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Single-particle space-momentum angle distribution effect on two-pion HBT
correlation in high-energy heavy-ion collisions
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Abstract: We analyze the transverse momentum dependence of HBT radii in relativistic heavy-ion collisions using

several source models. Results indicate that the single-particle space-momentum angle distribution plays an import-

ant role in the transverse momentum dependence of HBT radii. In a cylinder source, we use several formulas to de-

scribe the transverse momentum dependence of HBT radii and the single-particle space-momentum angle distribu-

tion. We also make a numerical connection between them in the transverse plane.
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1 Introduction

A new state of matter has been found in the Relativ-
istic Heavy Ion Collider, called quark-gluon-plasma
(QGP) [1-3]. It is strongly interacting partonic matter
formed by deconfined quarks and gluons under extreme
temperature and energy density. This state is similar to
the early time of the universe after the Big Bang [4], and
it has aroused great interest in the physics community. A
powerful tool in studying the mechanism of particle pro-
duction in hot QCD matter is the two-pion intensity inter-
ferometry. The interferometry analyses were first per-
formed by Hanbury Brown and Twiss to measure the an-
gular diameter of stars in the 1950s, and hence obtained
the name, HBT method. G. Goldhaber, S. Goldhaber, W.
Lee and A. Pais extended this method in p+ p collisions
[5]. Since, the two-pion interferometry has been widely
used in high-energy heavy-ion collisions, with signific-
ant development and improvement. For example, the
HBT radii parameters may be used to locate the critical
end point (CEP) in the QCD phase diagram [6], and the
multi-pion interferometry has been used in high-energy
heavy-ion collisions as an extension of two-pion interfer-
ometry [7-9].

Many collaborations use the HBT method to analyze
different collisions at different energies [10-14]. Most of
them show the phenomenon of transverse momentum or
transverse mass dependence of HBT radii. The shrinking
of HBT radii with increasing transverse momentum is as-
sociated with collective flow [15,16]. At the energy range

of the Beam Energy Scan Phase II (BES-II) at RHIC, the
flow is not as strong compared with the flow at the LHC
energy range [17]. Thus, when the particles freeze out,
there will be a finite angle between the radius and the mo-
mentum vectors. We named this the single-particle space-
momentum angle Ag. Figure 1 is illustrates a diagram of
this angle and its projection angle A# on the transverse
plane.

We use locally thermalized fireballs with the collect-
ive flow to produce particles, which are the same as the
blast wave model [18]. The blast wave model has already
been used in analyses of the HBT correlations [19-21],
and it can also be used to describe the transverse mo-
mentum dependence on HBT radii [22,23]. The space-
momentum correlation has a large influence on the HBT
radii. In this study, we use the single-particle space-mo-
mentum angle distribution to describe the space-mo-
mentum correlation. We focus on the Ag distribution ef-
fect on the transverse momentum dependence of HBT
radii. Subsequently, we attempt to build a new connec-
tion between the A9 distribution and the transverse mo-
mentum dependence of HBT radii in the transverse plane.
Through this connection, we can use the single-particle
space-momentum angle distribution to describe the trans-
verse momentum dependence of HBT radii in the trans-
verse plane.

This paper is structured as follows. Sec. 2 briefly in-
troduces the CRAB code and the method used to calcu-
late the HBT radii. In Sec. 3, we calculate the HBT radii
for pions in different sources. In Sec. 4, a numerical con-
nection has been built between the A# angle distribution
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Fig. 1. Diagram depicting Ay and A6. Ay is angle between 7

and 7, and A9 is angle between 7r and pr at freeze out time.
The origin represents the center of the source.

and the transverse momentum dependence of R,, R;. Fi-
nally, we summarize our conclusions in Sec. 5.

2 CRAB code and methodology

We use the correlation after burner (CRAB) code to
read the phase-space information of generated pions and
calculate the two-pion correlation functions [24]. The
code is based on the formula

[ d*x1d* 8 1 (x1, p2)S 2 (%2, P2l
[ d*x1d*x8 1 (x1, p2)S 2(x2. p2)

where q=p;—p>, K=(p1+p>)/2, and e is the two
particle wave function. In further discussion, we neglect
the Coulomb interaction and strong interactions between
pions. The correlation functions can be calculated in dif-
ferent pr bins by changing the kinematic cuts in the fitter
of the CRAB code. We use the single-pion information
extracted from the calculation to analyze the space-mo-
mentum angle Ay distribution.

We usually use the ‘out-side-long’(o-s-1) coordinate
system in the HBT research, shown in Fig. 2. The longit-
udinal direction is along the beam direction, and the
transverse plane is perpendicular to the longitudinal dir-
ection. In the transverse plane, the momentum direction
of pair particles is the outward direction. The direction
perpendicular to the outward direction is referred to as the
sideward direction.

In the calculation of the HBT correlation function, the
rapidity range is consistently set to —0.5 <7 <0.5. An ex-
ample of correlation functions of a Gaussian source is
shown in Fig. 3. They are in ¢, and ¢, directions, with
-3 < g <3MeVle.

The HBT correlation function of the Gaussian form
can be written as [25]

C(g,K) = 1 + dexp[-¢2RA(K) - ¢*R*(K) - ¢} RH(K)],  (2)

Clg.K)=1+
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Fig. 3.
directions for a Gaussian source.

(color online) HBT correlation function in g, and g

where A is the coherence parameter. R? can be expressed
as [26,27]

RS = (), 3)
Ry = ((ro = Bot)?) = {ro = Bot)’, “)
R} =((n-pi)’) —(n=Piny’, ®)
where the average notation is defined as
[d*xéS (x, p)
S 6
& fd“xS(x,p) (6)

We can calculate the HBT radii using Eq. (2) to fit the
HBT correlation function, which is generated from the
CRAB code.

3 Transverse momentum dependence of HBT
radii

The single-particle momentum space angle distribu-
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tion, i.e., Ap angle distribution, can directly cause trans-
verse momentum pr dependence.

First, the influence of the source lifetime must be ex-
cluded. Using a Gaussian source to generate pion data,
the emission function can be written as

,/p2+m2] ( 2 2
——— |exp

S(x,p) = Apzexp{- T 2R 2<Ar)2)’ @

where we set source size R = 6.0 fm, temperature 7 = 100
MeV, and mass of pions m = 139.58 MeV/c?. Then, we
use the CRAB code to calculate the HBT correlation
functions of pions. Afterwards, we use Eq. (2) to fit the

8
6 a & a x a & b ]
g L
w4
°R,
At=0 f/e “R,
2 - AR]
0 L | L | L |
0 200 400 600
pT(MeV/c)

(a)

Fig. 4.
8 —
7 —
E |
o
6 —
5 —
I . I . I . I . I
0 2 4 6 8
At (fm/c)
Fig. 5. HBT radii changes with Ar for a Gaussian source.

In Fig. 5, the Gaussian source radius remains at 6 fm,
and the transverse momentum range is 125-625 MeV/c.
We can see the increase of R, at higher lifetime Ar of the

correlation functions in different pr bins, and there are
nine bins in 125 MeV/c < pr < 625 MeV/c. The trans-
verse momentum dependence of HBT radii are shown in
Fig. 4.

In Fig. 4(a), when the lifetime of source is Ar=0
fm/c, all pions freeze out at the same time. The HBT radii
coincide with each other, and they are almost equal to the
source radii. There is no transverse momentum depend-
ence of HBT radii. With Ar=6 fm/c, as shown in Fig.
4(b), the value of R, increases gradually with the pr.
There is little changes of R; and R;. Then, we calculate the
HBT radii by changing the value of Az in Fig. 5.
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(color online) Transverse momentum dependence of HBT radii for a Gaussian source.

source. Because the rapidity cut is —0.5 < < 0.5, R, only
changes slightly. There is barely any change in R;. As the
emission function of the Gaussian source is known, us-
ing Egs. (3)—(7), the HBT radius can be expressed as

R = (), )
R2 = (r2) + By (A1), 9)
R = () + (BX(An), (10)

where 7 and B are space coordinate and velocity of a
single particle, respectively. Therefore, we can reduce the
influence of the lifetime of the source by minimizing At.

To discuss the influence of the single-particle angle
distribution on the transverse momentum dependence of
HBT radii, we introduce another source, i.e., the space-
momentum angle correlation source. The emission func-
tion can be written as

\/n2 2 2 2
S(x,p) :Apzexp[—me]exp(—# — z(tAt)z)W(AQD),
(11)
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where Ag is the single-pion space-momentum angle at
freeze-out time. By changing the formula of w(Ayp), we
can change the angle Ay distribution. If w(Ag) = 1, the Ap
value is entirely random between 0 -z, and the source be-
comes a Gaussian source. Here, the function w in Eq. (11)
can be written as

0 a<A¢p<rm

W(A(p):{ 1 0<Ap<a’ (12)

where « is a given value. This function indicates that only
the pions whose angle Ag is smaller than the « value can
exist. The radius of the source is R =6 fm, and the life-
time is At = 0 fm/c.

In Fig. 6(a), @ = 3. R, values are lower than R and R),
and the HBT radii are mostly flat as a function of pr.
There is barely any appearance of pr dependence. In Fig.
6(b), a = 5. Compared with Fig. 6(a), the values of Ry and
R; become smaller. The values of R, change slightly. The
present work shows that the Ay distribution can affect the
values of HBT radii. Furthermore, we nevertheless use
the space-momentum angle correlation source to gener-
ate the data, the emission function and the w function are
still based on Egs. (11) and (12), while « varies between
0 and . The HBT radii as the function of cosa value are
shown in Fig. 7.

In Fig. 7, the transverse momentum range is 125-625
MeV/c. When —1 < cosa < 0, the R, values decrease with
increasing cosa, while Ry and R; only exhibit small
changes. When 0 < cosa < 1, there are almost no changes
in R,, while R, and R| decrease with increasing cosa. The
various space-momentum angle Ay distributions corres-
pond to different HBT radii. Therefore, if we can control
the Ag angle distribution for a given pr, we can repro-
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Fig. 6.

duce the pr dependence phenomenon.

We use a homogeneous expansion source to calculate
the HBT radii in different pr regions, and subsequently
we use space-momentum angle correlation source to re-
produce this phenomenon. The homogeneous expansion
source is based on the Gaussian source. Every pion has
been given an expansion velocity 8 along the r direction.
The momentum is generated using the Lorentz transform-
ation. The emission function can be written as

2 YE-yBp o7

S =Ap exp( T )exp( R 2(At)2)’ (13)
where y = 1/ 4/1 -2 is the Lorentz factor, still with R=6
fm and the A7 =0 fm/c. After using this emission func-
tion to generate data, we use the CRAB code to calculate
correlations and Eq. (2) to calculate the HBT radii in dif-
ferent pr regions. Meanwhile, we can also obtain the
phase-space information of pions in different pr regions.
The equation to fit the normalized space-momentum
angle distribution can be written as

Sf(Ap) = crexp(ca cos(Ay)), (14)

where ¢ and ¢, are fit parameters. The fit lines are shown
in Fig. 8.

There are nine bins of pt, and we have nine groups of
two parameters c¢; and c;. Subsequently, we use the
space-momentum angle correlation source to simulate the
HBT radii. In the emission function of Eq.(11),
w(Ap) = f(Ap). We insert the values of ¢ and ¢, into this
equation, and each pr region corresponds to one emis-
sion function, such that there are nine emission functions.
We use each emission function to generate the data and
calculate the HBT radii in the corresponding pr region,
and both particles are taken from the same pr region.
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(color online) HBT radii for a space-momentum angle correlation source.
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Fig. 8. (color online) Fit normalized cos(Ag) for different ho-

mogeneous expansion sources. The transverse momentum
range is 125-175 MeV/c. The dots are normalized numbers
of pions, and the lines depict fits.

After the calculation, the simulation results and HBT
radii calculated by homogeneous expansion sources are
shown in Fig. 9.

For all four situations in Fig. 9, the simulated HBT
radii are almost equal to the HBT radii calculated in the
homogeneous expansion sources. This indicates that the
source expansion can cause the space-momentum angle
Ag distribution narrowing with transverse momentum.
This meets our expectation that the different space-mo-
mentum angle Ag distributions lead to different values of
HBT radii, which subsequently causes the transverse mo-
mentum dependence of HBT radii.

4 Space-momentum angle distribution in

transverse plane

We use the cylinder expansion source [27] to obtain
the connection between the HBT radii and Af(angle
between pr and 7r) distribution. This can be written as

S (x,p) =AMt cosh(n—Y)exp (—
(-7’ o 7 )

_— = , 15

CXP( T T

where u(x) isthe four-velocity, which can be decom-
posed as

pu (x))
T

u(x) = (coshncoshnr,sinhnrér,sinhnpcoshnr), (16)

and n= %ln[(p +2)/(p—2z)] is the longitudinal flow
rapidities. The transverse flow rapidity is defined as

nr = { nTmaxRﬁv p< Rg
T= e
T)Tmax p= Rg

(17)

The rapidity of the pion is ¥ = %ln[(E+p1)/(E—p1)],
the proper time is 7 = V2 —z%, and the pion radial posi-
tion in the transverse plane is p= +/x2+y2. We set
T =100 MeV, 67 =0 fm/c, 79 = 10 fm/c, R, = 6.0 fm, and
6n = 3.0, and the variable is 71pax.

Since the CRAB filter is set —0.5 <7 <0.5 and §7 =0
fm/c, all pions almost freeze out at the same time
(At < 1.3fm/c). The effect of the source lifetime is negli-
gible. Brmax are set as 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, then the

NTmax Values are calculated by e = %ln(%)

We generate pions that have random pr and random
rr, and use them to calculate the random cos(A0) distribu-
tion. Then, we use the distribution of cos(Ad), which is
calculated from cylinder expansion source and divided by
the random cos(A#) distribution, to obtainthe normalized
cos(A@) distribution. We fit the normalized cos(A8) distri-
bution with Eq. (14). The fit lines are shown in Fig. 10,
and the fit results are listed in Table 1.

The fits indicate that, with increase of pr and nrmax, €1
becomes smaller and ¢, becomes larger. We find that ¢,
and c¢; can be fitted by

¢ =kipl, (18)

) =k2p4z, (19)

where ki, ko, and j,, j, are fit parameters. The fit lines are
shown in Fig. 11.
We can also fit the HBT radii in different py regions by

R= ap’%, (20)

where a and b are fit parameters. The fit lines are shown
in Fig. 12.

In the Fig. 12, there are three cases of Brmax =
0.2, 0.4, 0.6 for nrmax =0.2027,0.4236,0.6931. With the
increase in nrmax, the transverse flow becomes stronger,
and the values of parameter b for Ry, and R4, become
larger. This indicates that the parameter b describes the
strength of pr dependence, i.e., a larger |b|, indicates a
more prominent pr dependence. Thus, we only focus on
the dependence of the A@ distribution on the parameter b.

We plot parameters b as the function of £ and j in
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Fig. 9.
angle correlation source.

Fig. 13. Because of the longitudinal limit, there is barely
any changes in bjone. The parameters in out and side dir-
ections are basically the same, because the source life-
time is sufficiently small. This means that there is con-
nection between the HBT radii and the A6 distribution.
The red lines depict fits, and the fit functions are

bk1) = piiki*e, (1)

b(j1) = vije ), (22)
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(color online) Simulation for a homogeneous expansion source. Black simulation lines are calculated in space-momentum

b(ky) = po1 Inks + oo, (23)

b(j2) = v ( (24)

L 1).
1 +evak
The fitted parameter values are shown in Table 2.
A connection has been made between the pr depend-
ence of HBT radii and the cos(A6) distribution by Egs.
(21)—(24) and Table 2, in a cylinder source. If all pions
freeze out almost at the same time, when we obtain a
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Fig. 10. (color online) Fit normalized cos(A6) for different rrmax. Dots are normalized numbers of pions, and lines depict fits.
Table 1. Fit results of normalized cos(A#) distribution.
M Tmax par pr :150-250 MeV 250-350 MeV 350-450 MeV 450-600 MeV
0.1003 1 0.9994 +0.0002 0.9990 +0.0003 0.9981 +0.0003 0.9976 +0.0003
c2 0.0339 +0.0003 0.0496 +0.0004 0.0614 +0.0004 0.0852 +0.0005
0.2027 1 0.9985 +0.0002 0.9974 +0.0003 0.9954 +0.0003 0.9924 +0.0003
c2 0.0663 +0.0003 0.0990 +0.0004 0.1299 +0.0004 0.1621 +0.0005
0.3095 1 0.9969 +0.0002 0.9937 +0.0003 0.9905 +0.0003 0.9851 +£0.0003
c2 0.1043 +0.0003 0.1485+0.0004 0.1903 +0.0004 0.2316 +0.0005
0.4236 1 0.9940 +0.0002 0.9887 +0.0003 0.9836 +0.0003 0.9775 +£0.0003
c2 0.1443 +0.0004 0.1990 +0.0004 0.2446 +0.0004 0.2842 +0.0005
0.5493 1 0.9890 +0.0002 0.9829 +0.0003 0.9766 +0.0003 0.9718 £0.0003
c2 0.1914 +0.0004 0.2467 +£0.0004 0.2893 +0.0008 0.3186 +0.0005
0.6931 C1 0.9817 +£0.0003 0.9735 +0.0003 0.9683 +0.0003 0.9631 +0.0004
c2 0.2450 +0.0004 0.2945 +£0.0004 0.3270 +0.0005 0.3480+0.0006
1.02 0.4
em,_ =01003 v =04236 en, =0.1003
= = 0.2027 en, = 0.5493
An = 0.3095 = 0.6931
1
S )
0.98
. 1 . 1 . 1 . 1 . 1 . 1
0 200 400 600 0 200 400 600
p, (MeV) p, (MeV)
(a) (b)
Fig. 11. (color online) Fit ¢; and ¢, for different nrmax. Lines depict fits.
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functions ¢; =k pé‘ and cz=k2p42, respectively; ¢; and ¢, from normalized space-momentum angle distribution function
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f(A) = crexp(ca cos(AB)). Red lines depict fits.
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Table 2.  Fit results of b(k) and b(j).

Parameters b, by
Hi1 —0.026 +0.001 —0.021+0.001
Hi12 -243+0.5 -28x1
“ Vi1 —0.034 +£0.002 —0.028 +0.002
vi2 97+3 107 £4
H21 —0.0478 +0.0006 —0.0514 +0.0006
. H22 —0.418 £0.004 —0.437 +0.004
’ V21 1.17+0.02 1.25+0.02
v -3.09+0.03 -3.21+0.04

series of data of Ry, or Rgge in different pr regions, we
can describe the space-momentum angle distribution as a
function of pr in the transverse plane. If the space-mo-
mentum angle distribution is theoretically given as a
function of pt, and the Ry or Rgqge is determined for a
given pr region, we can calculate Ry or Rgige in other pr
regions. Because we limit the lifetime of the source, the
eight parameters of b, are similar to the parameters of b.
If the source lifetime increases, R, will likewise increase,
and the parameters of b, will no longer be valid. Upon
changing the model, the parameter values will change as
well.

5 Conclusions

Using several source models, we analyze the effect of
the source lifetime and single-particle space-momentum
angle distribution on HBT radii. In the mid-rapidity re-
gion, R, is sensitive to the source lifetime. R, increases
rapidly with Ar. Furthermore, the HBT radii are also
sensitive to the single-particle space-momentum angle
distribution. With a decreasing single-particle space-mo-
mentum angle, the HBT radii decrease as well. The col-
lective expansion of the source leads to the changes of the
single-particle space-momentum angle distribution with
different pr, then causes changes of HBT radii, at last,
creates the transverse momentum dependence of HBT
radii. In transverse plane of a cylinder expansion source,
anumerical connection between the transverse mo-
mentum dependence of HBT radii and the the single-
particle space-momentum angle distribution has been cre-
ated. The parameters will change according to different
sources. If the parameters are settled, we can describe the
transverse momentum dependence of HBT radii by the
single-particle space-momentum angle distribution.

We appreciate the help of Miaomiao An for discus-
sions on the details of this work. We thank Xiaoze Tan
and Weicheng Huang for valuable advice on this
manuscript.
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