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Abstract: Mass spectra and wave functions of the doubly heavy baryons are computed assuming that the two heavy
quarks inside a baryon form a compact heavy ‘diquark core’ in a color anti-triplet, and bind with the remaining light
quark into a colorless baryon. The two reduced two-body problems are described by the relativistic Bethe-Salpeter
equations (BSEs) with the relevant QCD inspired kernels. We focus on the doubly heavy baryons with 1+ heavy
diquark cores. After solving BSEs in the instantaneous approximation, we present the mass spectra and the relativist-
ic wave functions of the diquark cores, and of the low-lying baryon states J” = %+ and %+ with flavors (ccq), (bcq)

and (bbg). A comparison with other approaches is also made.
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the light quarks u and d. The predicted mass in lattice
QCD is about 3.6 GeV [19-21], which is quite close to
the LHCD observation. The lifetimes of . and E/} are
predicted to be quite long, 50 ~ 250 and 200 ~ 700 fs [22-
25], respectively. The LHCb measurement of =} is very
close to the lower limit of the theoretical predictions. It is
expected that more information about the doubly heavy

1 Introduction

The LHCD collaboration recently reported an obser-
vation of the doubly charmed baryon E!}(ccu) in the
AfK n*nt decay channel, where the mass and lifetime of

the baryon are determined as 3.621 GeV [1] and 0.256 ps

[2]. A systematic theoretical research of the kindred bary-
ons (doubly heavy baryons) thus became imperative. In
addition, LHCD also reported observations of five narrow
Q0 excited baryons in 2017 [3] and E, in 2018 [4]. In
most theoretical models, the mass of the doubly heavy
baryon =" is predicted to be in the range 3.5 ~ 3.7 GeV
[5-18]. The mass splitting between E'* and EY. is pre-

dicted to be several MeV due to the mass difference of

baryon(s) will be available in the near future.

Compared with mesons, baryons as three-quark
bound states are much more complicated. However, for a
doubly heavy baryon, the two heavy quarks involved
move relatively slowly, and are strongly bound with each
other forming a color anti-triplet diquark core’. Thus, it
is reasonable to reduce the three-body problem to two
two-body ones. Due to the Pauli principle, the baryon
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wave functions must be totally anti-symmetric under the
interchange of any two quarks. For the diquark core with
an even orbital angle momentum Lp, the spin-flavor part
of the wave function must be symmetric. Hence, (cc) and
(bb) diquarks in the ground state (S-wave) must have
JP =1%, while (bc) diquark, carrying different flavors,

may have J¥ = 1% or 0*. In this work we focus on %+ or

%+ baryons with 1+ doubly heavy diquark cores (cc, bc or
bb); %Jr baryons with 0" (bc) diquark, e.g. E/ and Q] ,
will be presented elsewhere.

Based on the above, we reduce the three-body prob-
lem of the doubly heavy baryons to two two-body prob-
lems. We first deal with diquark cores in the framework
of the Bethe-Salpeter equation (BSE) with the QCD in-
spired kernel. In the so-called instantaneous approxima-
tion, we solve the corresponding three-dimensional
(Bethe-)Salpeter equation, and obtain the diquark spectra
and wave functions. The second step is to establish a BSE
for the diquark core and the remaining light quark, where
the structured diquark effects in the BSE kernel are de-
scribed by the appropriate form factors. The instantan-
eous approximation is also used to solve the baryon BSE.
In this scheme, both steps deal only with two-body
(Bethe-)Salpeter equations. In fact, a similar strategy was
adopted in Refs. [26-39] but with different methods and
approximations. It is known that the BSE framework can
be successfully used to study the two-body meson sys-
tems, e.g. the mass spectra [40,41], hadronic transitions
and electro-weak decays [42-48]. A widespread agree-
ment between the theoretical predictions and experiment-
al observations has been achieved. Our main motivation
in this work is to push the BSE approach further, and to
develop a precise and systematic method for describing
the doubly heavy baryons.

The paper is organized as follows. In Sec. 2, we de-
scribe the 1*+ diquark BSE in the instantaneous approxim-
ation, solve the mass spectra and wave functions, and
then compute the diquark form factors in the Mandel-
stam formulation. In Sec. 3, we derive the three-dimen-
sional diquark-quark (Bethe-)Salpeter equation, and solve
the mass spectra and wave functions of baryons with
JP=1"and 3", In particular, the diquark-core form
factors play an important role in determining the BS ker-
nel for the baryons. In Sec. 4, we discuss the results ob-
tained, and compare them with the other sources. Finally,
we provide a brief summary of this work.

2 Bethe-Salpeter
diquark core and the relevant form factor

equation for a heavy
2.1 Interaction kernel

Since the QCD inspired interaction kernel for the
doubly heavy diquark core has the same origin as for the

doubly heavy mesons, we briefly review the latter first. In
this work, it is assumed that the instantaneous approxima-
tion (IA) works well since the systems considered always
involve a heavy quark. In IA, the kernel has no depend-
ence on the time component of the exchanged mo-
mentum, and can be expressed as a ‘revised one-gluon
exchange’

iKm(q) = iVm(@)y" ®Ya = i[Vo(@ + Vs(DlY* ®Ya, (1)
where V() is the usual one-gluon exchange potential

and Vs(§) is a phenomenological screened potential,
which behave in the Coulomb gauge as [49]:

__44nay(@)
Va(q) = 3P
- 33 [ A4 __ 8
V@) = [ens' @2 4vo)- o [

where § is the color factor; aj() is introduced to avoid di-
vergence in the region of small transfer momenta; the
screened potential Vs(g) is introduced on phenomenolo-
gical grounds and is characterized by the string constant
A and the factor a,. This potential originates from the
famous Cornell potential [50,51], which expresses the
one-gluon exchange Coulomb-type potential at short dis-
tance, and a linear growth confinement potential at large
distance. In order to incorporate the screening effects
[52,53], the confinement potential is modified in the
above form [54-56], where V; is a constant fixed by fit-
ting the data. Note that a screened potential containing a
time-like vector has been widely used and discussed in
many works [57-61], and gives a good description of
meson systems. Here, we assume that Vg also arises from
the gluon exchange and hence carries the same color
structure as V. The strong coupling constant «; has the
form,

12r 1

a’s(q_’) = s
33-2N¢ 72
( f)ln(a+ | ]

2
AQCD

where Aqcp is the scale of the strong interaction, Ny is

the active flavor number, and a = e is a constant regulator.
For later convenience, we split Vy(§) into two parts,

Vm(@) = 206 (@ Vi + V(). 3)
where Vy; is a constant and Vyp contains all dependence
ond,i.e.,

8 4 4nay(q)

NC)
(@ +a3)? :

VM1 = A Vo, V(@) =
Ml—a2+ 0, Yma(g) = 3 Pra
To construct the BSE kernel for a diquark, we need to
transform the anti-fermion line into the fermion one by
charge conjugation. Considering that the quark-antiquark
pair in a meson is a color singlet, while the quark-quark
pair inside a baryon is a color anti-triplet, and thus the
corresponding color factors are ‘3—‘ and —%, the kernel for
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the diquark core is simply assumed to be,

1
iKn(@) = —5iVm(@n" ®(ya)".

The ‘half rule’ used here is widely adopted in previous
works involving baryons and quark-quark bound systems
[8,9,22]. It is exact in the one-gluon exchange limit and
has been found to work well in the measurements of the
E* mass. Its successful extension beyond weak coup-
ling implies that the heavy quark potential factorizes into
a color-dependent and a space-dependent part, where the
latter is the same for quark—quark and quark—antiquark
pairs. The relative factor % then results from the color al-
gebra, just as in the weak-coupling limit [62]. Also note
that for heavy quarks, compared with the temporal com-
ponent (@ =0) of the vector-vector y*®vy, interaction
kernel, the spatial components (« = 1,2,3) are suppressed
by a factor v ~ j and will be ignored in numerical calcu-
lations. This is also consistent with the analysis in Ref.
[63].

2.2 The Bethe-Salpeter equation for the heavy diquark
core

We briefly review the Bethe-Salpeter equation for
mesons, as shown in Fig. 1(a), which in the momentum
space reads

d4
FM(p,S)=f(zﬂ;t’KM(s—u)[S(S1)Fm(p,S)S(—S2)], ®)

where I'yy denotes the BS vertex; S(s;) and S (-s,) are the
propagators of the quark and antiquark, respectively. The
corresponding BS wave function is defined as
Um(p,s) =S (s)Im(p, $)S (—s2). The quark internal mo-
menta s and u are defined respectively as

- Ajuz,

S = /le] —/11 S2, U= /121/{]

where A; = #]"Tm (i=1,2) and ; is the constituent quark

mass. The BSE normalization condition can be generally
expressed as

f [
o o’

slfM(p,S) [l(p,s w)]ym(p,u)=2p°,

I(p,s,u)=S""(s)S~ ‘(—sz)<2n>264(s—u>—iKM<p,s,u>.
(6)
m’ i ;81
Uy
p m
n
u
n' ] :82

(a) BSE of the meson.
Fig. 1.

As shown in Fig. 1(b), by performing the charge con-
jugation transformation, the Bethe-Salpeter equation for
the diquark cores reads

d4
=i [ o )4Kf(s—u)[s<s1>r0(p,s)S( )

where I =I'pC™!, and C = iy?y° denotes the charge con-
jugation operator, I'p is the diquark vertex; and
K¢ = 1Ky. Similarly, the diquark BS wave function can
be defined as y“(p,s) =S (s))I“(p, s)S (—s2). Note that Eq.
(7) and Eq. (5) have exactly the same form, the only dif-
ference being that the diquark bound strength is halved
due to the color factor. Therefore, Eq. (7) can be easily
solved to obtain the mass spectra and wave functions of
the diquark cores.

2.3 The Salpeter equation and wave function for the 1+

diquark core

As pointed out in the Introduction, according to the
Pauli principle, the heavy diquark core (bc) in a color
anti-triplet in the ground state (S-wave) may have J© = 1*
or 0%, while (cc) and (bb) can only have J” = 1*. In this
work, we restrict to 1* diquark cores (cc), (bc) and (bb).
Following the standard procedure in Ref. [64], we
define the three-dimensional Salpeter wave function
¢(p,sL) = if%gl/c(p, s), where s, = s-p, s, =s—s,p, and
p= l’—: We can then obtain the three-dimensional Salpeter
equation as

pg (p,si) =(er +e2)H(s1 )¢ (s1)

e[ AWe) - WeDh].
~s2 (i=1,2)
denotes the quark kinematic energy; H(s;,)= el(s?ly(ﬁ
1)y° is the usual Dirac Hamilton divided by e;;
W(s.)=y°T(p,s.)yo is the potential energy; and the
three-dimensional vertex is expressed as

where u is the bound state mass; ¢; =

c d3uJ— ¢ c
I (1%&)=me (s1—u )¢ (p,u). )

We also obtain the constraint condition for the Salpeter
wave function as

. S
m’ i o1
>

(b) BSE of the diquark.

(color online) BSE of a meson and a diquark. p denotes the bound state momentum, and p? = 42, where y is the bound system

mass; s1(2) and u(») are the quark (antiquark) momenta. The blue roman letters denote the Dirac indices.
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H(s11)¢ (s1) + ¢ (s1)H(s2,) = 0, (10)

Accordingly, the normalization condition becomes

s

2n)

Since a diquark consists of two quarks, its parity is

just the opposite of its meson partner. The wave function
of the diquark with J¥ = 17 can then be decomposed as

P17 =e-5, (ﬁ cpleps mﬂ)
H N us

ROV (fs P
su 1S

Tr " (p, s A1 )¢ (pys) =2u. (1)

?

+f6% +f7; +f8)75,

(12)

where s = R and §, = *; e is the polarization vector
fulfilling the Lorentz condition ¢®p, = 0. Note that there
are eight radial wave functions f; (i = 1,2,---,8), but only
four are independent due to the constraint condition Eq.

(10), i.e.,

N=-Afs, fa=-A_fa, 1=A_fs, s=Arfe, (13)
s(e +e,)

where A, = Ternner Note that the meson wave functions
with JP€ = I share the form of Eq. (12). Inserting the de-
composition into Eq. (8) and taking the Dirac trace, we
obtain four coupled eigenvalue equations, which are ex-
plicitly given in Appendix A.1. The normalization is then
simply expressed as,
d3s 8ejen
(27)3 3u(uies +pzer)
Solving the coupled equations numerically, the mass
spectra and wave functions of the diquark cores are ob-
tained. The parameters
a=e=27183, 1=0.21GeV?,
AQCD =0.27 GeV, a)p =dpy = 0.06 GGV,

and the constituent quark masses

[ fa(s)=2f5(8)fs()] = 1. (14)

N
o

BS wave function GeV"!
> o
I L I L I T T 1T I L I l’

a

PR I S
1.5 2 25

q GeV

(a) Radial wave function for the (cc) ground state.
Fig. 2.

o
[
)
N

my = 0.305GeV, my=0311GeV, m;=0.5GeV,
me = 1.62GeV, m, =496 GeV

used in this work are the same as in previous studies and
are determined by fitting to the heavy and doubly heavy
mesons spectra [41,43-48]. The free parameter Vj in the
diquark system is fixed by fitting the mass of its meson
partner to the experimental data, e.g. V of the 1* (cc)
diquark is determined by J/¢. In this work, we use
Vo =—=0.221 GeV for 1* (cc), Vo = -0.147 GeV for 1* (bc),
and Vy=-0.026 GeV for 1* (bb). The obtained mass
spectra are listed in Table 1, and the radial wave func-
tions of J¥ =1* (cc) diquark core, as an example, are
shown in Fig. 2, where f; = f7 = 0 are omitted.

The wave functions of the diquark cores at the origin
are very useful in many applications, and are defined as

&3y A
Y(X) |f:5=fﬁ¢c(nsl)flﬁv¢+%¢lﬁ, (15)

where v and ¢t are related to the Salpeter radial wave
functions by

RO S O G ol o
lﬁv=—ZfWTr90 (Iﬂ)ef——gfm(fzﬂfs),

w——l s
=74 ) onp

1 s
3J @2n)3

Tre“(Np¢=+ (fa=2f5)-

The obtained numerical values of ¥y and yr are listed in
Table 2.

Table 1. Mass spectra of J* = 1* color anti-triplet diquark cores (cc),
(bc) and (bb), in units of GeV.

npLp IN 28 1D EN

(cc) 3.303 3.651 3.702 3.882
(bc) 6.594 6.924 6.980 7.142
(bb) 9.830 10.154 10.217 10.361

E 40;‘_‘. — -f;

g F - S

= 30 4

A

g [

= L \ - -

0 20~ f;

2 S
oF
:. P T T
0 2 2.5

q GeV

(b) Radial wave function for the (cc) 1st excited state.

(color online) Radial wave functions of the (cc) diquark core with J* = 1*.
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Table 2. Wave functions at the origin for the ground states of |+
diquark cores (cc), (bc) and (bb) (in GeVz).

diquark cores (co) (bc) (bb)
4% 0.155 0.299 0.618
Yt —0.144 —0.287 —0.600

2.4 The form factor of the diquark core coupling to a

gluon

In BSEs for mesons or diquarks, the constituent
quarks (antiquarks) are point-like particles. But in BSEs
for baryons in terms of quarks and diquarks, the structure
of the non-pointlike diquarks has to be considered. The
coupling between diquarks and gluons is modified by the
form factor. Thus, we discuss in this subsection the relev-
ant form factors in the Mandelstam formulation.

The Feynman diagrams of the doubly heavy diquark
core coupling to a gluon are shown in Fig. 3. Since the
coupling vertex ¥ is conserved as the ‘vector current
matrix element’, it can be decomposed into three inde-
pendent form factors (i = 1,3,5) as

S = ()8 (p+ Y + o3 (PN (PP g™+ )

+asp" PP+ p™),
where o; only depend on the transfer momentum
> =(p-p’)’. Note that in the instantaneous approxima-
tion, p® = p’® and hence > = (p, — p/,)? is always space-
like. Considering that the contributions of o3 and o5 to
BSEs of baryons is small compared with o}, we keep the
dominant o-; only, and omit the subscript for simplicity.

In view of the Feynman diagrams in Fig. 3, the form
factor consists of two terms

1
s = o (2 4+ 25), (16)

where the factor % is due to the normalization condition,
and guarantees that the form factor o(>) = 1 at zero trans-
fer momentum (#> = 0). Explicitly, for example, the amp-
litude Z‘lw " corresponding to Fig. 3(a) reads

S1

(a) A gluon couples with quark-2 in the diquark.
Fig. 3.

Q d4 T ’ 7 (04 ’
SO f i TG SIS (P98 (=528 (-53)

d3§) ’ 7 a
B f@n AR AN

where the contour integration over s° is performed and
only the dominant contribution is kept. The amplitude of
Fig. 3(b) can be easily obtained from the relation
M = 2 with (uy = o).

Inserting the 1+ Salpeter wave function Eq. (12) into
Eq. (16), we obtain o for 1* (cc) diquark in the ground
and first excited states, which are shown in Fig. 4. For
convenience, we parameterize the obtained numerical
form factor o as

o) = A" + (1 - A)e’ . (17)

For example, we obtain A =0.162, x; =0.109, k, =0.312
for the ground state.

3 Doubly heavy baryon as the bound state of
the diquark core and a light quark

In this section, we first construct the Bethe-Salpeter
equation of the 1+ diquark core and a light quark, and
then derive the three-dimensional (Bethe-)Salpeter equa-
tion in the instantaneous approximation. Finally, we com-
pute the mass spectra and wave functions for baryons
with the quantum numbers J” = 1" and 3"

3.1 The Bethe-Salpeter equation of a baryon with the
1" heavy diquark core

The BS equation for a baryon with the 1* heavy
diquark core is schematically depicted in Fig. 5, which
can be expressed using the matrix notation as

I%P,q,r) = f d'k (=D)K®(p1,k1: pa.kr)
’q, (271')4 plv 1’p27 2

xS (k)T (P, P) Dy (k) | (18)

52

(b) A gluon couples with quark-1 in the diquark.

(color online) The vertex diagram of the diquark core coupling to a gluon.
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Form Factor o
o
(2]

0.4

0.2

|
-30

|
W
o

(a) Form factor of the ground diquark.
Fig. 4.

o L
— L Data
Q - .
o L — Fit
S o8-
;2 0.6
0.4
0.2
bl reras i IR BRI B
-35 -30 -25 -20 -15 -10 -5 0
2 GeV?

(b) Form factor of the first excited diquark.

(color online) Form factor of the 1+ (cc) diquark core coupling to a gluon.

Fig. 5.

(color online) The Bethe-Salpeter equation for a baryon based on the diquark model. The Greek (red) letters are the Lorentz

indices; the Roman (blue) letters are the Dirac indices. P, p;(k1), p2(k2) denote the momenta of the baryon, heavy diquark and the third

light quark, respectively.

where I'*(P,q,r) is the BS vertex of the baryon; p is the
baryon momentum with p2= M2 , and M the baryon
mass; r is the baryon spin state; (—i)K(pi,k1; p2,ko) rep-
resents the effective diquark-quark interaction kernel; and
Dg, (ki) = (LRI s the free diquark propagator (axial-

pi—ml+ie
vector particle) with mass m;. We do not consider here
the self-energy correction of the doubly heavy diquark.

The internal momenta ¢ and k are defined as
q=ayp1 —azp, k=a'2k1—a'1k2, (19)

where a; = #, and m, represents the constituent mass
of the third quark. In the following, the symbols P and »
in the BS vertex I'*(P,q,r) are omitted unless it is neces-
sary.

In terms of the diquark form factor, the baryon effect-
ive interaction kernel can be simply expressed as

(DK (p1.kis pa.ka) = =iVa(k = @)=y,

In principle, the form factors must be calculated for off-
shell diquarks. In this work, we simply generalize the on-
shell form factors obtained in the previous section to the
off-shell ones, namely, X% = o(1>)g®®h* and h =k + p.
Note that the diquark-quark potential is now modified by
the form factor, which reflects the structure effect of the
non-pointlike diquark.

The BS wave function B,(P,q) of the baryon can be

defined as

Bo(P,q) = S (p2)Dop(p)TP(P,q), (20)

with the constraint condition P*B,(P,q) = 0. Accordingly,
the normalization condition can be expressed as,

, dg d*%k _ 9,
~i f f Gyt Gyt DT —— |1 (P.k,q)| By (k. r)=2M6 7,

opP°
€2y
where the operator 1%?(P,k, g) has the following form,
IP(Pk,q) =S ™' (p2)D3(p1)(27)* 6" (k- q)
+iK(p1.ky: p2. ko). (22)

3.2 BSE of the doubly heavy baryons in instantaneous

approximation

In the instantaneous approximation, the factor
h° = 2(a; M + gp) explicitly depends on gp and M , which
is different from the case of mesons or diquarks. As we
will see, the factor 1° plays an important role in the deriv-
ation of the three-dimensional Salpeter equation for bary-
ons. First, we introduce the instantaneous baryon kernel
as

K(ky—q1) = o(®)Vulks = q1)yo,
so that we have K®(p;,ky)=h"g®K(q, —k,). We now
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define the baryon Salpeter wave function as
. (d
eota =1 [ S B.q)
T

with the constraint condition P*¢, = 0.
The baryon BS wave function can be expressed as

B*(q) = h°S (p2)DP(p1)Ts(q.), (23)

where the three-dimensional vertex I',(g.) is expressed
by the Salpeter wave function as

d3kl
To(gl) = IWK(]Q —q1)pa(ky). (24)

Due to the constraint condition P,¢®(P) = 0, the compon-
ents of D%(p,) parallel to P vanish. Hence, we can re-
write D(p,) as
9P i
ﬁoz,BE_ 048+ 1L lJ_.
A

D¥(p)) =im—a—.
py—mj+lie

Note that in Ref. [27], the term i% is simply neg-
lected.

We follow Salpeter's method from Ref. [64]. Per-
forming the contour integral over gp on both sides of Eq.
(23) (see Appendix A.2 for details), we finally obtain the
Schrodinger-type Salpeter equation for baryons with 1+
diquark cores as

M¢™(g.) = (w1 +w)H(p2)¢"(q1) +H<pu>y°ﬂ“ﬁrﬁ<qé>,)
5

where the baryon mass A behaves as the eigenvalue. The
first term expresses the contribution of the kinetic energy,
and the second term of the potential energy. The normal-
ization condition can be expressed as (see Appendix A.3
for details)

d? 4
[

X dPog(P,q.,r) = 2M6,7, 26)

with w, = aw; — ajw; and d% = —gF — Pl

3.3 The Salpeter wave functions for baryons with

P—l+ §+
J'=35 and3

In this subsection, we construct the baryon wave
functions directly from the good quantum number J”.
The D-wave components are then automatically included
and the possible S-D mixing can also be obtained dir-
ectly by solving the corresponding BSE.

For ground states with L =0, where [, denotes the
diquark-quark orbital angular momentum, the 1+ diquark
and the %+ quark can form a baryon doublet (%, %)*. The
wave function of J” = %+ baryon, analyzing its total angu-
lar momentum and the Lorentz and Dirac structures, can

be decomposed it as

0a(P,qy,7) =(g1 +gz%)§1075u(ﬂ r)

+ (g3 - gﬂ—i)qmysu(ﬂ r) = Aqu(P,r),
q (27)

where we defined A, so as to factor out the spinor;

é10=(yat77), and g =
gi (i =1,2,3,4) explicitly depend on ¢; u(P,r) is the Dirac
spinor with momentum P and spin state . The conjuga-
tion is defined as usual @,(P,q.,r) = 90270. Note that in
Ref. [34] only g; and g, are included. In fact, the full Sal-
peter wave function should have four independent terms.
The ‘small components’ g3 and g4 correspond respect-
ively to the p- and p-wave components, and play a cer-
tain role in the exact solutions for J” = %+ baryons. In
particular, they are important for the excited states. To
see the partial-wave components clearly, we rewrite the
Salpeter wave function of %+ baryon in terms of the
spherical harmonics,

0a =Col3 (1810 =82 )y u+ C1 (VT = V7 o - VT,

\/—¢>; the radial wave functions

N _1 (8a3y++ 3)
XY u+Caoga|Y; 8oy =Yy Hen Tt y+\/§ga+)f
0(8a+ Y-+ 8a—V+ +28a373)
+7Y,
3
_y1 (8a3Y-+8a-73)

) 7 = Y2zga—')’—} Yu,
(28)

where the coefficients are Co =2+, C; = 2=Co, and

V3
Cr= \&Co 7 =F55(1£i72); Tow= F 5T £ile),

and Lo; = (827ié 10 +838ai) With i=1,2.3180s = F 35 (801
igx2), Where gop denotes the Minkowski metric tensor; Y}
are the usual spherical harmonics.

From the above decomposition Eq. (28), we conclude
that the Salpeter wave function of {r baryon contains the
S-, P-, and D-wave components. The g; part corresponds
to the S-wave; g, and g3 parts correspond to the p-wave;
and g4 contributes to both the S- and p-wave compon-
ents. The numerical details are presented in the next sec-
tion.

With the wave function of Eq. (27), the Salpeter equa-
tion Eq. (25) can be expressed as

MAu(P,r) =(w) + w2)H(p21 )Aat(P,1) + S0 H (p2y )y°

&k
x f (271'; Kk, —q . )APu(P,r).

(29)
Projecting out the radial wave functions, we get four
coupled eigenvalue equations. The details are presented
in Appendix A.4. Solving the equations numerically, the
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mass spectra and radial wave functions can be obtained.
The normalization condition Eq. (26) can be expressed in
terms of the radial wave functions as

f d3q n
2n)}

my
2(wq + Otha)—z) (3c3g? —2c18184+€183)
my 2 2
+ 2(wq —aj Ma)_) (2c18283 + 185 +3¢383)
2
q
+4a1Mw—2(61g2g4+61g3g4—(:1g1g3—363g1g2)} =1,

where ¢; =1- % and c3=1- 3‘1—22, and the spinor summa-
tion 3, u(ra(r) = P+ M is used.

Similarly, the Salpeter wave function for J* = %+ ba-
ryons can be constructed using the Rarita-Schwinger

spinor u, (P, r) as

Pa(P,qL,r)= (ll + tz%) uo(P,r)+ (t3 + 14%)53(1(1’)14@ (P,r)

+ (ls + fs%)fjmufh (P,r) = Aagtl’ (P,1),
(30)

where we define the tensor A,z for later convenience;
&E30(P) = (Yo — %); and t; (i=1,---,6) are the radial wave
functions depending on ¢. According to the Rarita-
Schwinger equation, we have P,¢” = 0. Note that the full
Salpeter wave function has six independent terms, while
in Ref. [34] only the first two, 7, and #,, are considered.
The decomposition in terms of spherical harmonics is
similar to the case of J¥ = g and we do not repeat it here.
It is evident that #3, 14, ts, and ¢ correspond to the p, 2D,
4D, and F partial waves, respectively. This means that
only the largest S-wave and part of the p-wave compon-
ents are considered. Note that the D(F)-wave is always
mixed with the S(P)-wave components, i.e. 45y always
contribute to the S-wave besides the p-wave, while
contributes to the p-wave and the F-wave. Further ana-
lysis of their importance is presented later.

We now obtain the following mass eigenvalue equa-
tion

MA s (P,r) =(w1 + w2)H (21 )Aepu? (P,1)
3

- d’k
+JapH(paL )y’ f < K(k.—q. )A"u,(P.r),
(2m)
€1y

which is equivalent to six coupled eigenvalue equations,
similar to the %+ case, and we again omit the details. The
normalization condition can be written as

dq. 2
ﬁ 3 {[3c3(zf +13) —deatity =21 (115 — tats) + clzg]
% mp 2,02
Wy t+a Mw— + [3C3(Z‘2 + l‘3) +4crtats —2¢ (g + t3t)
2

+C1l‘é] (wq —alM%) —2011Mwi [B3c3(titr —t3ty)
2 2

+2c5(t1t3 — tats) — c1(t116 + tats + 1315 — tale — lsle)]} =1,

—

where ¢; = 1- 55, and the following completeness rela-

tion of the Rarita-Schwinger spinor [65] was used:
1
g7+ 37"

PP PRyt . 2pP*pp
3M 3M?

u” (P, (P,r) =(P + M)

4 Numerical results and discussion

To solve the Salpeter equation for baryons, we need
to specify the parameter V; in the potential for the
diquark core and the light quark. Unlike the doubly heavy
mesons, the experimental data for the doubly heavy bary-
ons is very limited. Hence, we cannot fix V; by fitting the
experimental data. We compute V, by taking the spin-
weighted average of Vj of the corresponding mesons (see
details in Appendix A.5). The fixed values of V; are lis-
ted in Table 3. Note that all parameters in the model are
now fixed by the meson sector.

In this work, we calculate =0, Q) ES’), Qi*b), E,(;;),
and Q) for the J* = 1"(3") doubly heavy baryons. In the
relativistic Bethe-Salpeter equation approach, the total
angular momentum J and the space parity P of baryons
are good quantum numbers. To reflect the dominant prop-
erties, we label the baryon states by the nonrelativistic
notation as ng2™*'L;(npLp): np denotes the radial
quantum number of the heavy diquark core; Lp the orbit-
al angular momentum of the diquark; ng the radial
quantum number of the baryon; [, the quantum number of
the diquark-quark orbital angular momentum; (2sg + 1)
the multiplicity of the baryon spin sg; and J the total an-
gular momentum of the baryon. Consequently, %Jr bary-
ons can have states 2§, or *Dy ), or their mixing, and %+
baryons 4§32, *D32, 2D3/2, or their mixing.

Table 3.
weighted average method.

The parameter (—Vp) (in GeV) determined by the spin-

%+ baryons ESOBL QL E, Ea» Qo Ew 9
-Vo 0.478 0.476 0.454 0.404 0.403 0.382 0.330 0.310
o

+ [ =t * =t =0 * =3
% baryons =cc Bee Qe Ey Y

-Vo 0.378 0.376 0.352 0.337 0.336 0.313 0.296 0.275
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The mass spectra of the J* = %Jr doubly heavy bary-
ons with flavors (ccq), (bcqg) and (bbg) are presented in
Table 4, including the diquark cores in the excited 25 and
1D states. Note that the baryon masses of the 12§ ,,(1D)
and 14Dy »(1S) states are comparable, namely, the differ-
ent D-wave orbital angular momenta contribute similarly
to the total baryon mass. The wave functions of 7, as
an example, are presented in Fig. 6. From the figure, one
may clearly see the correspondence of the radial quantum
number ng and the node number of the wave function: g;
and g4 correspond to the 25 and 4D partial wave compon-
ents, respectively, and g, and g3 represent the small p-
wave components with different radial numbers. Compar-
ing the weights of the partial wave components, one can
see that the ground state n = 1 is dominated by the S-wave
and has a negligible D-wave, whereas the excited states
n=2,3,4--- have sizable p-wave components. This
means that ignoring the components gz in the excited
states would destroy the results. Therefore, as mentioned
in the previous section, the full structure of the wave
functions must be considered.

The mass spectra of the J* = %+ doubly heavy bary-

ons are presented in Table 5, and the radial wave func-
tions of E;. are shown in Fig. 7 as an example. J” = %+
baryons, besides the S 3/, partial waves, also contain two
different p-waves, D3/, and 2Ds;,, which belong to the
quartet (1,3,3,1)" and the doublet (3,3)*, respectively.
The baryon masses with excited 2S and 1D diquarks are
listed in the last two rows. Note that the masses of the
148 3,2(1D) states are close to the 12D35(1S) states, but are
much lower than the masses of the 14D;/»(1S) states.
Similar analysis of the wave functions shows that almost
every state contains all possible S-, p-, D- and F-wave
components. The analysis of the weight of the partial
waves suggests that the n = 1,2 states are mainly charac-
terized by the 1S and 2*S components, with the p-wave
slightly mixed in. However, for the n = 3,4 states, the 12D
and 14D components become dominant. These features
again emphasize the importance of using the full struc-
ture of the wave functions.

To determine the sensitivity of the mass spectra on
the model parameters, we calculated the theoretical un-
certainties by varying simultaneously the parameters A
and a)() in the quark-diquark bound potential by +5%,

a E a I
2 5EN - & %ei - &
O I\ 8 O E 8
g [ = F
24 8 S5E -8
Q Q
RS \ g 4
3 = F
- = 3F
< - < F
B, 2 F
—2[ —2
< [ <
8 F & = ,
©n v F \ ----------------
[aa) M of D T R
T e L. o T B & R A
q GeV 9 GeV
(a) n = 1: mainly the 15 components (b) n =2: 25 mixed with 1D
T E — % g —
%5: 81 % A 81
Ot 82 O r 8>
4 =
St \ & | 2 K4
Q _F Q
S 3F £
& F \ =
O . C o
> 20 T >
< E K . <
B r \ - e
s =
ks \ S
S of \ ]
A s B O N e
0 05 1 15 2 25 0 05 1 15 2 25
9 GeV q9 GeV
(¢) n=3: 1D mixed with 25 (d) n =4: 35 mixed with 2D
Fig. 6. (color online) BS radial wave functions of Z** with the energy levels n=1,---,4; g; and g4 correspond to the 2S and 4p com-

ponents, and g»(3, corresponds to the p-wave; ng is the number of the node plus one. Almost every state contains the S-, p- and p-

wave components.
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Table 4. Mass spectra of the J” = {r doubly heavy baryons, in units of MeV. Symbols used to label the baryon states are: np denotes the radial

quantum number of the doubly heavy diquark core inside the baryon; Lp the orbital angular momentum of the diquark; ng the radial number of the ba-

ryon; (25 + 1) the baryon spin multiplicity; [, the orbital angular momentum quantum number between the diquark core and the light quark; and fi-

nally J the total baryon angular momentum.

n np2 B4 L (np L) S B QF, B Eeb Qep Ebb B Q,
1 1281 5(18) 360138 36063% 371072 6931728 693472 703372 10182723 10184723 1027673
-38 —-40 =38 =37 —3 —-36 - —36 -34
2 228 15(18) 4122738 4128040 42473 74463 745073 7560038 10708733 10710734 10816733
-38 -38 -37 - -34 -33 -32 -32 -32
3 14Dy jp(18) 4515 41575 428930 746373 T467.3 75983 1073233 1073533 10863,3;
2 -54 —54 =53 =51 =52 -49 -49 —50 —48
4 3281,2(18) 450473%  451073% 463273 781873 782273 793578 1108478 110863 11196743
-36 - -33 -32 -33 -30 -30 — -28
1 1251 2(25) 413630 414173 426133 7417035 742003 7531330 1061830 10620739 10724728
-33 =33 -32 -32 =32 -30 —28 -28 -26
1 128 1/2(1D) 414073 414573 4262732 7438732 7441732 7550730 1066072 10661728 10763726
Table 5.  Mass spectra (in MeV) of the %+ doubly heavy baryons.
n ng 2sptly, J(npLp) oot Bl Qe Ef; E;k'b Q:b EZb EZ; Q;’;
1 14835(15) 370358 370655 3814737 6997, 7000031 7101723 1021473 10216732 10309;33
2 2483,2(15) 4232730 4237740 435638 751273 751503 76270 10738733 10740733 10847733
3 12D35(15) 425273 425730 439573 753133 753530 766873 1076633 10769733 10898732
—46 —46 —43 —-43 —43 — —40 - -37
4 14D3/2(15) 4421753 4424753 4520773 7699+40 7701750 7791+‘3‘; 1094175 10943+§§ 11028 3¢
-36 35 =33 -33 =33 =32 -28 =30 -28
1 1483/(25) 423773 44173 436573 748473 74873 7601035 1065133 10653730 10759738
=33 =33 =32 =30 =30 — -28 -28 -26
1 1483/2(1D) 424173 424573 436635 750430 750730 761973 10693;3% 1069528 10798726
o o
5> R —_ t, '>12_ -
o I (O
s i N N A AU N -1, Opb\ L
T\ o] 2\
S 6 S 8F
E C s é s
2. il g f
c 4 <
=t z,
2L =
EE kS
- - 2
0 2
m ¢ M oF
0
0 05 1 15 2 25 3 0 2 25 3
9 GeV 9 GeV
(a) n = 1: mainly the 15 (b) n = 2: the 25 with slight 12D
TF Q¢
% 4 - -1 % - - t
CHI L STy e 1
5 3'5\ i - t3 5 L - t3
G o\t 5 ,[
o EV t o 1
> F \ ‘ > L
S [, S <
== = 52
s =
S-1F 3
g F ] ok
v,k 175}
M E m
35 e 25 3 0o 25 3
9 GeV 9 GeV

(c) n = 3: the 12D mixed with 25

(d) n = 4: 1*D with slight 25 and 12D mixed in

Fig. 7. (color online) BS radial wave functions of =}, with the energy levels n=1,---,4; 11, 14 and t5 correspond to the *S, 2p and 4p

components, 73y and 5 correspond to the p and F-wave. Almost every baryon state contains all %S, 2p and 4p components.
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and then searching the parameter space to find the max-
imum deviation. The obtained theoretical errors are also
listed in Table 4 and Table 5, where the relative errors in-
duced by A and a;(») are about 1%. The dependence on
the constituent quark mass is almost linear and was not
included in the error analysis.

Finally, we give a comparison of the predicted spec-
tra of the ground states obtained in this work and in liter-
ature, shown in Table 6. We note that our mass spectra
agree well with the lattice QCD calculations in Refs.
[21,66,67], especially for Z&, QF,, Q. and QZ’Z. The av-
erage error of the predictions in Table 6 with respect to
Ref. [21] is about 18 MeV.

5 Summary

In summary, we have built in the diquark core picture
a theoretical framework to deal with doubly heavy bary-
ons. In the diquark picture, the three-body problem of the
doubly heavy baryons is reduced to two two-body bound
problems and then solved by the corresponding BSE in
the instantaneous approximation. We obtained the mass
spectra and wave functions of the J” = 1" and 3" doubly
heavy baryons with 1" diquark cores. The predicted mass
spectra for the doubly heavy baryons agree with those in
literature, especially with the lattice QCD computations.
Analyzing the wave functions, we found that %Jr and %+
baryons, especially their excited states, involve p- and D-
wave components that are not negligible, and even F-
wave for the latter, which means that the non-relativistic

Appendix A: Some expressions and derivations

A.1 Coupled eigen equations for the 1+ diquark

Table 6. Comparison of the predictions of the ground state masses
(in GeV) of the doubly heavy baryons. The results in the third [21]
and forth [66,67] columns are from the lattice QCD calculations.
Note that here =5, Q. denote the %+ (bcg) baryons with 1+ (bc)

diquark core.

Baryon This [21] [66,67][22,68] [9] [69] [70] [71] [72]
Eee  3.601 3.610 —  3.627 3.620 3.612 3.547 3.633 3.606

Ej. 3703 3.692 -  3.690 3.727 3.706 3.719 3.696 3.675
Q. 3710 3.738 3.712 3.692 3.778 3.702 3.648 3.732 3.715
Q3814 3.822 3.788 3.756 3.872 3.783 3.770 3.802 3.772
S 6931 6959 6945 6933 6933 6919 6.904 6.948 -
B, 6997 6985 6.989 6969 6.980 6.986 6.936 6.973 -
Q, 7033 7.032 6994 6.984 7.088 6.986 6.994 7.047 -
Q,  7.101 7.059 7056 -  7.130 7.046 7.017 7.066 -
S 10.18210.143  —  10.162 10.202 10.197 10.185 10.169 10.138
g, 10.21410.178 10.184 10.237 10.236 10.216 10.189 10.169
Q10276 10.273 10.208 10.359 10.260 10.271 10.259 10.230
Q, 1030910308 - -

10.389 10.297 10.289 10.268 10.258

wave functions consisting only of the S or p partial
waves cannot describe well these baryons. The obtained
wave functions can be used to calculate lifetimes, produc-
tion and decay of doubly heavy baryons, which can be
tested in future experiments.

We thank Hai-Yang Cheng, Xing-Gang Wu, Xu-
Chang Zheng, Tian-Hong Wang and Hui-Feng Fu for the
helpful discusses and suggestions.

The four coupled eigen equations for the 1" diquark have the following expressions

uh(s) = +5 : :’:22 (e1+e2+ VO fals) + 2‘:’; V5 [Ana(s,u) fa() + Ara(s,) fo(w)]
pfi(s) = +;i :Z (e1+e2+ V) f3(s)+ f 2‘:‘; V$ [Aa1 (5,0) f3(0) + Axs(s,0) f5 ()]
pfs(s) = —: :;22 (e1+e2+ V) fo(s) + f %vs [As2(5.u) fau) + Asa(s,0) fo ()]
ufols) = -5 : :‘e‘j (e1+e2+ V) fs(s) + ;:% V5 [Ad1 (5.0 f30) + Ags (.10 f5 )], (A1)

where V¢ = %VM,-. The expressions for A;;(s,u) are

Ap = [A,s(el —62)+COSQ(;1182 +ﬂ2€1)] cosd, A14 = (/JIEQ +/12€1)(00529— 1),

Ayt = [Ass(er +e2) +cosbluier +paer)] cosh,  Ags = (urez +paer)(1 —cos® 6),

1 1
Azg = —[AwY(el +e3)cosf+ 5(1 +cos?O)(uie +H2€|)], Az = §A23,

1 1
Agz = —[A,s(el —ep)cosf+ 5(1 +cosze)(ylez +,uze1)], Aq1 = A4,

2
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where cos6 = £, These four equations can be solved numerically to

su
obtain the diquark mass spectra and the corresponding Salpeter
wave functions.

A.2 Derivation of the baryon Salpeter equation for the 1+

heavy diquark core

To get Eq. (25), we first factor out gp from the propagators.
S(p2) and D (p;) can then be expressed as

_ | At A" (q1)
S(p2)=—i —— — |
qP_§2_lE QP—§2+ZE
1 1
hoD( ):iﬁ“ﬁ[ — + . ] A2
o gp—{{ +ie qp—{jie (A2
where the projection operators are defined as A*(pry)=

i [1 J_rFI(pu)]yO. {f, are defined as
& =mM-w,,

+
{1 =—-a M+ wi,

{5 =M +wy,

{ =—a M - w;.
Performing the integral over gp on both sides of Eq. (23), we ob-
tain the three-dimensional baryon Salpeter equation

L) = AT9PTg(qr) A 9PTp(qL)
)= _

. (A3)
M—-w)—w> M+ w +w>
By using the projector operators A*, we can get the positive and

negative energy Salpeter wave functions as

A*9%PTp(q.)
a+ = A+ 0 « — B
¢ (qu) Y Mor—wr "
A~9%T(q,)
- =AW = _ B
¥ (q1) Y¢ Miontwr

Mg1(q) =Dlg1(17)—D2g2((7)+f

Mgx(§) =—D2g|(17)—D182(f7)+f

ar
Mgs(lf)=—D3g|(@—D4gz(17)—D5g3(¥)+Deg4(17)+f@

ek v S 5 5 .
Mg4(@) == Dag1(@) + D3g2(q) + Deg3(@) + Dsga(@) + f s o [P ) + ¢ ega®) +gutegs B+ Laga )],
12

the form factor;

I = $qB3c*m? —m? +2c%¢?) and Iy = ’%13. Dy ~ Dg have the following

where Vi =oVmi, and o is

explicit expressions

Vi
2
1

my q
Dy =—Vi+wi+w2),Dy = —D1,D3 = ,
w2 ny mjwy

mp

2
w
Ds = (%Vl+w1+w2],D4=m?2D3,De=iDs- (A7)

w2 \ m? my

A.S5 Spin-weighted average V; in the diquark-quark interac-
tion

The baryon in different diquark basis has the following rela-
tionship,

which are the coupled baryon Salpeter equations for the 1” diquark
core, which can then be written as the Schrodinger-type equation
Eq. (25).

A.3 The normalization condition of the baryon Salpeter wave

function

To obtain the normalization of ¢,(¢g,), we need the inverse of
the propagators Dg(p1), which is given by,
p(l/ p(l
Doj(p1) = depD ™ (pr). d = g~ T
1
and fulfills
DI (1D (p1) = doy 9 = 6.

Note that d*#(p;,) does not explicitly depend on p0. The BS vertex
can also be expressed by the inverse of the propagators as

I*(q) =S~ (p2)D™" (p1)d? Bs(q).
The partial differential of the kernel go# gives

QanK(ky —q.)g".
Finally, substituting into Eq. (21) and calculating the contour

s KP(prk) =

integral, we obtain the normalization condition of the Salpeter
wave functions Eq. (26), where the three-dimensional BS baryon
vertex is expressed by the Salpeter wave function as

[(Pg.) =9 [MA(p21) — (@1 +w2)|dPes(P.q.). (AS)

A.4 Coupled eigen equations for the {r baryon

By taking the traces on both sides of Eq. (29), we obtain the
following four coupled eigen equations for the { baryon

&k vy S a1, 5
2 o [ngl(k) gega (k) + 2mz(c )84(k) |,

a3k V. 5 L1 .
a0 w—z [—ql (&) = macga(®) — 5 q(c* - 1>g4<k>} ,

Va

= [~ 1B - magPcga(®) — mawiegs®) + I ga(B)),
myws

(A6)
[
[(12)3) ]= -3 ¥ {|1(23)o>
2,3 17| 48 1|l nesn
|- +£ {|(31)02> A8)
5 flien I

where [(12)y3) denotes the baryon state where quark-1 and quark-2
form the spin-0 diquark, and the others are implied. Note that the
above relations can be considered as a counter-clockwise rotation
in different diquark basis, and the rotation angles are respectively
120° and -120°.

Let us take Z}F as an example to show how Vj is obtained. In
=+F, the above equation implies |(cc) u) = g le(cu)g) — % le(cu)yy . Vo

between the (cc); diquark and u quark is then determined by
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Vol(cu)1] and Vo[(cu)o] , which correspond to mesons p*0 and po, re-

spectively. Considering the above relations, we can express Vo(E}"

as

Vo(E) = 0.75Vo(D%) +0.25Vo(D*0),

where V, of the involved mesons are listed in Table Al.

obtained by solving the corresponding meson BSE, Eq. (8). V, for

the doubly heavy baryons are listed in Table 3. Note that all para-

Table Al. The parameter (—Vp) (in GeV), for 0~ and |~ mesons.
Qg cit cd cs bii bs
JP=0" 0.512 0.509 0.489 0.341 0.322
JP=1" 0.378 0.376 0.352 0.296 0.275

meters in this work are determined by the corresponding meson

spectra.
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