
Chinese Physics C Vol. 42, No. 12 (2018) 123107
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Abstract: We perform a global effective-field-theory analysis to assess the combined precision of Higgs couplings,

triple gauge-boson couplings, and top-quark couplings, at future circular e+e− colliders, with a focus on runs below

the tt̄ production threshold. Deviations in the top-quark sector entering as one-loop corrections are consistently

taken into account in the Higgs and diboson processes. We find that future lepton colliders running at center-of-mass

energies below the tt̄ production threshold can still provide useful information on top-quark couplings, by measuring

virtual top-quark effects. With rate and differential measurements, the indirect individual sensitivity achievable is

better than at the high-luminosity LHC. However, strong correlations between the extracted top-quark and Higgs

couplings are also present and lead to much weaker global constraints on top-quark couplings. This implies that a

direct probe of top-quark couplings above the tt̄ production threshold is also helpful for the determination of Higgs

and triple-gauge-boson couplings. In addition, we find that below the e+e−→tt̄h production threshold, the top-quark

Yukawa coupling can be determined by its loop corrections to all Higgs production and decay channels. Degeneracy

with the ggh coupling can be resolved, and even a global limit is competitive with the prospects of a linear collider

above the threshold. This provides an additional means of determining the top-quark Yukawa coupling indirectly at

lepton colliders.
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1 Introduction

After the discovery of the Higgs boson [1, 2], un-
derstanding the electroweak symmetry breaking mech-
anism remains one of the major challenges in particle
physics. The determination of Higgs couplings at the
Large Hadron Collider (LHC) is now approaching, and
in some cases surpassing, the 10% precision level. Im-
provements beyond this level can be foreseen at proposed
e+e− colliders. These machines could run at a center-of-
mass energy of 240–250 GeV—where the maximum of
the e+e− → hZ cross section lies—or even above, and
would provide a much cleaner environment for precision
determination of Higgs couplings. Prospects have been

widely studied through global analyses in the Standard
Model effective field theory (SMEFT) and revealed that
improvements of up to several orders of magnitude can
be achieved compared to present limits [3–9].

Given the expected precision of measurements at fu-
ture lepton colliders, next-to-leading-order (NLO) theory
predictions in the SMEFT can potentially be relevant.
These corrections can involve effective operators which
do not appear at leading order, and therefore provide
new opportunities in the exploration of physics beyond
the Standard Model (SM). For instance, the indirect de-
termination of the trilinear Higgs self-coupling, which
enters single Higgs production and decay processes at
one-loop level, has already been studied [8–10].
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Effective operators which give rise to anomalous tbW ,
ttZ, ttγ and tth couplings of the top quark can also be-
come relevant at one-loop level. If future lepton colliders
run above the e+e−→tt̄ and tt̄h production thresholds,
these operator coefficients will be determined by direct
measurements (see Ref. [11] for a recent global study of
top-quark operators at future lepton colliders). Yet, at
lower center-of-mass energies, they enter in loop correc-
tions to other electroweak processes. Recently, it has
been pointed out that these corrections are already non-
negligible at the LHC [12]. Runs of future lepton collid-
ers below the tt̄ and tt̄h production thresholds may thus
still provide complementary information on top-quark
couplings.

Moreover, the top quark is an indispensable player
in Higgs coupling analyses, due to its large Yukawa cou-
pling. Already in the SM, several important channels are
dominated by its loop contributions. Deviations which
would be observed there could be caused by the anoma-
lous top-quark couplings. However, it has been stressed
in Ref. [5] that NLO SMEFT predictions for processes
that are not loop-induced in the SM are necessary for
a global and consistent fit at that order. Fortunately,
computations at NLO in the electroweak gauge cou-
plings have become available for Higgs processes in the
past few years [13–21]. In particular, the NLO correc-
tions involving top-quark operators for Higgs processes
have become available very recently [12], making such
a combined analysis feasible at future lepton colliders.
The only missing ingredient was the theory prediction
for W+W− production at the same order. This process
is notably sensitive to the triple gauge-boson couplings
(TGC) which can be generated by operators which also
affect Higgs interactions.

In this work, we extend the theory calculation and
implementation of Ref. [12] with the one-loop contribu-
tions of top-quark operators to the e+e−→W+W− pro-
cess. This allows us to perform a consistent global fit
in the SMEFT, with Higgs couplings and TGCs at the
tree level and top-quark operators at the one-loop level.
Our main focus is on future circular lepton colliders with
very good Higgs measurements but center-of-mass ener-
gies not large enough to reach the tt̄ or tt̄h production
thresholds. We aim to answer the following questions:

• If future lepton colliders only run below the tt̄
(tt̄h) threshold, can they still determine top-quark–
gauge-boson (top-quark Yukawa) couplings with
high precision?

• Does the uncertainty on top-quark couplings af-
fect the reach of future measurements of Higgs cou-
plings?

The paper is organized as follows. In Section 2, we
describe our theoretical framework. In Section 3, we

review the calculation and implementation of Ref. [12],
and extend it to include e+e−→W+W− production. In
Section 4, we describe the measurements and the fit.
We discuss our results in Section 5 before concluding in
Section 6. The likelihood of our fits are provided in an
ancillary associated with our arXiv preprint.

2 Effective field theory framework

In the absence of clear signs of physics beyond the
Standard Model (BSM), a common approach for testing
the SM and identifying possible deviations is provided
by the SMEFT [22–24]. BSM effects are captured by a
series of higher dimensional operators whose coefficients
can be related to the parameters of specific models by
a matching calculation. Given that all the operators of
odd dimension violate baryon or lepton numbers [25], the
most important deviations are expected to be captured
by operators of dimension six:

LEFT=LSM+
∑

i

Ci

Λ2
O(6)

i +... (1)

Measurements at the LHC and future lepton colliders can
be conveniently interpreted in terms of their coefficients.

Two features of the SMEFT are of particular rele-
vance to this work. The first is that theory predictions
can be improved systematically, order by order. The
SMEFT is a theory that is renormalizable order by or-
der in 1/Λ2 [26]. Thus, theory predictions can always
be improved to match experimental uncertainties. This
is one of the main advantages of the SMEFT over other
BSM parametrizations, such as the anomalous coupling
approach to top-quark couplings, and the κ framework
for Higgs couplings.

The second feature is that the SMEFT gives unam-
biguous and model-independent results only if all oper-
ators up to a given dimension and up to a given loop
order are included simultaneously. This motivates the
inclusion of top-quark operators at the one-loop level in
all Higgs and diboson processes entering our global anal-
ysis and not only in loop-induced ones like h→ gg, γγ
or Zγ. In doing so, we include the contribution of each
operator considered at its leading order, i.e. at tree level
for Higgs operators, and at one-loop level for most top-
quark operators. The tree- and loop-level contributions
of other operators are not considered. This may be jus-
tified either from a bottom-up or from a top-down point
of view. Without imposing restrictions on the type of
BSM model covered by our SMEFT, one may argue that
other operators are sufficiently constrained by measure-
ments different from the ones considered here. One may
also argue that the class of models which would domi-
nantly affect the top-quark and Higgs couplings through
the operators we consider is worth studying.
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Four-fermion operators giving rise to e+e−tt̄ contact
interactions are also disregarded, although they could po-
tentially play a role. They contribute to Higgs and elec-
troweak processes once the top-quark line is closed in a
loop. In particular, the two-fermion and the four-fermion
operators cannot be efficiently discriminated if e+e−→tt̄
is only measured near threshold [11]. So, without higher
energy runs, the Higgs and diboson measurements could
potentially be used to break this degeneracy. Therefore,
the inclusion of these operators could affect our results.
However, these corrections have not been computed so
far and would affect the renormalization of other SMEFT
operators. The implementation of the one-loop contribu-
tions of four-fermion operators, as well as a full analysis
of their impact, are therefore left to future study. As
these four-fermion operators are included in the global
tree-level analysis of Ref. [11], we set their coefficients to
zero when using results from there.

Our global analysis of Higgs and diboson measure-
ments is based on that of Ref. [5]. Various observables
are combined to constrain efficiently all directions of the
multidimensional space spanned by the Higgs and top-
quark operator coefficients. They will be discussed in
Section 4. We work under the same assumptions: de-
parting from flavor universality only to single out top-
quark operators and distinguish the various measurable
Yukawa couplings, as well as taking electroweak and CP-
violating observables to be perfectly SM-like1). We also
neglect the quadratic contributions of dimension-six op-
erators as justified in Ref. [5]. Operators that modify
Higgs couplings and TGCs are then captured by the fol-
lowing 12 parameters of the Higgs basis:

δcZ , cZZ , cZ�, c̄γγ , c̄Zγ , c̄gg,

δyt, δyc, δyb, δyτ , δyµ, λZ .
(2)

As described in Ref. [5] (with different notations), they
can be easily mapped to the coefficients of 12 SILH-like
basis operators:

OϕW =ϕ†ϕW I
µνW

Iµν ,

Oϕ�=
(

ϕ†ϕ
)

�
(

ϕ†ϕ
)

,

OB=iDµϕ†DνϕBµν ,

Oµϕ=(ϕ†ϕ)l̄2e2ϕ+h.c.,

Otϕ=(ϕ†ϕ)Q̄tϕ̃+h.c.,

OWWW =ǫIJKW Iν
µ W Jρ

ν WKµ
ρ ,

OϕB=ϕ†ϕBµνB
µν ,

OW =iDµϕ†τ IDνϕW I
µν ,

Obϕ=(ϕ†ϕ)Q̄bϕ+h.c.,

Oτϕ=(ϕ†ϕ)l̄3e3ϕ+h.c.,

Ocϕ=(ϕ†ϕ)q̄2u2ϕ̃+h.c.,

OϕG=ϕ†ϕGµνG
µν ,

(3)
where Q is the third-generation quark doublet. The sub-
scripts 2, 3 are flavor indexes (weak and mass eigenstate
fermions are not distinguished, approximating mixing
matrixes by the identity). The assumption of perfect

electroweak precision measurements in Ref. [5] allowed
disregarding of the two operators

OϕWB=ϕ†τ IϕW I
µνB

µν , OϕD=
(

ϕ†Dµϕ
)∗(

ϕ†Dµϕ
)

. (4)

In this work, this assumption must be enforced at the
one-loop level, also including top-quark operators. This
will be discussed in the next section.

The 14 Higgs operators above form a set consistent
with the basis employed in the calculation of Ref. [12].
The top-quark operators considered here are the follow-
ing:

Otϕ=Q̄tϕ̃(ϕ†ϕ)+h.c.,

O(1)
ϕQ=(ϕ†i

←→
D µϕ)(Q̄γµQ),

O(3)
ϕQ=(ϕ†i

←→
D I

µϕ)(Q̄γµτ IQ),

Oϕt=(ϕ†i
←→
D µϕ)(t̄γ

µt),

OtW =(Q̄σµντ It)ϕ̃W I
µν+h.c.,

OtB=(Q̄σµνt)ϕ̃Bµν+h.c.,

OtG=(Q̄σµνTAt)ϕ̃GA
µν+h.c.. (5)

The Oϕtb operator is neglected because its interferences
with SM amplitudes are suppressed by a factor of mb. In
addition, we define

O(+)
ϕQ≡

1

2

(

O(1)
ϕQ+O(3)

ϕQ

)

, O(−)
ϕQ ≡

1

2

(

O(1)
ϕQ−O

(3)
ϕQ

)

, (6)

and exclude O(+)
ϕQ , which affects the tightly constrained

Z→bb̄ branching fraction and asymmetry. Note that Otϕ

has already been included in the Higgs operators, and its
coefficient has a simple relation with δyt

2):

δyt=−
Ctϕv

2

Λ2
. (7)

In summary, the following 6 top-quark operator coeffi-
cients are included in our analysis:

Cϕt, C(−)
ϕQ , CtW , CtB, Ctϕ, CtG. (8)

Apart from the top-quark operators, loop corrections
also provide new opportunities for indirectly constrain-
ing the Higgs trilinear coupling, λ3. The modification
in this coupling is induced by a dimension-six operator
Oϕ =(ϕ†ϕ)3. The coupling can be directly constrained
at the LHC, but only at the O(1) level even assum-
ing the high luminosity scenario [29]. It was shown in
Ref. [10] that the measurements of the Higgsstrahlung
process at lepton colliders can have an indirect but com-
petitive reach on this coupling via its loop contribution.
A global analysis was performed in Ref. [8], which showed
that the discrimination between the Higgs trilinear cou-
pling and other Higgs operators is possible, but never-
theless nontrivial. In this work, to determine the impact

1) For studies concerning CP-violating top-Higgs interactions at future Higgs factories, see Refs. [27, 28].

2) δyt receives an additional contribution from Cϕ�. It is omitted because δyt in our calculation enters at the loop level, while we
only aim at the LO contribution from Cϕ�.
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of λ3 on the global reach of the top-quark operators, we
follow Ref. [8] and include its one-loop contribution to all
the single Higgs processes, parameterized by δκλ≡κλ−1,
where κλ is the ratio of the Higgs trilinear coupling to
its SM value,

κλ≡
λ3

λSM
3

, λSM
3 =

m2
h

2v2
. (9)

By turning this coupling on and off in our fit, we will
see how much the determination of top-quark couplings
is affected.

3 Theory predictions

To the precision needed for this work, the theory pre-
dictions for, e.g., total cross sections can be written as

σ=σSM+Ch(µEFT)σtree

+Ct(µEFT)
αEW

π

(

σlog log
Q2

µ2
EFT

+σfin

)

. (10)

Here, Ch(µEFT) is the coefficient of some Higgs or TGC
operator Oh that contributes at the tree level, and µEFT

is the scale at which the coefficient is defined. In this
work we take µEFT =mH for all measurements. Ct is
the coefficient of some top-quark operator Ot which en-
ters at the loop level and could potentially mix into Oh.
Q2 is the scale of the process. The calculation of σtree is
straightforward, while σlog can be obtained from the run-
ning of SMEFT coefficients. In this section, we review
the computation of the genuine electroweak corrections
σfin carried out in Ref. [12] for Higgs processes. We then
compute them for e+e−→W+W− production.

The complete set of electroweak NLO corrections
to precision electroweak operators from top-quark op-
erators was first given in Ref. [30]. Results can con-
veniently be obtained in the “star scheme” [31], be-
cause all contributions are oblique. For Higgs produc-
tion this is no longer the case. In addition to the V V
self-energy corrections one also has to compute hh and
hV V functions, where V is a photon, W or Z bo-
son. While several calculations were available in the
previous literature [13–16, 18–20], the complete results
for top-quark operator contributions to Higgs produc-
tion in the V h and VBF channels, as well as decay
modes h→γγ,γZ,Wlν,Zll,bb̄,µµ,ττ , were first presented
in Ref. [12]. This excludes the four-fermion operators
mentioned previously. The calculation is implemented
in the MadGraph5 aMC@NLO framework [32], whose
reweighting functionality [33] is used to compute the
dimension-six top- and bottom-quark loop contributions.
The SM parameters are renormalized consistently in the
mW , mZ and GF scheme up to dimension six, and op-
erator coefficients are renormalized in the MS scheme.
The rational R2 counterterms are computed following
the scheme of Ref. [34–36], for ZZ, hh, hV V , ffV and

ffh loop functions. The implementation provides an
automatic and convenient way to simulate indirect con-
tributions from top-quark operators, which enter Higgs
processes as NLO electroweak corrections. Events can
be generated and matched to parton shower, allowing
for detailed investigations using the full differential in-
formation.

In the SMEFT formalism, the measurements of Higgs
couplings and TGCs are entangled [37–39]. W pair pro-
duction is therefore an important component of global
Higgs analyses at future lepton colliders. For this rea-
son, we extend the calculation of Ref. [12] to incorporate
the e+e−→W+W− process. Some diagrams involving
dimension-six operators are shown in Fig. 1. Additional
counterterms need to be computed for the WWγ and
WWZ vertexes. Among the three TGC operators, only
OW and OB are renormalized by top-quark operators.
The anomalous dimensions are derived in Ref. [12]. An-
other difficulty is that the WWγ function involves a tri-
angle anomaly diagram. In our scheme, this implies that
the R2 counterterms depend on the choice of the vertex
from which the trace of the fermion loop starts. This
effect is in principle cancelled by a Wess-Zumino term
generated when chiral fermions in the full theory are in-
tegrated out [40]. The problem can be fixed by imposing
the Ward identity of the photon in the low-energy ef-
fective theory. We provide more details in Appendix A.
We have validated our implementation of the WWγ ver-
tex by computing processes with an external photon and
checking that the Ward identity is satisfied.

Fig. 1. (color online) Selected diagrams for
dimension-six top-quark contributions to e+e−→
W+W−. The red lines represent the top quark,
and the blobs represent dimension-six operator in-
sertions.

Our global analysis relies on the assumption that
precision electroweak measurements are perfectly con-
strained to be SM-like. This has consequences on our
renormalization scheme, as explained in the following.
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In our operator basis, precision electroweak observ-
ables receive tree-level contributions from OϕWB and
OϕD operators. At that order, their coefficients are
thus simply removed from the fit by assuming the mea-
surements of precision electroweak observables perfectly
match SM predictions. Top-quark operators, however,
start contributing at the loop level. In the MS scheme,
the same assumption implies that CϕWB and CϕD need
to take specific values to cancel these loop corrections.
These nonzero values will then in turn modify other
Higgs production and decay channels, making the fit
more complicated. In Ref. [12], a more convenient ap-
proach has been followed, where CϕWB and CϕD are de-
fined in the on-shell scheme using oblique parameters as
renormalization conditions. Therefore, if the oblique pa-
rameters are tightly constrained, we can exclude CϕWB

and CϕD from the fit.
Instead of using oblique parameters, we further re-

fine this approach in this work, by using the full set of
Z-pole and W -pole measurements listed in Ref. [41] as

our renormalization conditions. We assume that, apart
from deviations in the top-quark and the Yukawa sec-
tors, BSM effects are otherwise universal, in the sense
that they can be captured by dimension-six operators
which involve SM bosons only, up to suitable field redef-
initions [42]. Their effects in Higgs, WW , and Z/W -pole
measurements are then fully captured by the operators
listed in Section 2

1). With this assumption, the two
most constraining degrees of freedom from Z-pole and
W -pole measurements can then be used as physical ob-
servables to renormalize the coefficients of the OϕWB and
OϕD operators. In the following, we briefly describe the
procedure.

According to Ref. [30], contributions from dimension-
six top-quark operators to precision electroweak mea-
surements can be conveniently evaluated in the α, mZ

and GF scheme, by taking the SM tree-level predictions
at the Z pole, written in terms of α, mZ and sW , and
making the following substitutions:

α → α∗=α+δα=α
(

1−Π′
γγ(q

2)+Π′
γγ(0)

)

×

[

1−
d

dq2
ΠZZ(q

2)|q2=m2
Z
+Π′

γγ(q
2)+

c2W−s
2
W

sW cW
Π′

γZ(q
2)

]

, (11)

m2
Z → m2

Z∗=m2
Z+δm2

Z=m2
Z+ΠZZ(m

2
Z)−ΠZZ(q

2)+(q2−m2
Z)

d

dq2
ΠZZ(q

2)|q2=m2
Z
, (12)

s2W → s2W∗=s2W+δs2W =s2W

[

1+
cW
sW

Π′
γZ(q

2)+
c2W

c2W−s
2
W

(

Π′
γγ(0)+

1

m2
W

ΠWW (0)−
1

m2
Z

ΠZZ(m
2
Z)

)]

, (13)

taking q2 = m2
Z . Here ΠV V (q

2) is the self-energy cor-
rection for the V =γ,W,Z gauge boson while Π′

V V (q
2)≡

[ΠV V (q
2)−ΠV V (0)]/q

2. Expressions for these corrections
are of order C/Λ2 and can be found in Ref. [30]. Note
that unlike in the calculation for Higgs and WW produc-
tion, here we use GF instead of mW as an input param-
eter, since theory predictions in Ref. [41] are provided in
this scheme.

Z-pole observables consist of various combinations
of partial widths and asymmetries. Their SM predic-
tions only depend on sW and on the product of α and
mZ . Thus, these measurements only constrain two inde-
pendent combinations of top-quark operator coefficients.
The correction to the W mass can be written as

δm2
W

m2
W

=
s2W

c2W−s
2
W

Π′
γγ(0)+

c2W
c2W−s

2
W

1

m2
W

ΠWW (0)

−
c2W

c2W−s
2
W

1

m2
Z

ΠZZ(m
2
Z)+Π′

WW (m2
W ),

(14)

and constitutes the third independent combination con-
strained. Finally, the width of the W boson is corrected

by

δ

(

ΓW

mW

)2

=

(

ΓW

mW

)2

×

(

δm2
W

m2
W

−Π′
WW (m2

W )+
d

dq2
ΠWW (q2)|q2=m2

W

)

, (15)

which is almost degenerate with the previous constraint.
Given the relatively weaker precision on the measure-
ment of ΓW and the approximate degeneracy, we expect
this fourth constraint to be less useful.

We nowmodify the renormalization ofCϕWB and CϕD

by finite ∆ij constants, so that

Ci⇒ZijCj=Ci+δZijCj , (16)

δZij=
α

2π
Γ(1+ǫ)

(

4πµ2

µ2
EFT

)ǫ(

1

ǫ
+∆ij

)

γij , (17)

for Oi = OϕWB, OϕD. The Oj cover all top-quark op-
erators. We then need to choose the values of ∆ij

which minimize the deviations in the precision observ-
ables when setting CϕWB = CϕD = 0. To find them,
we construct a χ2 using the experimental results and
theory predictions for all W and Z pole data listed in

1) In the SILH basis, two additional operators O2B = −
1
2

(∂µBµν )2 and O2W = −
1
2

(

DµW a
µν

)2
are universal, but they can be

eliminated in favor of four-fermion operators, and thus drop out from the pole measurements.

123107-5



Chinese Physics C Vol. 42, No. 12 (2018) 123107

Ref. [41]. The associated covariance matrix has four
positive eigenvalues, corresponding to the four indepen-
dent constraints expected. The ∆ij are chosen such that
the two most constrained eigenvectors only involve CϕWB

and CϕD:

+0.906CϕWB+0.423CϕD=0±0.0000234 (18)

−0.423CϕWB+0.906CϕD=0±0.0124, (19)

for Λ = 1 TeV. In this specific scheme and up to one-
loop order, the two most stringent limits from Z- and
W -pole data only constrain the renormalized CϕWB and
CϕD to small values. The assumption of perfect preci-
sion measurements approximates these two limits to be
infinitely constraining and allows us to exclude CϕWB and
CϕD from the rest of our analysis at the one-loop level.
This can be interpreted as using the first two degrees of
freedom of the precision measurements as on-shell renor-
malization conditions for these two coefficients.

There are two remaining constraints. One is as-
sociated with a covariance matrix eigenvalue of about
300 TeV−2, and is the weakest. We therefore ignore it.
The other implies 0.17C(−)

ϕQ−0.10Cϕt−0.04CtB−0.92CtW=
0±0.60×(Λ/TeV)2 and involves only top-quark operators.
We include this constraint in our fit, conservatively as-
suming that it could be strengthened by a factor of five
with future lepton collider data. Our final results are,
however, largely insensitive to this constraint.

The above renormalization scheme, as well as the W-
pair process are then supplemented to the UFO model
described in Ref. [12]. It allows for the automatic calcu-
lations of all Higgs and W -pair processes relevant to this
work. Beside inclusive cross sections, differential distri-
butions can also be obtained. The production angle in
e+e−→W+W− will be used in our analysis.

Our discussion so far has excluded the top-quark
chromo-dipole operator OtG. It enters h→ gg through
a top-quark loop which has already been studied in the
literature [43, 44]. This effect will be included in our
global analysis.

4 Measurements and fit

In this section, we describe the measurements and
observables used in our analysis. Since our study is most
relevant for lepton colliders with very good Higgs mea-
surements but not large enough center-of-mass energies
to reach the tt̄ or tt̄h production thresholds, our primary
focus will be on the circular colliders. Currently, two
proposals for such colliders have been made: the Circu-
lar Electron Positron Collider (CEPC) in China [45], and
the Future Circular Collider with e+e− beams (FCC-ee)
at CERN [46]. In this study, we consider the following
hypothetical scenario: a circular collider (CC) collecting
an integrated luminosity of 5 ab−1 at a center-of-mass

energy of 240 GeV and possibly also running at the top-
quark pair production threshold with 0.2 ab−1 gathered
at 350 GeV and 1.5 ab−1 at 365 GeV. The incoming
electron and positron beams are assumed to be unpolar-
ized. This scenario closely follows the current projected
run plan of the FCC-ee [47]. The 350 and 365 GeV
runs could fix the top-quark electroweak couplings by
directly probing tt̄ production, though approximate de-
generacies would remain due to limited energy lever arm.
The top-quark Yukawa coupling, on the other hand, can-
not be directly probed in such a run scenario. We will
also show results with only a 240 GeV run, which rep-
resents the CEPC scenario. At the moment, there is
no plan for the CEPC to run at center-of-mass energies
beyond 240 GeV, though a future upgrade to the top-
quark pair production threshold remains an open possi-
bility. Our study could then provide useful information
regarding the impact of a 350 GeV upgrade on the mea-
surements of the top-quark couplings and on the indirect
effect of their loop contributions on Higgs coupling deter-
minations. Both CEPC and FCC-ee plan to also run at
the Z-pole and WW production threshold, which could
significantly improve the sensitivities on the electroweak
observables that are already tightly constrained by LEP
measurements.

Linear colliders, such as the Compact Linear Col-
lider at CERN [48] and the International Linear Col-
lider [49], could run at higher energies and, in particu-
lar, above the thresholds for both tt̄ and tt̄h productions.
With these measurements, the top-quark operators can
be probed at the tree level, with a sensitivity far bet-
ter than the current one. Although information about
top-quark couplings may only be indirectly available at
the first 250 GeV stage of the ILC, we will not treat
this case explicitly and will not further consider linear
collider scenarios.

Table 1. Estimates for the precision reachable on
key top-quark observables at the HL-LHC.

channels uncertainties

without th. unc. with th. unc.

tt̄ 4% [50] 7%

single top (t-ch.) 4% [51] 4%

W -helicity (F0) 3% [52] 3%

W -helicity (FL) 5% [52] 5%

tt̄Z 10% 15%

tt̄γ 10% 17%

tt̄h 10% 16% [53]

gg→h 4% 11% [53]

The HL-LHC measurements could provide important
complementary information. To the best of our knowl-
edge, a systematic determination of the projected sensi-
tivity to top-quark couplings is unfortunately not avail-
able in the literature. We therefore consider the measure-
ments in Table 1 and estimate the precision reachable
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with the HL-LHC. Here, the projected precisions on mea-
surements of the tt̄ and t-channel single top-quark pro-
duction cross sections and W -helicity in top-quark decay
are based on the works referred to. Theoretical uncer-
tainties for single top-quark production and W -helicity
measurements are neglected, as they are both of order
O(1%) [54, 55]. The uncertainties on tt̄h and gg→h pro-
duction cross sections are taken from Ref. [53]. The ones
imposed on the tt̄Z/γ cross sections are simple estimates.
Theoretical uncertainties are estimated from predictions
at NLO in QCD. A combination of tt̄, tt̄h and gg→ h
production cross section measurements is sufficient to
constrain OtG, Otϕ and OϕG (c̄gg). The W -helicity mea-
surements alone fix OtW . The remaining three operators,
Oϕt, O

(−)
ϕQ and OtB, are constrained by tt̄Z/γ and single

top-quark production cross section measurements. For
the trilinear Higgs self-coupling, we follow Refs. [56, 57]
and assume that a constraint of −0.9<δκλ<1.3 at the
∆χ2=1 level could be obtained at the HL-LHC by mea-
suring both the rate and the distributions of the dou-
ble Higgs production process. While a global fit should
in principle also be performed for the HL-LHC, it was
shown in Ref. [56] that the reach on the trilinear Higgs
coupling is dominated by the measurement of the double
Higgs production, while the other Higgs operators are
well constrained by the single Higgs processes and have
little impact on the extraction of the trilinear Higgs cou-
pling. We expect this to hold even with the inclusion of
top-quark operator contributions in the loops. The com-
bination of measurements in Table 1 with that of double
Higgs production captures the most important informa-
tion on top-quark operators and the trilinear Higgs self-
coupling at the HL-LHC.

For the Higgs measurements at lepton colliders, we
follow closely the treatment of Ref. [5] and include both
the inclusive e+e−→hZ cross section and exclusive Higgs
decay channels, as well as the measurement of the WW -
fusion production channel, e+e− → νν̄h. The run sce-
nario in Ref. [5] has been updated to the one detailed
above. While the differential observables in e+e−→hZ
could provide additional information [58, 59], they are
not included in our analysis. For these observables, cor-
rections in production and decay of the Higgs and Z need
to be simulated simultaneously, and this is not yet pos-
sible in our setup. For the diboson production process,
e+e−→W+W−, we consider only the semileptonic de-
cay channel, assuming the statistical uncertainties dom-
inate. In contrast with Ref. [5], we only include the dif-
ferential distributions of the W -production polar angle.
Finally, for the measurements of tt̄ production at center-
of-mass energies of 350 and 365 GeV, we use the results
of Ref. [11]. We do not consider the one-loop corrections
to e+e−→ tt̄ from the top-quark operators, since most
of them enter at tree level and can therefore be tightly

constrained. In particular, the loop-level dependence in
the top-quark Yukawa and chromo-dipole operators are
not accounted for. The total χ2 is obtained by summing
over the χ2 of all the measurements whose central values
are assumed to confirm SM predictions.

It was shown in Ref. [5] that, thanks to the high pre-
cision of the measurements at the lepton colliders, it is
sufficient to only keep the linear dependencies of the ob-
servables on the EFT parameters. We found this state-
ment to hold even with the inclusion of the top-quark
operator in loops. However, at the HL-LHC, the cross
section for tt̄ production in association with a Z boson
or photon has a limited sensitivity to the linear contribu-
tions of OtW and OtB [60], due to the Lorentz structure
of these dipole operators and to accidental cancellations
between different initial states. The inclusion of the W -
helicity measurement significantly improves the reach on
OtW and brings its dependence in the fit back to the
linear regime. For OtB, on the other hand, the reach
is much worse and is mainly driven by the quadratic
terms. The inclusion of these terms would significantly
complicate our fitting procedure. Since our focus is on
the lepton colliders, we simplify the fit by keeping only
the linear terms while adding an extra term by hand to
the total χ2 that corresponds to a standard deviation
of 3 TeV−2 for CtB/Λ

2, which reproduces the main con-
straints on OtB from the square contributions to a good
approximation.

5 Results

In this section, we present the precision reach ob-
tained by a χ2 fit to the observables described in the
previous section. There are two important aspects in
the determination of the indirect reach on the top-quark
operators from the Higgs and diboson measurements at
lepton colliders. First, the overall measurement sensi-
tivity is assessed by performing individual fits to each
parameter of Eq. (8), setting all others to zero. The sec-
ond aspect concerns the discrimination among top-quark
operators, and between the Higgs and top-quark opera-
tors. Differential information is then crucial to constrain
all directions of the SMEFT parameter space with a lim-
ited number of processes. Runs at different center-of-
mass energies and with different polarizations also help
to set meaningful constraints with lepton collider data
only, though the latter information is not available at
circular colliders. One can otherwise also resort to a
combination with HL-LHC measurements.

The individual sensitivities to the top-quark opera-
tors of Eq. (8) are shown in Fig. 2 for different mea-
surements at a circular lepton collider as well as at the
HL-LHC. The results are presented in terms of the one-
sigma reach on Ci/Λ

2, with Ci and Λ defined in Eq. (1).
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shown in absolute values (changes of sign generate the visible dips) for three different scattering angles: 0, π/2 and
π. For e+e−→Zh, the 0 and π curves overlap.

Five scenarios are considered. The first column cor-
responds to the HL-LHC measurements listed in Ta-
ble 1, with theoretical uncertainties included. The sec-
ond, third and fourth columns respectively include the
Higgs, diboson, and tt̄ measurements at a circular lepton
collider. The last column is obtained from the combina-
tion of all these circular collider measurements. Lighter
shades are obtained with a 240 GeV run only, while the
darker ones combine operation of all three center-of-mass
energies considered (240, 350 and 365 GeV).

The indirect individual reach of Higgs and diboson
measurements at 240 GeV on top-quark operator coeffi-
cients is seen to be better than the direct HL-LHC sensi-
tivity. The loop suppression of top-quark operator con-
tributions is compensated by the high precision of lepton
collider measurements. This is one of the main conclu-
sions of this work, and partly answers the first question
raised in the introduction. If higher center-of-mass en-
ergies are available, direct e+e−→ tt̄ measurements still
provide the best reach on top-quark operators. Note that

the tree-level analysis of the top-quark pair production
from Ref. [11] is insensitive to the top-quark Yukawa and
chromo-dipole operators. The indirect individual reach
of the diboson measurements at 240 GeV is somewhat
lower than that of Higgs measurements. However, it
improves with 350/365 GeV runs. This higher indirect
sensitivity of W pair production to top-quark operators
at higher center-of-mass energies is further examined in
Fig. 3. For illustration, the contributions of O(−)

ϕQ and
OtW operators are shown in percentage of the SM rate,
as a function of the center-of-mass energy and for three
scattering angles. For comparison, dashed curves show
the dependence of e+e−→Zh production.

Among top-quark operators, the improvement
brought by 240 GeV Higgs measurements over HL-LHC
individual sensitivities is most significant for OtB. It
mainly arises from the measurement of the Higgs decay
to two photons, h→γγ. As shown in Ref. [12], the OtB

operator has a particularly large contribution to this de-
cay channel: roughly of the same size as the SM rate
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Fig. 4. (color online) Global one-sigma precision reach on the 18 top-quark (left) and Higgs (right) operator co-
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correlated. The constraint displayed for c̄gg is then actually to be interpreted as applying to c̄gg+0.46CtG.

when CtB/Λ
2 = (1 TeV)−2. On the other hand, no di-

rect measurements at the LHC can probe OtB efficiently.
It should be noted that the measurements of h→γγ at
the HL-LHC could also help in probing OtB. Similarly,
Otϕ and OtG can be very well constrained individually by
the measurement of h→gg at lepton colliders. However,
we will see in our global analysis that the degeneracy
between the top-quark and Higgs operators is to be par-
tially lifted by loop corrections in other Higgs processes.

In Fig. 4, we present the results of the global anal-
ysis for all Higgs and top-quark operator coefficients of
Eq. (2) and (8). It amounts to 18 degrees of freedom once
the trilinear Higgs boson self-coupling is included. Note
that δyt and Ctϕ represent the same degree of freedom
since they are related through Eq. (7). The reach on
the top-quark and Higgs operator coefficients is shown
in the left-hand and right-hand panels respectively. For
top-quark operators, five scenarios are presented. The
first column shows the reach of the HL-LHC measure-
ments. The second column shows the indirect reach of a
240 GeV run. This result is then combined with the HL-
LHC measurements and displayed in the third column.
The fourth and the fifth columns display similar informa-
tion, but with all three energies, 240, 350 and 365 GeV.
The e+e−→tt̄ measurements are then included. We also
display the impact of δκλ on the reach of the top-quark
operators. The results shown with the light shades are
obtained by setting δκλ to zero, and the ones with darker
shades are obtained by marginalizing over δκλ. The im-
pact of δκλ is small once the double Higgs measurements
of the HL-LHC are included.

As expected, the indirect global reach of Higgs and di-
boson measurements on top-quark operator coefficients
is much lower than the individual one. In particular,
large degeneracies are present when data from a 240 GeV
run only is exploited, pushing global limits beyond the
range of validity of the EFT. While the dependence of
observables used in the fit on dimension-six operator co-

efficients is still dominated by linear contributions, these
limits should be interpreted with care. The difference
between individual and global constraints is particularly
pronounced for CtB, Ctϕ and CtG, due to their approx-
imate degeneracies with Higgs operators. The h→ γγ
branching fraction, for instance, is very well constrained
but, alone, does not discriminate between the contribu-
tions from Ctϕ, CtB and c̄γγ . Similarly, h→gg measure-
ments only constrain a combination of Ctϕ, CtG and c̄gg.
Lepton collider runs nevertheless provide some marginal
improvement in a combination with direct top-quark
measurements at the HL-LHC. Note that the OtG opera-
tor enters h→gg but no other measurement at 240 GeV,
so its marginalized limit without combination with HL-
LHC data is absent. At higher energies, it could enter
in NLO corrections to tt̄ production (or in tt̄j), which
we do not include. This is in contrast with Otϕ, whose
marginalized limit at lepton colliders derive from its loop
corrections to other channels, which are, however, not
loop-induced. We will further discuss the reach on the
top-quark Yukawa coupling at the end of this section.
Direct measurements of e+e− → tt̄ still yield the best
handle on top-quark operator coefficients. As mentioned
earlier, it remains to be examined whether they are also
efficient in indirectly constraining the Otϕ and OtG op-
erator coefficients in a global analysis. In our treatment,
the main constraints on these parameters arise from the
HL-LHC measurements of tt̄, tt̄h, and gg→h.

In the right-hand panel of Fig. 4, the one-sigma reach
on Higgs couplings is presented for circular lepton collid-
ers with and without combination with HL-LHC data.
The impact of a 240 GeV run alone is again separated
from that of the full scenario considered, with operation
at center-of-mass energies of 240, 350 and 365 GeV. In
this figure, we aim to answer the second question raised
in the introduction, by emphasizing the impact of uncer-
tainties on top-quark couplings on the extraction of Higgs
couplings. This is visible in the difference between bars
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of lighter and darker shades, for which the correspond-
ing top-quark operator coefficients (including δyt) are re-
spectively marginalized over or set to zero. Considering
a lepton collider run at 240 GeV only, without any di-
rect constraint on top-quark operator coefficients, these
uncertainties typically worsen the reach on most Higgs
couplings by more than one order of magnitude. Several
global limits —on c̄γγ , c̄Zγ and c̄gg in particular— are
then too loose to remain meaningful. The impact of the
top-quark loop contributions on most Higgs couplings is
significantly reduced once direct top-quark pair produc-
tion measurements are performed above the e+e−→ tt̄
production threshold. The uncertainty on the top-quark
Yukawa coupling still sizeably affects the determination
of several Higgs boson couplings. The HL-LHC data
cures this issue for all couplings but c̄gg. Without a lep-
ton collider run above the tt̄ production threshold, the
loose constraint on CtB deriving from HL-LHC measure-
ments degrades the global limit on c̄γγ by more than one
order of magnitude.
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Fig. 5. (color online) Two-dimensional constraints
on CtB and c̄γγ , with all other parameters set to
zero, to illustrate the correlation between Higgs
and top-quark couplings.

This correlation is further examined in Fig. 5, show-
ing the individual ∆χ2 = 1 sensitivities of various
measurements in the two-dimensional parameter space
formed by CtB and c̄γγ . The h→ γγ measurement im-
poses a tight constraint on a linear combination of CtB

and c̄γγ , leading to a strong correlation between these
two parameters, but also leaving a blind direction un-
constrained. The latter can be lifted either at lepton
colliders via loop corrections involving OtB to other pro-
cesses, or at the HL-LHC via direct ttZ/γ measurements,
but none of them is strong enough to simultaneously
pin down both couplings. In particular, HL-LHC mea-
surements yield a loose −2.7<CtB < 2.1 constraint for

Λ = 1 TeV which cannot be displayed in Fig. 5. As
already stressed, direct e+e−→ tt̄ measurements above
350 GeV are needed to resolve this issue. Similar obser-
vations can also be made for c̄Zγ . The lower precision
achieved on the hZγ interaction somewhat reduces the
impact of correlations in that case.
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Fig. 6. (color online) Indirect one-sigma reach on
δyt in different lepton collider scenarios, compared
and combined with the HL-LHC measurements.

Finally, we show in Fig. 6 the indirect reach on the
top-quark Yukawa coupling, δyt, from Higgs and diboson
measurements at a circular lepton collider. With only a
240 GeV run at a circular lepton collider, a strong cor-
relation with c̄gg makes the global reach on δyt about
three orders of magnitude weaker than the individual
one. The individual reach is dominated by the preci-
sion of the h→gg branching fraction measurement (see
also Ref. [61]). In contrast, the global reach is deter-
mined by loop-level sensitivity of processes that are not
loop-induced. Additional runs at center-of-mass ener-
gies of 350 and 365 GeV directly fix top-quark–gauge-
boson couplings through e+e− → tt̄ measurements and
improve the global constraint on δyt by more than an or-
der of magnitude. Still, an approximate degeneracy with
the loop-dependence on the trilinear Higgs self-coupling
is visible and is only resolved by a combination with
HL-LHC measurements1). The loop-level sensitivity of
e+e−→tt̄ on δyt, which we did not include, is potentially
complementary. With a CLIC beam spectrum (broader
than that of a circular collider), a tt̄ threshold scan alone
leads to a precision of about 20% on δyt, determined
simultaneously with the top-quark mass using a total
integrated luminosity of 100 fb−1 [63]. Setting δκλ to
zero, the indirect sensitivity of Higgs and diboson pro-
cesses in runs at center-of-mass energies of 240, 350 and
365 GeV leads to a global one-sigma precision of 32%
on δyt. This reach is competitive with that achievable at
the HL-LHC. To compare with direct measurements, the

1) Conversely, the impact of the uncertainty on δyt in the extraction of δκλ through loop corrections in e+e−→hZ at 240 GeV was
studied in Ref. [62].
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e−e+→ tt̄h production cross section with 1 ab−1 of in-
tegrated luminosity collected at a center-of-mass energy
of 500 GeV with a P (e+,e−)=(+0.3,−0.8) beam polar-
ization would lead to a precision of 10% on δyt [64]. We
thus conclude that the loop contributions to Higgs and
diboson processes studied in this work provide an addi-
tional handle on δyt below the tt̄h threshold, leading to a
global reach competitive with that of other direct and/or
indirect approaches. This completes the answer to the
first question in our introduction.

6 Conclusions

In this work, we have studied the sensitivity of a
future circular e+e− collider to Higgs couplings, triple
gauge-boson couplings, and top-quark couplings. In par-
ticular, we focused on runs below the e+e−→tt̄ produc-
tion threshold, where top-quark couplings enter as one-
loop corrections. The corrections to the Higgs processes
became available in Ref. [12]. We have obtained the cor-
rections to W -boson pair production, which were not
previously known. Based on these results, we have per-
formed a global SMEFT analysis including both Higgs
and W -pair measurements. This allowed us to derive
the future sensitivities to all couplings considered simul-
taneously.

The main finding of this work is that future lepton
colliders running at center-of-mass energies below the tt̄
threshold can provide useful information on top-quark
couplings through the measurements of virtual effects.
The indirect individual sensitivities obtained are higher
than the direct HL-LHC ones. Nevertheless, our analysis
suggests that an energy upgrade above the e+e−→tt̄ pro-
duction threshold is desirable. On the one hand, the di-
rect individual sensitivity to top-quark couplings is much
higher. On the other hand, the strong correlations be-
tween the top-quark and Higgs couplings, which manifest
themselves in a global analysis, are mitigated. Below
the tt̄ threshold, global constraints on top-quark cou-
plings are otherwise much weaker than individual ones,
if meaningful at all. The combination of a 240 GeV run

with direct top-quark coupling measurements at the HL-
LHC does not entirely solve this issue. A precise deter-
mination of top-quark couplings is thus also crucial for
fixing Higgs couplings.

In addition, we find that lepton colliders running
below the tt̄h production threshold can also determine
the top-quark Yukawa coupling through its loop correc-
tions to other Higgs channels. Combining 240 GeV and
350/365 GeV runs leads to a marginalized limit that is
competitive with projected direct limits at the HL-LHC
as well as at the ILC with 500 GeV of center-of-mass
energy. Higgs and diboson measurements thus provide
an alternative indirect determination of the top-quark
Yukawa coupling at a future circular lepton collider, be-
side a tt̄ threshold scan. Given that the latter is also
affected by the mass of the top quark and the former
by loops of the trilinear Higgs self-coupling, the two ap-
proaches are expected to be complementary. This inter-
play should be further studied in the future. Note that
the 350/365 GeV runs are crucial for the precision of this
approach. This provides another motivation for the cor-
responding energy upgrade at circular lepton colliders.

A few simplifications have been made throughout
our analysis. Four-fermion and CP-odd operators were
not included, as the corresponding electroweak NLO
corrections are yet not available. Top-quark pair pro-
duction at lepton colliders was treated at tree level.
Precision electroweak measurements were assumed to be
infinitely constraining. Our approach could be applied
to the lower-energy stages of a linear collider, where
beam polarization would provide an additional handle.
A more extensive use of differential distributions could
also improve the reach we presented here and help to lift
approximate degeneracies. Further investigations along
these directions can be envisioned.

We thank C. Grojean and M. Riembau for helpful

discussions about the fit, X. Zhao for useful discussions

about renormalization schemes, and Y. Bai and K. Mi-

masu for useful discussions about chiral anomaly in the

SMEFT.

Appendix A: Gauge anomaly in the WWγ vertex

Effective operators could induce gauge anomalies by mod-
ifying the top-quark couplings to gauge bosons, which are
chiral. In our scheme, this is reflected by the fact that the R2
rational counterterms of the W+W−γ loop function contain
a term with the epsilon tensor, whose coefficient depends on
the vertex from which we compute the fermionic trace. In the

following, we list the epsilon term in the R2 counterterms for
all relevant operators, with the fermion loop traced from all
three vertexes, γ, W+, and W−. Our convention is that the
three external fields, Aµ, W+ν , and W−ρ, are associated with
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incoming momenta p1, p2 and p3 respectively. They are:

O
(+)
ϕQ : −

e3v2

48π2s2WΛ2











ǫµνρσ(p2σ−p3σ) γ

ǫµνρσ(p3σ−p1σ) W+

ǫµνρσ(p1σ−p2σ) W−

(A1)

O
(−)
ϕQ :

e3v2

48π2s2WΛ2











ǫµνρσ(p2σ−p3σ) γ

ǫµνρσ(p3σ−p1σ) W+

ǫµνρσ(p1σ−p2σ) W−

(A2)

OtB :
3e2cW vmt

8
√
2π2s2WΛ2











0 γ

ǫµνρσp1σ W+

−ǫµνρσp1σ W−

(A3)

OtW :
e2vmt

8
√
2π2sWΛ2











−3ǫµνρσ(p2σ−p3σ) γ

2ǫµνρσ(p1σ−p2σ) W+

−2ǫµνρσ(p1σ−p3σ) W−

(A4)

The field after each line indicates the starting point of the
trace. The other operators do not contribute.

This anomaly can be interpreted as the consequence of in-
tegrating out heavy chiral fermions. The anomaly-free condi-
tion in the UV theory implies anomaly cancellation between
different fermions. When matching to the SMEFT, if only
some of them are integrated out, the resulting effective field
theory could appear to be anomalous. However, when these
chiral fermions are integrated out, they also generate a Wess-
Zumino term which is supposed to cancel the gauge anomaly
in the SMEFT. This term has the following form:

cWZ
e3

8π2s2W
ǫµνρσAµ

(

W I
ν ∂ρW

I
σ+

1

3
gW ǫIJKW I

νW
J
ρ WK

σ

)

.

(A5)

The coefficient of this term can be determined by requir-
ing that the Ward identity for U(1)EM is restored in the ef-

fective theory. Taking O
(+)
ϕQ as an example, we first go to the

consistent anomaly [65] by symmetrizing the anomaly with
respect to all three external momenta. From Eq. (A1), this
corresponds to a vanishing R2 counterterm, and

pµ1Γµνρ=pµ2Γρµν=pµ3Γνρµ=−
C

(+)
ϕQ e3v2

48π2s2WΛ2
ǫνραβp2αp3β. (A6)

Then, the Wess-Zumino term gives an additional contribu-
tion:

ΓWZ
µνρ=cWZ

e3

8π2s2W
ǫµνρσ(p2σ−p3σ), (A7)

pµ1Γ
WZ
µνρ=2cWZ

e3

8π2s2W
ǫµναβp2αp3β. (A8)

For this to cancel the anomaly in Eq. (A6), we need

cWZ=
C

(+)
ϕQ v2

12Λ2
. (A9)

In our implementation, the contribution from this term can
be added together with the R2 counterterms, leading to

R2
O

(+)
ϕQ

(WWγ)=
C

(+)
ϕQ e3v2

96π2s2WΛ2
ǫµνρσ(p2σ−p3σ). (A10)

All three other operators can be dealt with in the same way.
In practice, we note that this is equivalent to computing the
trace by starting from W+ and W− respectively, and then
taking the average. Finally, we use the same prescription for
the WWZ vertex.
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