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Abstract: The first law of black hole thermodynamics has been shown to be valid in the extended phase space.

However, the second law and the weak cosmic censorship conjecture have not been investigated extensively. We in-

vestigate the laws of thermodynamics and the weak cosmic censorship conjecture of an AdS black hole with a global

monopole in the extended phase space in the case of charged particle absorption. It is shown that the first law of ther-

modynamics is valid, while the second law is violated for the extremal and near-extremal black holes. Moreover, we

find that the weak cosmic censorship conjecture is valid only for the extremal black hole, and that it can be violated

for the near-extremal black holes, which is different from the previous results.

Keywords: weak cosmic censorship conjecture, thermodynamics, global monopole, black holes

DOI: 10.1088/1674-1137/44/5/055103

1 Introduction

In 1974, Stephen Hawking proved that the black hole
emitts quantum radiation with a temperature T = 5~ [1].
This discovery promoted investigations of the thermody-
namics of black holes, and since then it is believed that a
black hole could be viewed as a thermodynamic system
[2,3]. There have been many works on the thermodynam-
ics of black holes, such as on the four laws of thermody-
namics [4,5], quantum effects [1,6,7], phase transitions
[8,9] etc.. In these studies, the AdS space-time has been
frequently used, in which the cosmological constant can
be considered as a thermodynamic variable [10]. The
thermodynamic phase space is thus extended, and new
thermodynamic phenomena emerge. There have been
many works on the extended phase space of black holes.
In particular, if the cosmological constant and its conjug-
ate quantity are viewed as the pressure and volume of a
black hole, it is possible to construct the extended first
law of thermodynamics [11]. In addition, the P—V critic-
al behavior can be studied [11-13]. In this framework,
some interesting phenomena, such as the Van der Waals
phase transition [14-16], the engine cycle [17-19], can be
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investigated.

Until recently, attention has been mainly focused on
the first law of thermodynamics and phase transitions of
black holes in the extended phase space. The second law
of thermodynamics and the weak cosmic censorship con-
jecture (WCCC) have been rarely reported. The premise
that the first law of thermodynamics is valid does not
mean that the second law of thermodynamics and WCCC
hold. Therefore, it is extremely important and necessary
to check the validity of the second law of thermodynam-
ics and WCCC in the extended phase space.

The thermodynamics and WCCC in the extended
phase space were recently investigated in Ref. [20]. This
work is based on the Gedanken experiment proposed in
Ref. [21]. After a test particle is absorbed by a black hole,
the change of the location of the event horizon was stud-
ied. It was found that the first law of thermodynamics and
WCCC are always valid for the charged Reissner-
Nordstrom AdS black hole, while the second law of ther-
modynamics is not valid for the extremal and near-ex-
tremal black holes. As there is no general method to
prove WCCC in a gravity system, different space-times
need to be checked one by one. Based on the idea of Ref.
[20], the thermodynamics and WCCC in the extended
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phase space of a series of black holes have been investig-
ated [22-34].

In this paper, we study the thermodynamics and WC-
CC of an AdS black hole with a global monopole. On the
one hand, we discuss the influence of the global mono-
pole on the thermodynamics and WCCC of the black
hole, and on the other, we explore whether higher order
corrections of the mass of the absorbed particle affect
WCCC. In Ref. [20], it was found that WCCC is valid in
the extended phase space for the extremal and near-ex-
tremal Reissner Nordstrom-AdS black holes. However,
only the first order correction of the mass was considered.
Higher order corrections are important for investigating
WCCC. Recently, WCCC was studied in Refs. [35-38]
taking into account the second order correction of the
mass of the black holes. It was found that WCCC is valid
for the non-extremal black holes, a result which is differ-
ent from the previous study where higher order correc-
tions were neglected. In this study, we find that the glob-
al monopole does not have an effect on the thermody-
namic laws. As in [20], the first law is valid, while the
second law may be violated. Since we consider the
second order correction of the mass of the absorbed
particle, we find that WCCC can be violated, which is
different from the result in [20].

The remainder of the paper is as follows. In Sec. 2,
we briefly review the motion of a charged particle in an
AdS black hole with a global monopole. In Sec. 3, we in-
vestigate the first and second laws of thermodynamics in
the extended phase space. In Sec. 4, we investigate WC-
CC in the extended phase space, considering in particular
the second order correction of the mass of the absorbed
particle. Our conclusions are presented in Sec. 5. We use
throughout the system G=c=h=1.

2 Motion of a charged particle in the AdS
black hole with a global monopole

The spherically symmetric AdS black hole solution
with a global monopole can be expressed as [39]

1
2 12 22 2 s 2 2
ds® = —F (F)df +mdr +7 (d@ +sin” 0d¢ ), (1)

where
N 2m 7

F(r)=l—87rn(2)—7+§+l—2, 2)
in which, 7 is a parameter related to symmetry breaking,
i and g correspond to the mass and charge, / is the radi-
us of the AdS space, which is related to the cosmological
parameter as A = —% In this gravitational system, the
non-zero electromagnetic four-vector component is

Ar=-1. 3)

e

In order to study various properties of black holes more
easily, we introduce the coordinate transformation

F=(1-8mmg) " ?t.7 = (1-8myg) *r, (4)
and redefine the following physical quantities
m= (1 - 87777%) 32, q= (1 - 87777%)’151, = 87177%. (5)

The metric in Eq. (1) can then be written as

ds? = —f(r)di* + J%drz +(1=17)7* (de? +sin® 0d¢?), (6)

with
2m ¢
f(r)=1—7+r—2+l—2. (7)
The potential of the black hole is then
A=-1 )

,
In this case and for = 0, the black hole is a four-dimen-
sional Reissner-Nordstrom AdS black hole. The exist-
ence of the global monopole also affects the mass and the
charge of the black hole, which are

M:(l—nz)m, Q:(l—nz)q. )

We consider now the energy-momentum relation of
the charged particle when it is absorbed by the black hole.
In the potential field A,, the Hamilton-Jacobi equation
can be expressed as

8" (Pu—eAu) (py—eAy) +12 = 0, (10)

where u is the mass, e is the charge, and p, is the mo-
mentum of the particle, which can be expressed as

Pu=0,1, (11)
where I is the Hamiltonian action of the particle. Consid-

ering the symmetry of the gravitational system, this ac-
tion can be separated into

T =-Et+I,(r)+146)+Lg, (12)

where E and [, are the energy and angular momentum of
the particle. From Eq. (6), we can get the inverse metric
of the black hole

§70,0, =—f()0)* + f(r) (0,
(=) (@ +sin26).  (13)

In this case, the Hamilton-Jacobi equation can be rewrit-
ten as

E +eA,)?
- 06,10
((agfg)2 +sin~2 eLZ)
L =0. (14)

After separation of variables, Eq. (14) can be written as
the angular and radial equations
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K = (0pZg)* + sinzeLz’ (15)
and
1= YARW)
K=—(1-1)u’r + (f# (—E —eA,)?
—(1=m) P F(r) @, I(r))*. (16)

We can then rewrite Eq. (12) as

1
I:Emzﬁ—Ez+fdr\/1_e+fd9w/6+L¢, (17

where
I,zfdr\/l_?, Ingdax/é, @=K- ‘129L2,
sin
K+(1—nz)uzr2
T (=PDRf)
1 (1—772)r2 2
+(1—n2)r2f<r)[ oy CETeA)

(18)
Using Eq. (17), the radial and angular momenta can be
expressed as

[ , K+(l=rp)ir
r=d (r)\/ﬂ(r)(E”A’) —mefm

1 / 1
0 _ 2
=—  |K- L2, 20
P (1=n*)r? sin@ (20)

We are mainly interested in the radial momentum of the
particle. At the event horizon, we can write

E= rihe+|p;|. Q1)

We take a positive sign in front of l P, | since we want to
ensure that the particle drops in the positive direction of
time. In this case, the energy E and momentum pj of the
particle are positive.

3 Thermodynamic laws in the extended phase
space

In order to study the thermodynamics of black holes,
we need to express the physical quantities at the event ho-
rizon of the black hole. The event horizon of the black
hole is defined at r = r;, and its form can be obtained from
f(ry) = 0. At the event horizon, the potential energy of the
black hole is

o=2 22)
T'n
Using the definition of the surface gravity, the temperat-

ure of the black hole can be expressed as

372 2
=£= ! Il-l— 2h—Q—22:|. (23)
2 Anmry / (1-P)r
The entropy of the black hole is then
_ Apn _ 2\ .2
S—T—ﬂ(l—n)rh. (24)

It has been show recently that the cosmological paramet-
er could be regarded as the pressure of the thermodynam-
ic system formed by the black hole, and the correspon-
ded conjugate quantity as the volume of the system. In
this case, the first law of thermodynamics holds [13], that
is,

dM =TdS + ®dQ + VdP, (25)
where
A 3
P=——=—, 26
&t 8nl? (26)
V= ‘—lﬂ(l—nz)rS. (27)
3 h

Accordingly, the Smarr relation in the extended phase
space can be obtained as

M =2TS - VP)+®Q. (28)

In the above equation, M is not the internal energy, but
the enthalpy. The relation between the enthalpy and the
internal energy is

M=U+PV. (29)

When the black hole absorbs a charged particle, it is as-
sumed that the energy and charge are conserved. Accord-
ing to the first law of thermodynamics, the energy and
charge of the black hole increase, which implies

E=dU=dM-PV), e=dQ. (30)
Combining Eq. (30) and Eq. (21), we get
dv =Lao+|pj). (31)
T'n

After the charged particle is absorbed by the black hole,
the enthalpy, charge, pressure and volume of the black
hole change. The changes are labelled as (dM,dQ,dl). The
other quantities can be obtained in terms of these vari-
ables. Our goal is to obtain the first law of thermodynam-
ics based on Eq. (31). Therefore, we discuss the change
of entropy of the black hole after the absorption of a
charged particle. From Eq. (24), we have

ds =27 (1-5) rudry. (32)

The change of the event horizon is determined by the
parameters of the absorbed particle (e, p}). Due to the
change of the horizon, the function f(r) determining the
location of the horizon also changes, namely

afy=Lrars s %dQ+ s g1 Z—Zdrh ~0, (33

where we have used the relation f(r;,) = f(r;, +dry) = 0, and
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o 2 afy _ 20 ofy _ 21y
oM r,(p2-1)" 60 (,72_1)2,,}%’ ol B’
%_ﬁ_Z((nz—l)Mrh+Q2)
oy I P—177 :

(34)

In addition, as p is the enthalpy, Eq. (31) can be rewrit-
ten as

dM—d(PV) = Ldg+p!. (35)
n

Combining Eq. (33) and Eq. (35), we can remove the d/
term. Interestingly, we find that dQ and dM are also elim-
inated. Therefore, we finally get

212p,’1rh
S22 ((1 - - M)+ (1) 7}

From Eqgs. (24), (27) and (36), the variations of entropy
and volume of the black hole can be written as functions
of particle momentum, and are

4(1 —nZ)ﬂlszr,%
22((1=m)rn=M)+ (=21}’
8(1 —nz)ﬂlzp;lri
22((1=mP)ry = M)+ (1 =)y
Combining Eqgs. (38), (37), (23) and (24), we find
TdS —PdV = p;. 39)

In this case, the energy-momentum relation Eq. (31) be-
comes

dry, (36)

(37

(38)

dU = ®dQ + TdS - PdV. (40)

In the extended phase space, the mass of the black hole
was already defined as the enthalpy. We can express the
internal energy in the above equation as the enthalpy us-
ing Eq. (29), namely

dM =dU + PdV + VdP. 41
Substituting Eq. (41) into Eq. (40), we obtain
dM =TdS + ®dQ + VdP, (42)

which is the same as Eq. (25). Obviously, the first law of
thermodynamics holds after the charged particle is ab-
sorbed by the AdS black hole with a global monopole.

We now turn to the second law of thermodynamics of
the black hole. It is well known that the black hole en-
tropy does not decrease in the clockwise direction. In oth-
er words, in the process of absorbing a charged particle,
the black hole entropy increases. We would like to check
whether this is true in the extended phase space using Eq.
37).

We first discuss the case of the extremal black hole. A
typical feature of the extremal black hole is that its tem-
perature vanishes. Based on this fact and Eq. (23), we can
get the mass of the extremal black hole. Substituting the

mass into Eq. (37), we obtain

AnlPpr
ph < 0

(43)

dS extreme = — 3
h

Obviously, the change of entropy of the black hole is neg-
ative, implying that the second law of thermodynamics is
not valid in this case.

We next discuss the near-extremal black hole. For a
given mass M and monopole parameter n, we find the
charge Q. that satisfies the extremal conditions using nu-
merical approximation. The condition that the black hole
can be formed is Q < Q.. For a given mass and charge, we
can find the event horizon r, of the black hole from the
equation f(r;) = 0. Using Eq. (37), we can get the vari-
ation of entropy dS. As an example, we take the paramet-
ers M=0.5,1=1. For n=0.1, we find that the extremal
charge is Q. =0.462988. For black holes with different
charges, the location of the event horizon and the vari-
ation of entropy are listed in Table 1.

It is obvious that as the black hole charge decreases,
the horizon radius gradually increases. The changes of
entropy and charge are not related by a simple monoton-
ic relation. When the charge approaches the extremal
charge, the change of entropy is negative, while for a
charge that is far from the extremal charge, the change of
entropy is positive. In the positive and negative regions,
the entropy decreases as the charge decreases. The near-
extremal black hole violates the second law of thermody-
namics, while the far-extremal black hole follows the
second law of thermodynamics. In Fig. 1, we show the re-
lation between the change of entropy and the event hori-
zon.

Obviously, there is a phase transition at r;, = 0.4566,
which is larger than for the extremal black hole. When
the event horizon radius is smaller than this value, the
change of entropy is negative. Conversely, when the hori-
zon radius is greater than this value, the change of en-
tropy is positive. This conclusion is consistent with
Table 1.

In addition, we find that for different values of n the

Table 1. Relation between dS, Q and ry, for n =0.1.

o I ds
0.462988 0.389008 -10.9783
0.46 0.425981 -28.2074
0.455 0.449251 -121.19
0.44 0.489249 35.1871
0.42 0.522924 19.2248
0.4 0.547731 15.0991
0.3 0.62191 10.2483
0.2 0.660347 9.15501
0.1 0.680281 8.74138

055103-4



Chinese Physics C Vol. 44, No. 5 (2020) 055103

ds

20

0.2 0.4 0.6 0.8 1.0

20+

Fig. 1.
n=0.1.

Relation between dS and r, for M =0.5,1=p, =1 and
above conclusion does not change. For n=0.5, the ex-
tremal charge is Q, = 0.448134. The relation between the
change of entropy, charge and horizon radius is given in
Table 2.

From Table 2, we also find that the change of en-
tropy is negative in the case of a near-extremal black
hole, and the second law of thermodynamics is violated.
For the far-extremal black hole, the change of entropy is
positive, and the second law of thermodynamics holds.
The relation between the change of entropy and the event
horizon is shown in Fig. 2. We find that the phase trans-
ition is at r, = 0.5727, and the result shown in Fig. 2 is
consistent with Table 2.

Table 2. Relation between dS, Q and ry, forp =0.1.

0 T ds
0.448134 0.466004 -9.09252
0.44 0.537818 -35.5889
0.43 0.571502 -1118.76
0.42 0.595534 64.6394
0.41 0.61485 36.8817
0.4 0.631209 27.7267
0.3 0.72788 13.1042
0.2 0.775407 11.0511
0.1 0.799693 10.3366

4 The weak cosmic censorship conjecture in
the extended phase space

In the extended phase space, we found that the second
law of thermodynamics is not valid for the extremal black
hole and the near-extremal black hole. Hence, we would
like to check whether WCCC is valid in the extended
phase space.

After a particle is absorbed by the black hole, the
changes in the black hole are reflected in M, Q,l.

ds
30F

20F

0.2 04 0.6 0.8 1.0
-10fF

-20F

N
Fig. 2.

Relation between dS and r, for M =0.5,1 = pp=1 and
n=0..

However, these physical quantities are ultimately related
to the metric function f(M, Q,l,r). Therefore, we discuss
the changes in f(M, Q,l,r). The function f(M,Q,l,r) has a
minimum at ry;, which satisfies

M, Q11| _, = fuin =06 <0, (44)
O f(M,Q.L1)| = frin =0, (45)
@)’ f(M,Q,L,r)|,_, >0 (46)

In the case of the extremal black hole, 6 =0, and for the
near-extremal black hole, § has a small negative value.
The inner and outer horizons of the black hole are distrib-
uted on both sides of ry,. After the absorption of a
particle, (M, Q,1) change into (M +dM,Q+dQ,l+dl). Due
to these changes, the position of the minimum of the
function f(M, Q,1,r) and the position of the event horizon
move t0 7min = min + 97 min, 7 — rp +dr,. The metric
function f(M, Q,1,r) also changes by df ;. At rmin + A min,

0rf|r=r,w..+drmm = fl;in + dfr:jin =0. (47)
That is
. af Oin . Oin 11, O
Unin = 3p1 MM+ 50740+ 5 4% Gy, Vi =0
(48)
where
T .
oM 2 (1-p?)" 90 (=17,
8fr;1in __ 47min
al B
af. o aM 60°
i 2o, QZ —. (49)
Ormin [ (1 -n )rmin (772 - 1) ¥ min
At 7min + drmin, the function £(M, Q,1,r) becomes
fM+dM,Q+dQ,1+dLr)| _ . = fuin+dfmin
0 fmin O finin O fmin
o oM " a0 o+ ol 0

In the above equation, we used the condition f’. =0 .
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The most important step is to get a specific form of Eq.
(50). For the extremal black hole, we have ry = ryin,
which means that Eq. (35) can be used. Using the condi-

tion f7. =0, we can get an equation for A7, which we ob-
tain as
2O +3(n2—1) 14,
dM = drmin
(772 - l)lzriin
2
2(d1(n2 —1) .+ l3QrmindQ)
- . 51
DI, ey
From Egs. (35) and (51), we find
dfmin =0. (52)
Therefore, we finally get
f(M+dM,Q+dQ,1+dLr) =0. (53)

=V in i

This result shows that the minimum of the function f(r)
does not change in the extended phase space. That is, as a
charged particle is absorbed by the extremal black hole,
the configuration of the black hole does not change, and
the extremal black hole remains extremal.

In the case of the near-extremal black hole, Eq. (35)
can not be used since it is valid only at the horizon.
However, we can expand it at ry;, using the relation
i = Fmin + €, Which gives

(r; W (2 =1) di- l3QrmindQ)
P rrznin (772 - 1)
12 (Q2 - 1211in (772 - 1)2) - 3ri1in (772 - ])2
+

2
l2l’min (772 - 1)
. POrnindQ+3r). dl+6lrt. m*drin+3r), 7*dl

dM =

in min
Bri (p*-1)e!
~ B Q*drpin + 3lrf;lindrmin + 6rfnin772dl + 3lrfninn4drmin
l3rl3mn (P -1e!
+0(e)’. (54)
Substituting Eq. (54) into Eq. (50), we have
2 2
(12 (Q2 — rfnin (772 - 1) ) - ?arl‘i1in (772 - 1) )drmin
lzrfnin (772 - 1)2
2(dQP Qrin + 3, (7~ 1)’ )
2
l3rfnin (772 - 1)
2
Zdrminl(lz 0243, (2 -1) )6

Pri P =1)°

df min ~—

+

+0(e).
(55)

At ry = rin + €, We also get

g )

and

10~ (2 +60r2, ) drawin— 372, dI) (7 - 1) R

2.2+ 3r2min
Substituting Egs. (56) and (57) into Eq. (55), we find
dfmin = 0(62), (58)

so that
fmin +dfmin = 6+O(€2)- (59)

In Ref. [20], it was claimed that df;, can be neglected
since O(€?) is a small quantity. However, ¢ is also a small
negative quantity, and we cannot directly determine
which one is smaller. Therefore, for the near-extremal
black hole in the extended phase space, we need to find
the relation between ¢ and O(e?). Expanding f(r;,) to the
second order, we have

2
(12Q2 +3rk (n?-1) )62
2
lzr?nin (772 - 1)
where we used the relation rj, = ryi, + €, and we obtain
2
(P +37,, (7= 1) )&
12r4min (772 - 1)2

Similarly, expanding Eq. (35) to the second order and in-
serting the result into Eq. (50), we obtain

f Fmin+€) =6+ +0(e%) =0, (60)

5=-— —0(e). (61)

Af i = (—6(1 +dD) | 207min ) E+0E).  (62)
B .
For simplicity, we define.
0+df min
Ag = _Ef , (63)
Combining Egs. (61), (62) and (63), we get
6(1+d) 3 2rmndrmn—02(n2—1)"
£= 4 . (64)

B 2 4

min
Obviously, the value of Ag is directly related to
(Q,1, rmin,1,d]). In order to determine whether Ag is posit-
ive or negative, we plot it in Fig. 3 and Fig. 4 for differ-
ent values of (Q,7, rmin,1,dl). For Ag positive, the horizon
does not exist since the equation f(r) = 0 does not have a
solution. For Ag negative, the horizon always exists.
Therefore, WCCC is violated for Ag > 0.

From Fig. 3 and Fig. 4, we see that depending on the
values of (Q,n, rmi.,dl), A may be positive or negative.
That is, in the extended phase space, WCCC can be viol-
ated for the near-extremal black hole. This result is differ-
ent from Ref. [20], where WCCC was found to be al-
ways valid. Our result is more precise and comprehens-
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0.10

’min

6

Fig. 3. (color online) Ag fori=1,0=2,7=0.1, d/=0.1.

driin

4

"min

Fig. 4. (color online) Ag fori=1,0=2,7=0.5,dl=0.1.

ive since we consider higher order corrections to the mass
of the absorbed particle.

5 Discussion and conclusions

The thermodynamics of black holes provides an ef-
fective means for studying the relation between gravity,

thermodynamics and quantum theory. An in-depth study
of the thermodynamics of black holes is helpful for fur-
ther understanding of the nature of gravity. We studied
the laws of thermodynamics and WCCC in the extended
phase space in the case of charged particle absorption.
Based on the Hamilton-Jacobi equation, we first obtained
the relation between the particle momentum and energy.
From this relation, we obtained the first law of thermody-
namics in the extended phase space, which was found to
be valid. Using the methods of numerical analysis, we ob-
tained the variation of entropy for the extremal black
hole, near-extremal black holes, and far-extremal black
holes. It was shown that for the extremal black hole and
the near-extremal black holes, the change of the black
hole entropy is negative, while for the far-extremal black
hole, it is positive. Therefore, the second law of thermo-
dynamics of the black hole is only valid for the far-ex-
tremal black hole.

We also checked WCCC in the extended phase space.
We studied the change of the minimum of the function
f(r) which determines the location of the event horizon.
In the case of the extremal black hole, we showed that
f(rmin) does not change when a charged particle is ab-
sorbed, that is the extremal black hole remains extremal.
Hence, WCCC is still valid for the extremal black hole.
However, we found that f(ryi, +drm) > 0 could occur in
the case of the near-extremal black hole. Thus, WCCC is
not valid for the near-extremal black hole. This result is
different from Ref. [20] because we did not neglect the
contributions of ¢ and O(e?) as we considered the second
order correction of the mass of the particle. Hence, our
conclusion is more precise and comprehensive.
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