and d =8 (lower row) for various values of A. The dashed orange and green lines represent the extremal black hole and the Nariai
black hole, respectively. The allowed regions in the d = 6, 7 and 8 cases are quite alike.
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merical calculation, we use the Eddington-Finkelstein in-
going coordinates (v,r,Q4-,) with v =r+r., where r, is
the tortoise coordinate defined as dr. = dr/f(r). In addi-
tion, we choose an appropriate gauge transformation such
that A =A,dv=—-470dv/((d -3)ws—2r?3). Since the
EMGBdAS black hole solution is static and spherically
symmetric, a mode solution of Eq. (5) can have the separ-
able form

O(v,r,Q4-2) = Z Weotm, (F) Vi, (QRa—2)e ™. (6)

im;

Here, / and m; (j=1,2,---,d—-3) denote the integers re-
quired to uniquely determine a (d —2)-hyperspherical har-
monic ¥y, (Rq—2), which fulfills  VZ,,Y (Qu-2) =
=l(l+d-3)Y;,, (4-2). Since no “magnetic splitting” is
present due to the spherical symmetry of the background,
the index m; can be suppressed in ¥, [58, 59]. Plug-
ging Eq. (6) into Eq. (5), we obtain the radial equation

(P10} +(-2iwr + 2+ (d = 2)rf) o,
—i(d = 2)wr— (I +d —3))Yoi(r) = 0, (7)

where f” denotes df(r)/dr.

One can perform the Frobenius method to obtain the
solutions near the event and cosmological horizons, re-
spectively. If we impose the ingoing boundary condition
at the event horizon and the outgoing boundary condition
at the cosmological horizon, namely,

(r=re)~ (r=re) ™%,

®)

ingoing
¥

outgoing
wl ¢’

(r — ry) ~ const., wl

then Eq. (7) selects a set of discrete frequencies wy,
(n=1,2,--+), which are QNMs of the scalar field [60].
There are many analytic and numerical ways to extract
QNMs [60, 61]. In this paper, we employ the Chebyshev
collocation scheme and the associated Mathematica pack-
age developed in Refs. [62-64]. The basic idea to com-
pute the spectrum efficiently is to discretize the QNM
equations by the pseudospectral method and solve the
resulting generalized eigenvalue equation. It can produce
an additional infinite set of purely imaginary modes,
which are known to be missed by the WKB approxima-
tion [60]. Moreover, the WKB approximation assumes
that the potential has a single extremum, which may fail
in some cases [65].

To adapt our numerical scheme for the Mathematica
package, we redefine the field v, as

1 .
Yot = = (1= x)7% g1, ©)
X

with a new coordinate x = (r—r,)/(r. —ry), which renders
the new field ¢, regular at both the event and cosmolo-
gical horizons. After the radial equation for ¢, is ob-
tained from Egs. (7) and (9), one can use the package to
find a series of QNMSs, wy,. The spectral gap « in Eq. (1)
is then given by « = inf}, {—Imwy,}.

IV. NUMERICAL RESULTS

In this section, we present the numerical results for
QNMs for a neutral massless scalar perturbation in 5- and
6-dimensional EMGBAS black holes and check the valid-
ity of SCC. These results were obtained using the Math-
ematica package of Refs. [62-64] and found to be consist-
ent with the results of Refs. [37, 49, 66, 67] in various
limits. Since it has been shown that SCC could be viol-
ated in a near-extremal RNdS black hole, we will focus
on the near-extremal regime of the EMGBAS black holes.

A. d=5

We first study the d =5 case. For a near-extremal
black hole, it is well known that there exist three qualitat-
ively different families of QNMs: the photon sphere (PS)
family, which can be traced back to the photon sphere, the
de Sitter (dS) family, which is deformation of the pure de
Sitter modes, and the near-extremal (NE) family, which
only appears for near-extremal black holes [23, 33, 37,
42, 68]. We plot these three distinct families for a 5-di-
mensional near-extremal EMGBAS black hole in Fig. 3,
where we consider two cases with A =1 and A =3, since
their allowed regions are quite different, as depicted in
Fig. 1. As shown in Fig. 3(a), when Q/Q.x increases to-
ward the extremal limit, Im(w)/k_ for the PS and dS dom-
inant modes become divergent while the NE mode takes
over to make B finite but smaller than —1/2. Therefore,
like a RNdS black hole, the presence of the NE mode can
invalidate SCC as long as the EMGBAS black hole lies
close enough to extremality. As one increases @ from the
left column to the right column in Fig. 3(a), the SCC viol-
ation range of Q/Qex expands, which implies that the GB
term in the action (2) tends to worsen the SCC violation
for a scalar in a 5-dimensional near-extremal EMGBdS
black hole. To better understand how the GB term affects
the validity of SCC, we plot Im(w)/«_ against @ with in-
creasing Q/Qcx; from the left column to the right column
in Fig. 3(b). The SCC violation range of @, which is to
the right of the thick dashed vertical lines, increases as
Q/Qex increases, indicating that SCC tends to be viol-
ated when the black hole is closer to extremality. Note
that there is an upper bound @ = 8/(37) on @ for d =5, as
discussed before. Moreover, as shown in Fig. 4, the
Im(w)/«_ of all three families' dominant modes decreases
to some finite values when @ increases toward the upper
bound. Figure 3(b) shows that, for a scalar in a 5-dimen-
sional near-extremal EMGBAS black hole, SCC is al-
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(color online) Dominant modes of three families for a neutral massless scalar field in a 5-dimensional EMGBAS black hole,
showing the dominant NE mode (green lines) at /=0, the dominant dS mode (red lines) at /=1 and the (nearly) dominant complex PS
mode (blue lines) at /=10. The threshold g = —-Im(w)/«- = 1/2 is designated by thick dashed vertical lines, to the right of which SCC is

violated. The dashed vertical lines in the insets denote g =1.

Fig. 3.
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(color online) Dominant modes of three families near the upper bound of @, for a neutral massless scalar field in a 5-dimen-

sional EMGBAS black hole with various A and Q/Qcx. It shows that the Im(w)/x_ of all three families' dominant modes decreases to

some finite values with @ increasing toward the upper bound.

ways violated when @ is close enough to the upper
bound.

When A =3>A., the upper right panel of Fig. 1
shows that there is a lower bound on @ with fixed Q/Qex
and a possible lower bound on Q with fixed @. The black
hole with the minimum value of @ or Q (e.g. point B in
Fig. 1) corresponds to the Nariai limit. The WKB meth-
od gives a small width and peak of the potential in the
near Nariai regime, which makes QNMs vanish in the
Nariai limit [23, 60, 61]. On the other hand, the surface
gravity «_ at the Cauchy horizon remains finite in the
Nariai limit, which makes 8= 0 for a Nariai black hole.
So it is expected that =0 at the minimum values of
Q/Qext and @ in the lower left panel of Fig. 3(a) and the
lower row of Fig. 3(b), respectively. Consequently, SCC
is always valid around the Nariai limit. Therefore when
A>Ag, even for a 5-dimensional highly near-extremal
EMGBAJS black hole, SCC is always saved as long as @ is
close enough to its minimum value.

We display the density plots of 8 for 5-dimensional
EMGBdAS black holes with A=1 and A=3 in Fig. 5.
SCC is violated in the regions between the extremal lines
(dashed orange lines) and the threshold g=1/2 (solid
black lines). The Q/Qex = 0.9 line in red shows that, in
both cases with A=1 and A=3, SCC is respected at
small @ but violated when « is large enough. For a more
extremal black hole (e.g., Q/Qex =0.99), SCC could be
always violated in the A =1 case. However when A =3,
SCC can be recovered even for a highly near-extremal
EMGBJS black hole in the region close to the Nariai line
(dashed green lines).

Unlike the RNdS case [23], the insets in Fig. 3(a)
show that there exist some near-extremal regions where
the dominant NE mode dominates and has Im(w)/«x_ < —1
(i.e. B> 1), which indicates the violation of SCC in the
C? version. Moreover, our numerical results in the table

in Fig. 6 suggest that Im(w)/k- for the dominant NE
mode would approach —1 (i.e., 8 — 1) in the extremal
limit. In the density plot of 8 displayed in Fig. 6, 8> 1
and hence the C? version of SCC is violated in the region
between the solid black line and the dashed orange line.
Additionally, the insets in Fig. 3(b) show that when
0/0ci =1-10"2 and Q/Qex = 1 - 1073, the C? version of
SCC can be violated for a large enough value of @, which
means that GB term also tends to violate SCC in the C?
version.

B. d=6

We now consider QNMs for a scalar field in a 6-di-
mensional EMGBAS black hole and investigate the valid-
ity of SCC. Since the allowed regions in Fig. 1 are quite
different for A =5 and A = 10, we will focus on these two
cases. For the lowest-lying mode of the three families,
their Im(w)/«_ are depicted against Q/Q.x for various
values of @ in Fig. 7. It seems that the ranges of Q/Qexin
which SCC is violated first increase and then decrease
with increasing «. Furthermore, we plot Im(w)/k_ against
a with fixed Q/Qex, for the three families' dominant
modes, in Fig. 7(b). When A=5<A., one has a>0.
However, when A = 10 > A, there exists a positive lower
bound on @, which can be observed in the lower row of
Fig. 7(b). Since the lower bound corresponds to the Nari-
ai limit, SCC is always valid close to the lower bound.
Figure 7(b) shows that, as @ increases from its minimum
value, Im(w)/k_ first decreases, for all three families'
dominant modes, and then the dS and NE modes increase
to zero (as shown in the insets of Fig. 7(b)) while the PS
mode increases to some negative constant. Therefore
SCC is always valid as long as a is large enough.
Moreover, the SCC violation regions in Fig. 7(b) expand
with increasing Q/Qex, Which indicates that SCC tends to
be violated for a black hole closer to extremality.

025103-7



Qingyu Gan, Peng Wang, Houwen Wu ef al. Chin. Phys. C 45, 025103 (2021)

—— Q=0.990.

—— Q=0.99Q.

@ &
B — B=112
I———— Extremal BH
0 0.2 0.4 06 08 10 W mm——— Nariai BH

Fig. 5. (color online) Density plots of g for a neutral massless scalar field in a 5-dimensional EMGBdAS black hole with A =1 (upper
row) and A =3 (lower row). The parameter space of interest is bounded by the Nariai limit (dashed green lines) and the extremal limit
(dashed orange lines). The solid black lines represent the threshold g=1/2. SCC is valid in the regions below the solid black lines.
When Q/Qex = 0.9, SCC is saved at small @ but violated at large @ for both A =1 and A =3. When Q/Qex = 0.99, SCC is violated in all
range of @ for A =1 but can be saved when @ is small enough for A =3.

Ry s 0.5 ? 05 1w Q/Qext Imw/x N.p)
sl it 1-101 | -0.881538(13) (200,50) (250,50)
"\ ------ Exiremal BH

B e - 1-102 | -1.000480(11) (200,50) (250,50)

oomss . u

=]

1-10°? ~1.009369 (14) (450,50) (500,50)

0,080} -
1-10°% _1.004804 (7) (450,50) (500,50)

0.0645 | N -
i 1-10°5 ~1.0018(4) (600,50) (650,50)

0.0540 |- [ g i Rl " ' : By
8o 08005 caon 08015 1-10°6 ~1.0006 (3) (900,50) (950,50)

Fig. 6. (color online) Left: Density plot of g in a near-extremal region around @ = 0.8 with A =1 for d =5. The solid black line cor-
responds to 8= 1. In the region between the solid black line and the extremal limit (dashed orange line), the C? version of SCC is viol-
ated for a near-extremal EMGBAS black hole, e.g., Q/Qcx: = 0.991 shown by the red line. Right: A table of Im(w)/«_ for the dominant
NE modes for various near-extremal values of Q/Qe With A =1 and @ =0.8. The numbers in brackets in the second column indicate
the number of agreed digits after the decimal point. In the third column, we show the different grid sizes and precisions (¥, p) used in
the computations.
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— dS

NE — PS

a=1

Im wik_

Im wik_

QQuxt

(a) Dominant modes of three families for various values of & and A with varying Q/Qext.

The SCC violation range of Q/Q.xt first expands and then shrinks as « increases.

Q=0.99Qext

A5 Q=0.999Qext

A=10

(b) Dominant modes of three families for various values of Q/Qext and A with varying a.

SCC is restored when « is large enough. The (right) insets exhibit that the dS and NE modes

approach zero in the limit of large &.
Fig. 7.
The thick vertical dashed lines designate the points where g =1/2.

The density plots of B for 6-dimensional EMGBdS
black holes with A =5 and A = 10 are displayed in Fig. §,
where SCC is violated in the regions between the ex-
tremal limit (dashed orange lines) and the threshold
B =1/2 (solid black lines). For a near-extremal black hole
with Q/Qex =0.99 and A =5 < A, (the red line), the up-
per row of Fig. 8 shows that SCC is violated for small «,
but can be restored when @ > 5.2. When A =10 > A, the
lower left panel of Fig. 8 highlights the parameter space
around the lower bound on @ (point A), which shows that
SCC is always valid when black holes approach the Nari-
ai limit. In the lower right panel of Fig. 8, we plot the

(color online) Dominant modes of three families for a neutral massless scalar field in a 6-dimensional EMGBAS black hole.

SCC violation region (yellow region) in the @-Q/Qex
plane for a 6-dimensional EMGBAS black hole with
A =5. It shows that the Q/Qcx range of the SCC viola-
tion region first increases and then decreases as @ in-
creases. Finally, we present the Im(w)/«- of the domin-
ant NE modes for various near-extremal values of Q/Qex:
with different A and @ in Table 1. Although we do not
calculate Im(w)/k- in the very near-extremal regime due
to the significant computational resource requirements,
our findings infer that 8 may approach 1 from below in
the extremal limit, which implies that the C? version of
SCC seems to be respected in the d = 6 case.
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Fig. 8.

=3 = 0.0295
00381 o338 el

0.036
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a

(color online) Upper row: Density plots of 8 for a neutral massless scalar field in a 6-dimensional EMGBAS black hole with

A =5. The SCC violation regions are between g = 1/2 (solid black lines) and the extremal limit (orange dashed lines). The insets shows
that the Q/Qext =0.99 line (red line) exits the SCC violation region around a@ > 5.2. Lower left: Density plots of 8 in a 6-dimensional
EMGBUAS black hole with A =10> A, around the minimum value of @. SCC is always saved close enough to the Nariai limit (dashed
green lines). Lower right: The yellow region denotes the violation of SCC in a 6-dimensional EMGBdAS black hole with A =5 while
SCC is respected in the light green region. The tiny yellow region indicates that the violation of the SCC only occurs in a near-ex-

tremal black hole. Moreover, it shows that the range of Q/Q.x Where SCC is violated first increases and then decreases with increasing

@.
Table 1. Im(w)/x- of the dominant NE modes for 6-dimensional EMGBAS black holes with various values of @ and A, suggesting
that g < 1 in the highly near-extremal case.
@ A 0/ Qext Im(w)/k- N, p)
1-1074 —0.992860(6) (350, 50)(400, 50)
1 1-105 —0.9979(3) (450,50)(500,50)
1-10°6 —0.99939(4) (850,50)(900,50)
1—10- ~0.992449(6) (250,50)(300,50)
1 5 1-107° -0.9977(4) (350, 50)(400,50)
1-107° —-0.9993(4) (600, 50)(650,50)
1-107% —-0.9918(4) (160, 50)(200, 50)
10 1-107° —-0.9975(4) (300, 50)(350,50)
1-107° —-0.9992(4) (400, 50)(450,50)

V. DISCUSSION AND CONCLUSION

In this paper, we investigated the validity of SCC for
a linear neutral massless scalar perturbation in 5- and 6-
dimensional EMGBAS black holes. In Sec. II, we ob-
tained the allowed parameter regions where a EMGBdS
black hole can have a Cauchy horizon for various A.

After the method to calculate QNMs was discussed in
Sec. 111, the numerical results were presented in Sec. IV.
For the EMGBAS black holes in the allowed region,
there are two limits, namely the extremal limit and the
Nariai limit. In the extremal limit, we found numerically
that 8 — 1, and hence SCC is always violated. However
in the Nariai limit, we showed that 8 — 0, and hence SCC
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Table 2.

Dependence of the validity of SCC on the GB parameter a.

SCC violation range of Q/Qex With fixed @

Varying @ with fixed Q/Qext

d=5 increases as @ increases

d=6 first increases and then decreases as @ increases

SCC is violated near the maximum value of @

SCC is restored when @ is large enough

is always valid. When A > A., the GB parameter a was
found to have a positive lower bound, which corresponds
to the Nariai black hole. So SCC is respected near the
lower bound on a. On the other hand, there is an upper
bound on @ in the d =5 case while no upper bound is im-
posed on @ in the d=6 case. Our numerical results
showed that SCC tends to be violated/saved when « is
large enough in the d =5/d =6 case, which implies the
GB term tends to worsen/alleviate the violation of SCC in
the d =5/d =6 case. We summarize the results for how
the validity of SCC depends on @ in Table 2, which in-
dicates that the GB term plays a different role in the
validity of SCC for a 5-dimensional EMGBAS black hole
than it does for a 6-dimensional one.

We also checked the validity of the C? version of
SCC for near-extremal EMGBAS black holes. In the d =5
case, we found that in some parameter regions, 8 is al-
lowed to exceed unity, which implies that the scalar is in
C' extension on the Cauchy horizon, and hence SCC is
violated in the C? version. Such violation leads to the ex-
istence of solutions with bounded Ricci curvature, corres-
ponding to a much more severe failure of determinism in
general relativity. However, the violation of SCC in the
C? version has not been observed in the d = 6 case. Fur-
thermore, we found numerically that 8 — 1 inthe ex-
tremal limit for both d =5 and d = 6. To our knowledge,
the results of charged black holes in Einstein-Maxwell
theory [23, 37], Einstein-Born-Infeld theory [42], Ein-
stein-Logarithmic theory [43] and Horndeski theory [44]
all suggest that the dominant mode of the NE family ap-
proaches 1 in the extremal limit. It is known that such a
mode has been described analytically in asymptotically
flat spacetime [36, 69, 70]. The reason why g8 — 1 in the
extremal limit may relate to the fact that the extremal
black holes share the same near-horizon topology,
namely AdS,xS%?2, leading to an enhanced spacetime
symmetry [71-75].

For EMGBAS black holes with d > 6, we expect that
the result might be similar to the d = 6 case, since their al-
lowed regions are alike. In this paper, we only con-
sidered the scalar field perturbation of the fixed EMGBdS
black hole background in the probe limit without taking

into account the backreaction of the scalar field on the
black hole spacetime. Our results on stability therefore
actually refer to the scalar field rather than the EMGBdAS
black hole spacetime. In future studies, it will be very in-
teresting to check the validity of SCC and discuss its de-
pendence on the dimension d in a full backreaction way.

Note: Just before this paper was submitted to arXiv, a
relevant preprint [76] appeared, which investigated SCC
in higher curvature gravity. In Ref. [76], it was found that
the violation of SCC becomes worse as @ increases in the
small @ regime for both d=5 and d =6, which is in
agreement with our results. Similar to Ref. [76], we also
observed that with A increasing, the PS mode crosses the
B =1/2 line at larger values of Q/Q.x and becomes sub-
dominant to the NE mode in the near-extremal regime.
However, we carried out the analysis in a more thorough
way with a broader survey of the parameter space and
found that the behavior of SCC in EMGBAJS black holes
is much richer than what was observed in Ref. [76]. In
particular, in the A > A regime, we found that SCC can
be restored for any arbitrary highly near-extremal black
hole due to the presence of the Nariai limit, as shown in
Figs. 5 and 8. Therefore we partially agree with the con-
clusion given in Ref. [76] that the presence of GB terms
do not help to restore SCC. Moreover, our numerical res-
ults showed that the behavior of SCC is quite different in
5- and 6-dimensional cases. For instance, we found that
the dominant modes of the three families decrease to
some nonzero finite values towards the upper bound of @
for d=5 (see Fig. 4), while the dominant NE and dS
modes tend to zero in the large @ regime for d =6 (see
Fig. 7(b)). Besides, in the d = 6 case, we showed that the
GB term tends to alleviate the violation of SCC in the
large @ regime, which was not explored in Ref. [76]. Fi-
nally, we investigated the C? version of SCC, which was
not studied in Ref. [76], and such violation was observed
in a 5-dimensional near-extremal EMGBAS black hole.
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