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Bu→ψM decays and S-D wave mixing effects *
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Abstract: The Bu → ψM decays are studied with the perturbative QCD approach, where the psion ψ = ψ(2S),

ψ(3770), ψ(4040) and ψ(4160), and the light meson M = π, K, ρ and K∗. The factorizable and non-factorizable

contributions, and the S-D wave mixing effects on the psions, are considered in the calculation. With appropriate

inputs, the branching ratios for the Bu → ψK decays are generally coincident with the experimental data within

errors. However, due to the large theoretical and experimental errors, it is impossible for the moment to give a severe

constraint on the S-D wave mixing angles.
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1 Introduction

The exclusive B meson decays into one psion (ψ)
and one light meson (M) are of great interest, and
have attracted much attention over past years. In
this paper, unless otherwise specified, the symbol ψ
denotes the high excited charmonium states with the
quantum numbers2) IGJPC = 0−1−−, including ψ(2S)3),
ψ(3770)4), ψ(4040)4), and ψ(4160)4) [1]; and the sym-
bol M refers to the members of the ground SU(3) pseu-
doscalar P and vector V meson nonet; P = π and K,
and V = ρ and K∗. From the theoretical point of view,
the B → ψM decays are predominantly induced by the
process b → c + W ∗− → c + c̄q (q = d or s) with the
spectator quark ansatz. The c quark originating from
the b quark decay must unite with the c̄ quark arising
from the virtual W ∗− decay to form the flavor-singlet
psion. In addition, the color charges of the c and c̄ quarks
from two different sources must match with each other
to be colorless. Hence, the B → ψM decays induced by
the internal W -emission interactions are color suppressed
(class-II), in comparison with the non-leptonic B weak
decays induced by the external W -emission interactions

(class-I).
Phenomenologically, the non-leptonic B meson weak

decays have been studied carefully within the framework
of the factorization hypothesis and the low-energy ef-
fective Hamiltonian [4]. The naive factorization (NF)
assumption [5–7] is usually employed in evaluating the
non-leptonic B meson decays, where the decay ampli-
tudes in terms of hadronic matrix elements (HMEs) of
the four-quark operators can be expressed as the product
of two HMEs of the diquark currents, based on Bjorken’s
color transparency argument [8]. The diquark HME can
be further parameterized by the decay constants or the
hadron transition form factors. The NF hypothesis was
verified experimentally to be successful for the class-I
non-leptonic B decays, but poor for the class-II ones. It
is commonly believed that the characteristic space con-
figuration of psions is compact, with a radius of r ∼
1/mc. The transverse separation between the two va-
lence charm quarks should be very small. The massive
psions from the B meson decay can be regarded as color
singlet states and factorized from the other system, al-
though the velocity of the psion might be not very large.
The class-II B → J/ψ(1S)M decays have been stud-
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ied based on the factorization assumption, for example
in Refs. [9–18], where besides the factorizable contri-
butions, the non-factorizable contributions beyond the
NF approximation are also taken into account to accom-
modate the discrepancies between the experimental data
and the theoretical estimations. The B → ψM decays
provide a good place to check the factorization postu-
lation and differentiate various theoretical treatments,
such as the QCD factorization (QCDF) approach [19–
37] based on the collinear approximation, and the per-
turbative QCD (pQCD) approach [38–47] based on the
collinear plus kT factorization supposition.

It is well known that according to the quark model as-
signments, spin-triplet charmonium states with different
orbital angular momentum L can have the same quan-
tum numbers JPC . The conservation of parity and angu-
lar momentum implies that the values of L for the mixed
states can differ by two units at most. The psions near
and above the open-charm threshold can be admixtures
of the S- and D-wave cc̄ states [48–60]. The wave func-
tions for the S-wave dominant state can receive the D-
wave component and vice versa. Additionally, studies of
the charmonium spectrum [61–64] show that the mass of
the n3S1 state is close to the mass of the (n−1)3D1 state.
To the first-order approximation, the so-called S-D wave
mixing for psions refers mainly to the mixing between the
n3S1 and (n−1)3D1 charmonium states rather than the
other states, and this has been used in previous studies
[48–60]. This S-D wave mixing phenomenon might have
certain effects on the production of psions in the B →
ψM decays.

In this paper, we will investigate the Bu → ψM de-
cays with the pQCD approach. Firstly, the electrically
charged final meson M should be easily identified by
many specific detectors at the existing and future high
energy colliders because of its track curve being satu-
rated with the magnetic field. Secondly, the practicabil-
ity of the pQCD approach can be checked with the class-
IIB decays into final states containing the excited psions.
Thirdly, the effects of the S-D wave mixing among psions
can be examined with the Bu → ψM decays, without
the disturbances from the mixing between the neutral B
mesons and without the pollution from the weak annihi-
lation contributions.

This paper is organized as follows. The theoretical
framework and the amplitudes for the Bu → ψM decays
are elaborated in Section 2. The numerical results and
discussion are presented in Section 3. Finally, we give a
short summary in Section 4.

2 Theoretical framework

2.1 The effective Hamiltonian

The Bu → ψM decays are actually induced by the

weak interaction cascade processes b → c + W ∗− → c +
c̄q at the quark level within the standard model. Hence,
some relevant energy scales are introduced theoretically,
such as the infrared confinement scale ΛQCD of the strong
interactions, the mass mb for the decaying bottom quark,
and the mass mW for the virtual gauge boson W ∗, with
the clear size relation ΛQCD � mb � mW . The effective
theory is usually used in practice to deal with realistic
multi-scale problems. With the operator product expan-
sion and the renormalization group (RG) method, the
effective Hamiltonian in charge of the Bu → ψM decays
can be written as [4],

Heff =
GF√

2

∑
q=d,s

{
VcbV

∗
cq

2∑
i=1

Ci(µ)Qi(µ)

−VtbV ∗tq
10∑
j=3

Cj(µ)Qj(µ)

}
+h.c., (1)

where the Fermi coupling constant GF '
1.166×10−5GeV−2 [1]. VpbV

∗
pq is the product of the

Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,
satisfying the unitarity relation VubV

∗
uq + VcbV

∗
cq + VtbV

∗
tq

= 0. With the Wolfenstein parametrization, the CKM
factors can be expanded as the power series of the pa-
rameter λ ≈ 0.2 [1]. Up to O(λ7), these CKM factors
can be written as follows:

VcbV
∗
cd = −Aλ3+O(λ7), (2)

VtbV
∗
td = Aλ3 (1−ρ+iη)+

1

2
Aλ5 (ρ−iη)+O(λ7), (3)

VcbV
∗
cs = Aλ2−1

2
Aλ4−1

8
Aλ6 (1+4A2)+O(λ7), (4)

VtbV
∗
ts = −VcbV ∗cs−Aλ4 (ρ−iη)+O(λ7). (5)

From the expression for VpbV
∗
pq above, it is clearly seen

that the weak phases for the Bu → ψM decays are small,
and thus result in a small direct CP violation.

The renormalization scale µ divides the physical con-
tributions into the short- and long-distance parts. The
physical contributions from the scale larger than µ are
summarized in the Wilson coefficients Ci. The Wilson
coefficients, ~Ci = {C1,C2,···,C10}, are calculable at the
scale µW ∼ O(mW ) with perturbation theory, and then
evolved to the characteristic scale µb ∼ O(mb) for the b
quark decay with the RG equation [4],

~Ci(µb)=U(µb,µW ) ~Ci(µW ), (6)

where U(µb,µW ) is the RG evolution matrix. The Wilson
coefficients are independent of any process and have the
same role as the universal gauge couplings. The expres-
sions of the Wilson coefficients ~Ci(mW ) and U(µb,µW ),
including the next-to-leading order (NLO) corrections,
can be found in Ref. [4]. The physical contributions
from the scale less than µ are incorporated into the HME,
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〈ψM |Qi|Bu〉, where the local four-quark operatorsQi are
sandwiched between the initial and final hadron states.
The operators are expressed as follows:

Q1 = c̄αγµ(1−γ5)bα q̄βγ
µ(1−γ5)cβ, (7)

Q2 = c̄αγµ(1−γ5)bβ q̄βγ
µ(1−γ5)cα, (8)

Q3 =
∑
q′

q̄αγµ(1−γ5)bα q̄
′
βγ

µ(1−γ5)q′β, (9)

Q4 =
∑
q′

q̄αγµ(1−γ5)bβ q̄
′
βγ

µ(1−γ5)q′α, (10)

Q5 =
∑
q′

q̄αγµ(1−γ5)bα q̄
′
βγ

µ(1+γ5)q′β, (11)

Q6 =
∑
q′

q̄αγµ(1−γ5)bβ q̄
′
βγ

µ(1+γ5)q′α, (12)

Q7 =
∑
q′

3

2
eq′ q̄αγµ(1−γ5)bα q̄

′
βγ

µ(1+γ5)q′β, (13)

Q8 =
∑
q′

3

2
eq′ q̄αγµ(1−γ5)bβ q̄

′
βγ

µ(1+γ5)q′α, (14)

Q9 =
∑
q′

3

2
eq′ q̄αγµ(1−γ5)bα q̄

′
βγ

µ(1−γ5)q′β, (15)

Q10 =
∑
q′

3

2
eq′ q̄αγµ(1−γ5)bβ q̄

′
βγ

µ(1−γ5)q′α, (16)

where Q1,2 are the tree operators originating from the
W -boson emission; Q3,···,6 and Q7,···,10 are the QCD and
electroweak penguin operators, respectively; (q1q2)V±A
= q1γµ(1±γ5)q2; α and β are color indices, i.e., the
QCD corrections are considered; q′ denotes all the ac-
tive quarks at the scale of O(mb), i.e., q′ = u, d, c, s, b;
and eq′ is the fractional electric charge of the quark q′

in the unit of |e|. To obtain the decay amplitudes, the
proper calculation of the HME 〈ψM |Qi|Bu〉 is the focus
of the current research.

2.2 Hadronic matrix elements

The participation of the strong interaction greatly
complicates the theoretical calculation of HMEs for
the non-leptonic B weak decays in a reliable way, be-
cause of the entanglement between the perturbative and
non-perturbative contributions. To evaluate the non-
factorizable contributions to HMEs beyond the NF ap-
proximation [5–7], many QCD-inspired phenomenologi-
cal approaches, such as the QCDF [19–37] and pQCD
[38–47] approaches, have been developed recently, based
on the framework proposed by Lepage and Brodsky [65].
The short- and long-distance contributions are effectively
coordinated, and the HMEs are written as the convo-
lution of the universal wave functions (WFs) reflect-
ing the non-perturbative contributions with the process-
dependent hard scattering amplitudes containing pertur-
bative contributions. With the pQCD approach, it is

supposed that the final M meson should be energetic in
the rest frame of the initial Bu meson. The soft spec-
tator quark of the Bu meson, carrying momentum of
O(ΛQCQ), should be kicked by one hard gluon so that
the spectator quark can move as fast as the light quark
from the bottom quark weak decay and then be incorpo-
rated into the color-singlet M meson. That means the
spectator quark should interact with other quarks via
one hard gluon exchange. In the practical calculation, in
order to circumvent the endpoint singularities appear-
ing in the collinear approximation [22–25], the pQCD
approach suggests [38–40] retaining the transverse mo-
mentum of the valence quarks and simultaneously in-
troducing the Sudakov factors for all participant meson
WFs to further depress the non-perturbative contribu-
tions. Finally, the pQCD decay amplitudes are divided
into three parts [39–47]: the hard contributions enclosed
by the Wilson coefficients Ci, the bottom quark scatter-
ing amplitudes Hi, and the non-perturbative contribu-
tions absorbed into the mesonic WFs Φi. The general
form is a multidimensional integral,

Ai ∝
∫ ∏

j

dxjdbjCi(ti)Hi(ti,xj ,bj)Φj(xj ,bj)e−Sj , (17)

where xj is the longitudinal momentum fraction of the
valence quarks; bj is the conjugate variable of the trans-
verse momentum kjT ; ti is a typical scale; and e−Sj is the
Sudakov factor. In the numerical evaluations, besides the
effective suppression of the long-distance contributions
from the Sudakov factor, the scale ti is usually chosen
to be the maximum virtuality of all the internal parti-
cles, as shown in Eq. (B37), to further guarantee that
the perturbative calculation of scattering amplitudes is
practicable.

2.3 Kinematic variables

In the heavy quark limit, the light quark from the
bottom quark decay is assumed to fly quickly away from
the interaction point at near the speed of light. The
light-cone dynamics can be used to describe the relativis-
tic system. The relations between the four-dimensional
space-time coordinates (x0, x1, x2, x3) = (t, x, y, z) and
the light-cone coordinates (x+, x−, x⊥) are defined as x±

= (x0±x3)/
√

2 and x⊥ = (x1, x2). The planes of x± = 0
are called the light-cone. The scalar product of any two
vectors is given by a·b = aµb

µ = a+b− + a−b+ − a⊥·b⊥.
In the rest frame of the Bu meson, the final ψ and M
mesons move in the opposite direction. The light-cone
kinematic variables are defined as follows.

pB=p1 =
m1√

2
(1,1,0), (18)

pψ=p2 =(p+
2 ,p
−
2 ,0), (19)

pM =p3 =(p−3 ,p
+
3 ,0), (20)
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ki=xipi+(0,0,kiT ), (21)

p±i =(Ei±pcm)/
√

2, (22)

t=2p1·p2 =2m1E2, (23)

u=2p1·p3 =2m1E3, (24)

s=2p2·p3, (25)

st+su−tu = 4m2
1p

2
cm, (26)

where the subscript i = 1, 2, 3 on variables (including
the mass mi, momentum pi and energy Ei) correspond
to the Bu, ψ and M mesons, respectively. The parame-
ters ki, xi, kiT are the momentum, the longitudinal mo-
mentum fraction, and the transverse momentum of the

valence antiquark, respectively. pcm is the center-of-mass
momentum of the final states.

2.4 Wave functions

The wave functions and/or distribution amplitudes
(DAs) are the essential ingredient in the master pQCD
formula of Eq. (17). Although non-perturbative, the
WFs and DAs are generally considered to be universal
for any process. The WFs and DAs determined by non-
perturbative methods or extracted from data can be em-
ployed here to make predictions. Following the notations
in Refs. [66–74], the WFs in question are defined as fol-
lows:

〈0|ūi(z)bj(0)|B−u (p)〉= ifB
4

∫
d4ke−ik·z

{[
6pΦa

B(k)+mBΦp
B(k)

]
γ5

}
ji

, (27)

〈ψ(p,ε‖)|c̄i(z)cj(0)|0〉= fψ
4

∫
d4ke+ik·z

{
6ε‖
[
mψΦv

ψ(k)+6pΦt
ψ(k)

]}
ji

, (28)

〈ψ(p,ε⊥)|c̄i(z)cj(0)|0〉= fψ
4

∫
d4ke+ik·z

{
6ε⊥
[
mψΦV

ψ (k)+6pΦT
ψ(k)

]}
ji

, (29)

〈P (p)|q̄i(z)q′j(0)|0〉 =
1

4

∫
d4ke+ik·z

{
γ5

[
6pΦa

P (k)+µP Φp
P (k)+µP ( 6n+6n−−1)Φt

P (k)

]}
ji

, (30)

〈V (p,ε‖)|q̄i(z)q′j(0)|0〉= 1

4

∫
d4ke+ik·z

{
6ε‖mV Φv

V (k)+6ε‖6pΦt
V (k)−mV Φs

V (k)

}
ji

, (31)

〈V (p,ε⊥)|q̄i(z)q′j(0)|0〉 =
1

4

∫
d4ke+ik·z

{
6ε⊥mV ΦV

V (k)+6ε⊥6pΦT
V (k)+

imV

p·n+

γ5εµναβγ
µε⊥νpαnβ+ΦA

V (k)

}
ji

, (32)

where fB and fψ are the decay constants of the Bu and ψ
mesons, respectively. ε‖ (ε⊥) is the longitudinal (trans-
verse) polarization vector. n+ = (1,0,0) and n− = (0,1,0)
are the positive and negative null light-cone vectors sat-
isfying the conditions of n2

± = 0 and n+·n− = 1. The
chiral parameter µP is given by [68]:

µP =
m2
π

mu+md

=
m2
K

mu,d+ms

≈(1.6±0.2)GeV. (33)

According to the twist classification in Refs. [66–70],
the WFs of Φa

B,P and Φv,T
ψ,V are twist-2, while the WFs of

Φp,t
B,P and Φt,s,V,A

ψ,V are twist-3. The WFs for the nS and
nD psion states are given in Appendix A. In general,
these mesonic WFs are the functions of two variables,
the longitudinal momentum fractions xi and the trans-
verse momentum kiT of the valence quarks. It is unan-
imously assumed with both the QCDF and pQCD ap-
proaches that outside the soft regions, the contributions
from the transverse momentum can be neglected and the
collinear approximation should work well [19–26, 38–47].
One can obtain the corresponding DAs by integrating
out the transverse momentum from the WFs. Near the

endpoint regions where xi → 0 or 1, the collinear factor-
ization approximation should no longer be valid [21–24].
The pQCD approach [38–40] suggests that the effects
of the transverse momentum cannot be overlooked. In
addition, the valence quarks have different momentum
fractions and velocities near the endpoint. The hadrons
cannot be regarded as color transparent. The Sudakov
factors should be introduced for the participating WFs
in order to suppress the soft and non-perturbative con-
tributions from the small xi and the large kiT regions
[38–47].

In our calculation, the expressions for the DAs in-
volved are listed as follows [67–74]:

φpB(x)=Aexp

{
− 1

8ω2
1

(
m2
u

x
+
m2
b

x̄

)}
, (34)

φaB(x)=BφpB(x)xx̄, (35)

φvψ(1S)(x)=Cxx̄exp

{
− 1

8ω2
2

(
m2
c

x
+
m2
c

x̄

)}
, (36)

φvψ(2S)(x)=Dφvψ(1S)(x)

{
1+

m2
c

2ω2
2xx̄

}
, (37)

113102-4



Chinese Physics C Vol. 42, No. 11 (2018) 113102

φvψ(3S)(x)=Eφvψ(1S)(x)

{(
1− m2

c

2ω2
2xx̄

)2

+6

}
, (38)

φvψ(1D)(x)=F φvψ(1S)(x)

{
1+

m2
c

8ω2
2xx̄

}
, (39)

φvψ(2D)(x)=Gφvψ(1S)(x)

{(
1+

m2
c

ω2
2xx̄

)2

+15

}
, (40)

φtψ(x)=Hφvψ(x)ξ2/(xx̄), (41)

φVψ (x)=Iφvψ(x)(1+ξ2)/(xx̄), (42)

φTψ(x)=Jφvψ(x), (43)

φaP (x)=ifP 6xx̄

n∑
i=0

aPi C
3/2
i (ξ), (44)

φvV (x)=fV 6xx̄

n∑
i=0

a‖i C
3/2
i (ξ), (45)

φTV (x)=fTV 6xx̄

n∑
i=0

a⊥i C
3/2
i (ξ), (46)

φpP (x)=+ifPC
1/2
0 (ξ), (47)

φtP (x)=−ifPC
1/2
1 (ξ), (48)

φtV (x)=+3fTV ξ
2, (49)

φsV (x)=−3fTV ξ, (50)

φVV (x)=+
3

4
fV (1+ξ2), (51)

φAV (x)=−3

2
fV ξ. (52)

where x and x̄ = 1 − x are the momentum fractions of
the valence quarks. The variable ξ = x − x̄. The param-
eter ωi determines the average transverse momentum of
partons and ωi ' miαs [71–77]. The parameters A, ···,
J in Eqs. (34-43) are the normalization coefficients. The
DAs of Eqs. (34-43) satisfy the normalization conditions,∫ 1

0

dxφa,pB (x)=1, (53)∫ 1

0

dxφv,t,V,Tψ(nL) (x)=1. (54)

The DAs of Eqs. (44-52) are the normalized expres-
sions. The parameter fP is the decay constant for the
pseudoscalar meson P . The parameters fV and fTV are
the longitudinal and transverse decay constants for the
vector meson V . The non-perturbative parameters aP,‖,⊥i

are the Gegenbauer moments, with aP,‖,⊥0 = 1 for the
asymptotic forms. The Gegenbauer polynomials Cj

i (ξ)
are expressed as follows:

Cj
0(ξ)=1, (55)

Cj
1(ξ)=2jξ, (56)

Cj
2(ξ)=2j(j+1)ξ2−j, (57)

......

A distinguishing feature of the DAs in Eqs. (34-43) is
the exponential functions. These exponential factors are
proportional to the ratio of m2

i/xi, so that the shape lines
of DAs in Eqs. (34-43) are generally consistent with the
seemingly plausible suspicion that the momentum frac-
tions xi are shared by the valence quarks according to
the quark mass mi. In addition, the DAs will approach
zero when xi → 0 and 1, due to the effective cutoff of
the endpoint contributions from the exponential func-
tions. The curves of the normalized DAs φa,pB (x) and
φv,t,Vψ (x) in Eqs. (34-43) versus the parton momentum
fraction x are shown in Fig. 1. It is seen that: (1) the
parton momentum fraction of the spectator quark in the
Bu meson peaks in the x < 0.4 region; (2) the DAs of
φv,t,Vψ (x) are symmetric with respect to the x↔ x̄ trans-
formation; and (3) the difference between the DAs for
the 2S and 1D psion states (and the 3S and 2D psion
states) is subtle.

Some properties of the psion resonances are collected
in Table 1, where the decay constant fψ is defined by
〈0|c̄γµc|ψ〉 = fψmψ ε

µ
ψ and can be extracted from the

electronic ψ → e+e− decay through the formula includ-
ing the QCD radiative corrections [48–51, 78–83],

Γee=Γ(ψ→e+e−)=
16π

27
α2

QED(mψ)
f2
ψ

mψ

{
1−16

3π
αs(mψ)

}
,

(58)
where the RG evolution equation for the coupling αQED

(αs) of the electromagnetic (strong) interactions is given
in Ref. [84] (Ref. [4]). In our calculation, the one-loop
leptonic contributions to αQED are considered with the
initial value αQED(mW ) = 1/128 resulting in αQED(mψ)
∼ 1/131, and the NLO contributions to the coupling αs
of the strong interactions are considered with the ini-
tial value αs(mZ) = 0.1182 [1]. It is seen from Table
1 that there exist differences in the dielectric psion de-
cay widths, which are assumed to be accommodated ap-
propriately with the interferences between the S- and
D- states [48–60]. Although with nearly the same shape
lines for the 2S- and 1D-wave (and the 3S- and 2D-wave)
psion DAs (see Fig. 1), the differences in the decay con-
stants might have an influence on the Bu → ψM decays
due to the S-D mixing. In this paper, the S-D wave
mixing effects on the Bu → ψM decays are investigated.
The physical psion mesons are admixtures of the S- and
D- states [48–60],(

ψ(3686)

ψ(3770)

)
=

(
cosθ1 sinθ1

−sinθ1 cosθ1

)(
ψ(2S)

ψ(1D)

)
, (59)

(
ψ(4040)

ψ(4160)

)
=

(
cosθ2 sinθ2

−sinθ2 cosθ2

)(
ψ(3S)

ψ(2D)

)
, (60)

where the subscript i of the S-D mixing angle θi cor-
responds to the radial quantum number n of the ψ(nD)
states. There are two sets of possible ranges for the value
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Fig. 1. (color online) The normalized DAs of φa,pB (x) and φv,t,Vψ (x) (vertical axis) versus the parton momentum
fraction x (horizontal axis).

Table 1. Some properties of the psion resonances [1], where Γ denotes the full decay width; Bree and Γee denote
the branching ratio and partial width respectively for the pure leptonic ψ → e+e− decay; fψ is the decay constant
obtained with Eq. (58); and αs(mψ) is the QCD coupling at the scale µ = mψ.

meson mass/MeV Γ/keV Bree Γee/keV fψ/MeV αs(mψ)

ψ(2S) 3686.097±0.025 296±8 (7.89±0.17)×10−3 2.34±0.04 358.8±3.1 0.227

ψ(3770) 3773.13±0.35 (27.2±1.0)×103 (9.6±0.7)×10−6 0.262±0.018 121.2±4.2 0.225

ψ(4040) 4039±1 (80±10)×103 (1.07±0.16)×10−5 0.86±0.07 225.4±9.4 0.220

ψ(4160) 4191±5 (70±10)×103 (6.9±3.3)×10−6 0.48±0.22 170.9±45.2 0.217

of the 2S-1D mixing angle [49–58]1), i.e., θ1 ≈ −10◦ ∼
−14◦ and θ1 ≈ +25◦ ∼ +30◦. The possible value of the
3S-2D mixing angle is θ2 ≈ −35◦ [50–54]. As an approx-
imation in the numerical computation, the values of θ1

≈ −(12±2)◦ and +(27±2)◦ [57] and θ2 ≈ −35◦ [51, 52]
will be used. The assumed mass relations are mψ(2S)

≈ mψ(3686), mψ(1D) ≈ mψ(3770), mψ(3S) ≈ mψ(4040) and
mψ(2D) ≈ mψ(4160).

2.5 Decay amplitudes

Within the pQCD framework, the Feynman diagrams
for the Bu → ψK decay are shown in Fig. 2. The spec-
tator quark always interacts with one hard gluon in each
subdiagram. The diagrams Fig. 2(a,b) are the factoriz-
able emission topologies, where the gluons are exchanged
between the initial Bu meson and the recoil K meson. It

is possible to completely isolate the emission psion par-
ticle from the BuK system, and hence the integral of the
psion WFs will reduce to the psion decay constant. The
diagrams Fig. 2(c,d) are the non-factorizable emission
topologies, where the gluons are exchanged between the
psion particle and the BuK system, and hence no meson
can escape from the interferences of other mesons. The
diagrams Fig. 2(c,d) are also called the spectator scat-
tering topologies with the QCDF approach [20–25]. The
non-factorizable HME can be written as the convolution
integral of all the participating meson WFs. Compared
with the factorizable contributions from Fig. 2(a,b), the
non-factorizable contributions from Fig. 2(c,d) are color-
suppressed, which is quite similar to the cases between
the external and internal W emission topologies.

1) The possible values of the 2S-1D mixing angle are: θ1 ≈ −10◦ and +30◦ in Ref. [55], θ1 ≈ −13◦ and +26◦ in Ref. [56], θ1 ≈
−(12±2)◦ and +(27±2)◦ in Ref. [57], θ1 ≈ −12◦ and +25◦ in Ref. [50], and θ1 ≈ −11◦ in Ref. [49].
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ū ū
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Fig. 2. (color online) The Feynman diagrams for the B−u → ψK− decay with the pQCD approach, where (a,b) and
(c,d) are factorizable and non-factorizable topologies, respectively.

After a direct calculation, the amplitudes for the Bu → ψM decays are written as follows:

A(Bu→ψP ) =
πGFCF√

2Nc

fBfψ

{(
VcbV

∗
cdδP,π+VcbV

∗
csδP,K

)[
a2

(
ALLa,P+ALLb,P

)
+C1

(
ALLc,P+ALLd,P

)]
−
(
VtbV

∗
tdδP,π+VtbV

∗
tsδP,K

)[(
a3+a9

)(
ALLa,P+ALLb,P

)
+
(
a5+a7

)(
ALRa,P+ALRb,P

)
+
(
C4+C10

)(
ALLc,P+ALLd,P

)
+
(
C6+C8

)(
ALRc,P+ALRd,P

)]}
, (61)

A(Bu→ψV ) = AL(ε‖ψ·ε‖V )+AN (ε⊥ψ ·ε⊥V )+iAT εµναβ εµψ ενV pαψpβV , (62)

Ai(Bu→ψV ) =
πGFCF√

2Nc

fBfψ

{(
VcbV

∗
cdδV,ρ+VcbV

∗
csδV,K∗

)[
a2

(
ALLa,i+ALLb,i

)
+C1

(
ALLc,i +ALLd,i

)]
−
(
VtbV

∗
tdδV,ρ+VtbV

∗
tsδV,K∗

)[(
a3+a9

)(
ALLa,i+ALLb,i

)
+
(
a5+a7

)(
ALRa,i +ALRb,i

)
+
(
C4+C10

)(
ALLc,i +ALLd,i

)
+
(
C6+C8

)(
ALRc,i +ALRd,i

)]}
, for i=L,N,T (63)

ai=

{
Ci+Ci+1/Nc, for odd i

Ci+Ci−1/Nc, for even i
(64)

where the color factor CF = 4/3 and the color number
Nc = 3. For the amplitude building block Aki,j , the sub-
script i corresponds to the subdiagram indices of Fig. 2;
the subscript j = P , L, N , T denotes the invariant po-
larization amplitudes, and the superscript k refers to
the two possible Dirac structures Γ1⊗Γ2 of the opera-
tors (q̄1q2)Γ1

(q̄3q4)Γ2
, namely k = LL for (V−A)⊗(V−A)

and k = LR for (V−A)⊗(V+A). The explicit expressions
of the building blocks Aki,j are collected in Appendix B.

In addition, the amplitudes for the Bu → ψV decays
are conventionally expressed as the helicity amplitudes.
The relation between the helicity amplitudes H0,‖,⊥ and
the scalar amplitudes AL,N,T is [85–88]:

H0 = AL(ε‖ψ·ε‖V ), (65)

H‖ =
√

2AN , (66)

H⊥ =
√

2mBu
pcmAT . (67)

3 Numerical results and discussion

In the rest frame of the Bu meson, the branching ra-
tios are defined as:

Br(Bu→ψP )=
τBu

8π

pcm

m2
Bu

|A(Bu→ψP )|2, (68)

Br(Bu→ψV )=
τBu

8π

pcm

m2
Bu

{
|H0|2+|H‖|2+|H⊥|2

}
, (69)

where τBu
= (1.638±0.004) ps is the lifetime of the Bu

meson [1].

The numerical values of the input parameters are
listed in Tables 1 and 2, where their central values are
regarded as the default inputs unless otherwise specified.
Our numerical results for the branching ratios, together
with the experimental data, are presented in Tables 3
and 4. The theoretical uncertainties come from the quark
mass mc and mb, and the hadronic parameters (includ-
ing the decay constants, Gegenbauer moments, and the
chiral parameter), respectively. Some comments follow.

1) The relation between the CKM parameters (ρ, η) and (ρ̄, η̄) is (ρ, η) ' (ρ̄,η̄)(1+λ2/2+···).
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Table 2. The numerical values of the input parameters.

CKM parameters1) A = 0.811±0.026 [1], λ = 0.22506±0.00050 [1],

ρ̄ = 0.124+0.019
−0.018 [1], η̄ = 0.356±0.011 [1],

mass of the particles mπ± = 139.57 MeV [1], mK± = 493.677±0.016 MeV [1],

mρ = 775.26±0.25 MeV [1], mK∗± = 891.66±0.26 MeV [1],

mBu = 5279.31±0.15 MeV [1], mb = 4.78±0.06 GeV [1], mc = 1.67±0.07 GeV [1],

decay constants fπ = 130.2±1.7 MeV [1], fK = 155.6±0.4 MeV [1],

fρ = 216±3 MeV [69], fK∗ = 220±5 MeV [69],

fBu = 187.1±4.2 MeV [1], fTρ = 165±9 MeV [69], fTK∗ = 185±10 MeV [69],

Gegenbauer moments at the scale of µ = 1 GeV

aK1 = −0.06±0.03 [70], aK2 = 0.25±0.15 [70], aπ2 = 0.25±0.15 [70],

a
‖,K∗
1 = −0.03±0.02 [69], a

‖,K∗
2 = 0.11±0.09 [69], a

‖,ρ
2 = 0.15±0.07 [69],

a⊥,K
∗

1 = −0.04±0.03 [69], a⊥,K
∗

2 = 0.10±0.08 [69], a⊥,ρ2 = 0.14±0.06 [69],

Table 3. The branching ratios for the Bu → ψ(2S)M , ψ(3770)M decays, where the theoretical uncertainties come
from the quark mass mc, mb, and the hadronic parameters, respectively. The numbers in the parentheses are the
results without the non-factorizable contributions.

final states unit data [1] θ1 = 0 θ1 = −12◦ θ1 = +27◦

ψ(2S)K− 10−4 6.26±0.24 11.77+0.22+1.92+4.99
−0.24−1.59−3.88 9.67+0.18+1.57+4.18

−0.20−1.29−3.22 12.93+0.24+2.12+5.65
−0.26−1.79−4.35

(13.24+0.00+2.08+5.38
−0.00−1.73−4.22) (10.87+0.00+1.70+4.51

−0.00−1.40−3.51) (14.56+0.00+2.30+6.11
−0.00−1.95−4.75)

ψ(2S)π− 10−5 2.44±0.30 1.91+0.05+0.42+0.87
−0.05−0.34−0.66 1.56+0.04+0.35+0.72

−0.04−0.28−0.55 2.10+0.05+0.46+0.99
−0.06−0.37−0.74

(2.13+0.00+0.46+0.92
−0.00−0.37−0.71) (1.74+0.00+0.37+0.77

−0.00−0.30−0.59) (2.35+0.00+0.50+1.06
−0.00−0.41−0.80)

ψ(3770)K− 10−4 4.9±1.3 1.34+0.03+0.23+0.69
−0.03−0.21−0.50 3.33+0.06+0.56+1.60

−0.07−0.50−1.19 0.24+0.00+0.04+0.16
−0.01−0.02−0.10

(1.51+0.00+0.25+0.75
−0.00−0.23−0.55) (3.77+0.00+0.61+1.74

−0.00−0.55−1.31) (0.26+0.00+0.05+0.17
−0.00−0.02−0.11)

ψ(3770)π− 10−6 — 2.24+0.06+0.49+1.26
−0.07−0.39−0.88 5.53+0.14+1.22+2.87

−0.16−0.97−2.08 0.37+0.01+0.08+0.25
−0.01−0.07−0.16

(2.50+0.00+0.54+1.35
−0.00−0.43−0.96) (6.17+0.00+1.32+3.08

−0.00−1.06−2.26) (0.40+0.00+0.09+0.27
−0.00−0.07−0.17)

ψ(2S)K∗− 10−4 6.7±1.4 12.88+0.44+2.11+4.05
−0.63−2.01−3.31 10.72+0.35+1.61+3.43

−0.54−1.75−2.79 13.80+0.51+2.60+4.52
−0.65−1.94−3.65

(9.76+0.00+1.91+3.14
−0.00−1.78−2.47) (8.12+0.00+1.47+2.66

−0.00−1.55−2.08) (10.47+0.00+2.36+3.51
−0.00−1.72−2.73)

ψ(2S)ρ− 10−5 — 4.46+0.25+0.87+1.06
−0.21−0.75−0.91 3.67+0.21+0.71+0.89

−0.17−0.62−0.76 4.89+0.26+0.96+1.24
−0.23−0.83−1.04

(3.43+0.00+0.80+0.79
−0.00−0.67−0.69) (2.81+0.00+0.65+0.66

−0.00−0.55−0.58) (3.79+0.00+0.88+0.93
−0.00−0.75−0.80)

ψ(3770)K∗− 10−4 — 1.20+0.06+0.42+0.50
−0.04−0.05−0.37 3.21+0.15+0.88+1.20

−0.13−0.29−0.93 0.36+0.00+0.00+0.16
−0.03−0.12−0.12

(0.92+0.00+0.38+0.39
−0.00−0.05−0.28) (2.45+0.00+0.79+0.93

−0.00−0.26−0.70) (0.26+0.00+0.00+0.12
−0.00−0.10−0.09)

ψ(3770)ρ− 10−6 — 4.93+0.17+1.02+1.69
−0.20−0.87−1.30 12.35+0.53+2.49+3.74

−0.53−2.14−2.99 0.92+0.10+0.16+0.38
−0.05−0.14−0.30

(3.95+0.00+0.95+1.32
−0.00−0.79−1.02) (9.76+0.00+2.32+2.87

−0.00−1.94−2.31) (0.65+0.00+0.14+0.26
−0.00−0.12−0.20)

(1) It has been shown in Refs. [22–24] that the contri-
butions from the spectator scattering topologies to the
coefficient a2 with the QCDF approach are amplified by
the large Wilson coefficient C1, and the contributions
are notable for the B → J/ψM decays [9, 17]. Hence,
it is initially expected that the non-factorizable contri-
butions from Fig. 2(c,d) should be significant for the Bu
→ ψM decays. However, it is seen from the numbers
in Tables 3 and 4 that compared with the factorizable
contributions, the non-factorizable contributions to the
branching ratios are important, but not so obvious as
expected. One of the reasons might be that the oppo-
site signs of the charm quark propagators of Fig. 2(c) and

Fig. 2(d) results in destructive interference between their
amplitudes. In addition, the amplitudes of Fig. 2(c,d)
are suppressed by the color factor 1/Nc relative to the
amplitudes of Fig. 2(a,b) (see the expressions listed in
Appendix B). It is also shown that the non-factorizable
contributions are positive (negative) to branching ratios
for the Bu → ψV (ψP ) decays.

(2) TheBu→ ψ(2S)M decays have been studied with
the pQCD approach in Refs. [15, 16], by considering part
of the NLO factorizable vertex corrections, but without
the 2S-1D mixing effects on psions. Our numerical re-
sults generally agree with those of Refs. [15, 16] within
theoretical uncertainties, although with different param-
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Table 4. The branching ratios for the Bu → ψ(4040)M , ψ(4160)M decays, where the theoretical uncertainties
come from the quark mass mc, mb, and the hadronic parameters, respectively. The numbers in the parentheses
are the results without the non-factorizable contributions.

final states unit data [1] θ2 = 0 θ2 = −35◦

ψ(4040)K− 10−4 <1.3 4.21+0.06+0.77+2.55
−0.05−0.58−1.77 0.52+0.01+0.09+1.07

−0.01−0.07−0.41

(5.08+0.00+0.86+2.91
−0.00−0.66−2.06) (0.61+0.00+0.10+1.24

−0.00−0.08−0.49)

ψ(4040)π− 10−6 — 7.84+0.21+1.77+5.16
−0.17−1.30−3.49 0.85+0.03+0.21+2.00

−0.02−0.16−0.71

(9.47+0.00+1.99+6.02
−0.00−1.47−4.10) (1.00+0.00+0.23+2.36

−0.00−0.18−0.84)

ψ(4160)K− 10−4 5.1±2.7 2.21+0.03+0.42+3.07
−0.02−0.30−1.47 5.41+0.08+1.02+5.36

−0.06−0.74−3.00

(2.72+0.00+0.48+3.63
−0.00−0.34−1.78) (6.59+0.00+1.14+6.26

−0.00−0.84−3.57)

ψ(4160)π− 10−6 — 4.65+0.12+1.00+6.87
−0.09−0.70−3.15 10.88+0.28+2.40+11.64

−0.22−1.72−6.26

(5.71+0.00+1.13+8.16
−0.00−0.80−3.83) (13.25+0.00+2.70+13.75

−0.00−1.95−7.51 )

ψ(4040)K∗− 10−4 — 2.97+0.03+0.71+1.61
−0.05−0.62−1.10 0.75+0.00+0.23+0.80

−0.01−0.20−0.39

(2.17+0.00+0.62+1.26
−0.00−0.53−0.84) (0.58+0.00+0.21+0.61

−0.00−0.18−0.29)

ψ(4040)ρ− 10−5 — 1.52+0.02+0.16+0.64
−0.02−0.28−0.47 0.26+0.00+0.02+0.33

−0.00−0.14−0.16

(1.19+0.00+0.15+0.53
−0.00−0.26−0.38) (0.21+0.00+0.02+0.26

−0.00−0.12−0.13)

ψ(4160)K∗− 10−4 — 0.69+0.01+0.37+0.92
−0.01−0.28−0.43 2.32+0.03+0.87+2.05

−0.04−0.67−1.15

(0.47+0.00+0.31+0.68
−0.00−0.22−0.30) (1.63+0.00+0.76+1.55

−0.00−0.57−0.84)

ψ(4160)ρ− 10−5 — 0.56+0.01+0.15+0.66
−0.00−0.11−0.34 1.57+0.02+0.18+1.21

−0.01−0.30−0.73

(0.43+0.00+0.13+0.54
−0.00−0.10−0.27) (1.21+0.00+0.16+0.99

−0.00−0.26−0.58)

eters. In the future, a careful and comprehensive study
of the NLO corrections to the B → ψM decays is des-
perately needed, and will be essential for forthcoming
precision measurements at the LHCb and Belle-II exper-
iments.

(3) The S-D wave mixture has literally altered the
branching ratios for the Bu → ψM decays. The Bu →
ψ(2S)K(∗), ψ(3770)K, ψ(4160)K, ψ(2S)π decays can be
reasonably accommodated within theoretical uncertain-
ties with the appropriate S-D wave mixing angles and
other inputs. The angle θ1 for 2S-1D mixing and θ2 for
3S-2D mixing prefer the negative values, except for the
Bu → ψ(2S)π decay. However, the current experimental
data for Bu → ψM decays cannot offer the S-D mix-
ing angles (θ1 and θ2) with a severe constraint (also see
Fig. 3). With the successful implementation of the high-
luminosity LHCb and SuperKEKB experiments, more
accurate measurements of the B → ψM decays will be
obtained. In addition, a comprehensive study with more
processes pertinent to the psions, including the pure lep-
tonic psion decays and the B → ψM decays, are nec-
essary to determine the S-D wave mixing angles in the
future.

(4) The excited psions with a large mass will cer-
tainly carry a large portion of energy in the B meson
decay when they are emitted from the interaction point.
It is therefore natural to doubt whether the gluons ex-
changed between the B meson and the recoiled M meson
are hard enough to validate the perturbative calculation
and the practicability of the pQCD approach. In addi-

tion, it is shown in Ref. [14] that the variation of the
renormalization scale has a great impact on the color-
suppressed B → J/ψM , ηcM decays. In order to clear
these doubts, it is necessary to check how many shares
come from the perturbative domain. The ψ(4160) me-
son has the largest mass among the psions concerned.
To make the analysis more persuasive, we take the Bu
→ ψ(4160)K∗ decay as an example. The percentage con-
tributions to the branching ratio from different αs/π re-
gions are shown in Fig. 4. It is seen that more than
60% of contributions come from the αs/π ≤ 0.4 regions.
Our study also shows that more than 80% of contribu-
tions to the Bu → ψ(2S)π decay come from the αs/π
≤ 0.4 regions. These facts imply that the perturbative
calculation with the pQCD approach might be feasible.
Besides the suppression of the soft contributions from
both the Sudakov factors and the exponential functions
of DAs in Eqs. (34-43), the choice of the renormalization
scale as the maximum among all possible virtualities (see
Eq. (B37)) is also an important factor to further ensure
the perturbative calculation with the pQCD approach.

(5) Because of the large mass of the excited psions,
the phase space for the Bu → ψM decays is relatively
compact. For example, the total kinetic energy of the
final states for the Bu → ψ(4160)K∗ decay is mBu

− mψ

− mM < 200 MeV. Hence, the final state interactions
(FSIs) might have a non-negligible influence on the Bu
→ ψM decays. Overlooking FSIs might be one reason
why the QCDF approach is not good enough for the B
→ J/ψM decays in Refs. [17, 18]. The potential FSIs
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Fig. 3. (color online) The branching ratios (vertical axis) versus the S-D mixing angle (horizontal axis, in degrees).
The solid lines denote the results calculated with the default inputs; the dotted blocks denote the current exper-
imental data within one standard error; and the green and orange blocks correspond to theoretical uncertainties
from mb and hadronic parameters, respectively.

deserve much attention for the non-leptonic B → ψM
decays, but this is beyond the scope of this paper.
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Fig. 4. (color online) The percentage contribution
to branching ratio for the Bu → ψ(4160)K∗ de-
cay versus αs/π, where the numbers above the
histogram denote the percentage.

(6) There are lots of theoretical uncertainties, espe-
cially from mb, hadronic parameters and the S-D mix-
ing angles. It is shown in Refs. [12–15] that the pQCD
results are sensitive to the model of mesonic WFs/DAs
and input parameters. Besides, many other factors, such
as FSIs, different models for mesonic WFs/DAs, higher

order corrections to HMEs, and so on, are not scruti-
nized here, in spite of the value of dedicated study. Most
of the theoretical uncertainties actually result from our
inadequate comprehension of the long-distance and non-
perturbative dynamics. Great efforts should be made to
improve the reliability of theoretical results.

4 Summary

The color-suppressed non-leptonic Bu → ψM decay
provides an important place to explore the S-D wave
mixing among psions, and test the QCD-inspired ap-
proaches for dealing with the hadronic matrix elements.
In this paper, the Bu → ψM decays are investigated
with the pQCD approach, including the contributions
of factorizable and non-factorizable emission topologies.
We also consider the effects of 2S-1D and 3S-2D mix-
ing on psions. It is found that with appropriate inputs,
there is generally agreement with the experimental data
for the branching ratios for the Bu → ψK decays within
theoretical uncertainties. However, due to the large ex-
perimental and theoretical uncertainties, the angle θ1

(θ2) for the 2S-1D (3S-2D) wave mixing cannot be de-
termined properly for the moment.

We thank Ms. Nan Li (HNU) for polishing this pa-
per.
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Appendix A: Wave functions for the nS and nD charmonium states

The charmonium systems are usually assumed to be non-
relativistic, and their wave functions can be obtained from
the solutions of the time-independent Schrödinger equation.
Here, we will take the conventional notation to specify the
ψ(nL) states, where n = 1, 2, 3, ··· is the radial quantum
number, and the orbital angular momentum L = 0, 1, 2 ···
corresponds to S, P , D ··· waves, respectively. The wave func-
tions for the nS and nD states associated with the isotropic
linear harmonic oscillator potential are written as follows:

ψ1S(~k) ∼ e
− ~k2

2ω2 , (A1)

ψ2S(~k) ∼ e
− ~k2

2ω2 (2~k2−3ω2), (A2)

ψ3S(~k) ∼ e
− ~k2

2ω2 (4~k4−20~k2ω2−15ω4), (A3)

ψ1D(~k) ∼ ~k2e
− ~k2

2ω2 , (A4)

ψ2D(~k) ∼ ~k2e
− ~k2

2ω2 (2~k2−7ω2), (A5)

where the parameter ω determines the average transverse mo-
mentum of the oscillator, i.e., 〈1S|~k2

T |1S〉 = ω2. With the
power counting rules of the nonrelativistic QCD effective the-
ory [75–77], the characteristic velocity v of the valence quark
in heavy quarkonium is about v ∼ αs. The parameter ω '
mαs is taken for the psions in our calculation, where αs is the
QCD coupling constant. We adopt the light-cone momentum
and employ the commonly used substitution [89],

~k2 → 1

4

∑
i

~k2
iT+m2

qi

xi
, (A6)

where xi, ~kiT , mqi are the longitudinal momentum fraction,
transverse momentum, and mass of the valence quark. These
variables satisfy the relations

∑
xi = 1 and

∑~kiT = 0. Af-

ter integrating out ~kiT and combining the results with their
asymptotic forms [68–70], one can obtain the distribution am-
plitudes of Eqs. (36-43) for the charmonium states.

Appendix B: Amplitude building blocks for the B−u → ψM decays

ALL,LRa,P =

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βa,b1,b3)Ef (ta)αs(ta)

×
{
φaB(x1)

[
2m1p{φaP (x3)(m2

1 x̄3+m2
2x3)+mbµP φ

p
P (x3)}

+tmbµP φ
t
P (x3)

]
−2m1φ

p
B(x1)

[
2m1pmbφ

a
P (x3)

+2m1pµP φ
p
P (x3)x̄3+µP φ

t
P (x3)(t−sx3)

]}
, (B1)

ALL,LRa,L =

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βa,b1,b3)Ef (ta)αs(ta)

×
{

2m1φ
p
B(x1)

[
φsV (x3)2m1m3px̄3+φtV (x3)m3(t−sx3)

+φvV (x3)mbs

]
−φaB(x1)

[
φvV (x3)(m2

1sx̄3+m2
2ux3)

+φtV (x3)m3mb t+φ
s
V (x3)2m1pm3mb

]}
, (B2)

ALL,LRa,N =

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βa,b1,b3)Ef (ta)αs(ta)

×
{
φpB(x1)2m1m2

[
φVV (x3)2m3mb+φ

T
V (x3)(u−2m2

3x3)

]
−φaB(x1)

[
φVV (x3)m2m3(2m2

1−ux3)+φTV (x3)m2mbu

+φAV (x3)2m1m2m3px3

]}
, (B3)
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ALL,LRa,T =

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βa,b1,b3)Ef (ta)αs(ta)

× m2

{
φaB(x1)

[
m3/(m1p)φ

A
V (x3)(2m2

1−ux3)+φTV (x3)2mb

+ φVV (x3)2m3x3

]
−4φpB(x1)

[
φTV (x3)m1+φAV (x3)m3mb/p

]}
, (B4)

ALL,LRb,P = 2m1p

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βb,b3,b1)Ef (tb)αs(tb)

×
{
φaB(x1)φaP (x3)(m2

3 x̄1+m2
2x1)−φpB(x1)φpP (x3)2m1µP x̄1

}
, (B5)

ALL,LRb,L =

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βb,b3,b1)Ef (tb)αs(tb)

×
{
φaB(x1)φvV (x3)(m2

3 tx̄1−m2
2ux1)+φpB(x1)φsV (x3)4m2

1m3px̄1

}
, (B6)

ALL,LRb,N = m2m3

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βb,b3,b1)Ef (tb)

× αs(tb)φ
a
B(x1)

{
φVV (x3)(u−2m2

1x1)+φAV (x3)2m1p

}
, (B7)

ALL,LRb,T = −m2m3

∫ 1

0

dx1

∫ 1

0

dx3

∫ ∞
0

b1db1

∫ ∞
0

b3db3Hf (α,βb,b3,b1)Ef (tb)

× αs(tb)φ
a
B(x1)

{
2φVV (x3)+φAV (x3)(u−2m2

1x1)/(m1p)

}
, (B8)

ALLc,P =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βc,b2,b3)

× En(tc)

{
φaB(x1)φaP (x3)2m1p

[
φvψ(x2){u(x1−x3)+s(x3−x̄2)}

− φtψ(x2)m2mc

]
+φpB(x1)φvψ(x2)m1µP

[
φpP (x3)2m1p(x3−x1)

+ φtP (x3){t(x1−x̄2)+s(x̄2−x3)}
]}

αs(tc)δ(b1−b3), (B9)

ALLc,L =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βc,b2,b3)

×
{
φaB(x1)φvV (x3)

[
φvψ(x2)4m2

1p
2(x̄2−x1)+φtψ(x2)m2mcu

]
+ φpB(x1)φvψ(x2)m1m3

[
φtV (x3){t(x̄2−x1)+s(x3−x̄2)}

+ φsV (x3)2m1p(x1−x3)

]}
En(tc)αs(tc)δ(b1−b3), (B10)

ALLc,N =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βc,b2,b3)

× En(tc)δ(b1−b3)

{
φaB(x1)φTψ(x2)m3mc

[
φVV (x3)t−φAV (x3)2m1p

]
+ φpB(x1)φVψ (x2)φTV (x3)m1m2

[
u(x3−x1)+s(x̄2−x3)

]}
αs(tc), (B11)
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ALLc,T =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βc,b2,b3)

× δ(b1−b3)

{
φaB(x1)φTψ(x2)m3mc

[
2φVV (x3)−φAV (x3)t/(m1p)

]
+ φpB(x1)φVψ (x2)φTV (x3)2m1m2(x1−x̄2)

}
En(tc)αs(tc), (B12)

ALRc,P =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3δ(b1−b3)Hn(α,βc,b2,b3)

×
{
φaB(x1)φaP (x3)2m1p

[
φvψ(x2){u(x1−x3)+t(x1−x̄2)}+φtψ(x2)m2mc

]
+ φpB(x1)φvψ(x2)m1µP

[
φpP (x3)2m1p(x3−x1)−φtP (x3){t(x1−x̄2)

+s(x̄2−x3)}
]
−φpB(x1)φtψ(x2)φtP (x3)4m1m2mcµP

}
En(tc)αs(tc), (B13)

ALRc,L =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3δ(b1−b3)Hn(α,βc,b2,b3)

×
{
φaB(x1)φvV (x3)

[
φvψ(x2)s{t(x̄2−x1)+u(x3−x1)}−φtψ(x2)m2mcu

]
+ φpB(x1)φvψ(x2)m1m3

[
φsV (x3)2m1p(x1−x3)+φtV (x3){t(x1−x̄2)

+ s(x̄2−x3)}
]
+φpB(x1)φtψ(x2)φtV (x3)m1m3(t−s) 2mc

m2

}
En(tc)αs(tc), (B14)

ALRc,N =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3δ(b1−b3)Hn(α,βc,b2,b3)

×
{
φpB(x1)φTV (x3)m1

[
φVψ (x2)m2{u(x1−x3)+s(x3−x̄2)}+φTψ(x2)2mcs

]
+ φaB(x1)

[
φVψ (x2)φVV (x3)2m2m3{t(x̄2−x1)+u(x3−x1)}

− φTψ(x2)m3mc{φVV (x3)t+φAV (x3)2m1p}
]}

En(tc)αs(tc), (B15)

ALRc,T =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βc,b2,b3)En(tc)

× δ(b1−b3)

{
φpB(x1)φTV (x3)2m1

[
φVψ (x2)m2(x̄2−x1)−φTψ(x2)2mc

]
+ φaB(x1)φVψ (x2)φAV (x3)

2m2m3

m1p
{u(x1−x3)+t(x1−x̄2)}

+ φaB(x1)φTψ(x2)2m3mc

[
φVV (x3)+φAV (x3)

t

2m1p

]}
αs(tc), (B16)

ALLd,P =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3δ(b1−b3)Hn(α,βd,b2,b3)

×
{
φaB(x1)φaP (x3)2m1p

[
φvψ(x2){u(x3−x1)+t(x2−x1)}−φtψ(x2)m2mc

]
+ φpB(x1)φvψ(x2)m1µP

[
φpP (x3)2m1p(x1−x3)+φtP (x3){t(x1−x2)

+ s(x2−x3)}
]
+φpB(x1)φtψ(x2)φtP (x3)4m1m2mcµP

}
En(td)αs(td), (B17)
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ALLd,L =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3δ(b1−b3)Hn(α,βd,b2,b3)

×
{
φaB(x1)φvV (x3)

[
φvψ(x2)s{u(x1−x3)+t(x1−x2)}+φtψ(x2)m2mcu

]
+ φpB(x1)φvψ(x2)m1m3

[
φsV (x3)2m1p(x3−x1)+φtV (x3){t(x2−x1)

+ s(x3−x2)}
]
−φpB(x1)φtψ(x2)φtV (x3)m1m3(t−s) 2mc

m2

}
En(td)αs(td), (B18)

ALLd,N =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3δ(b1−b3)Hn(α,βd,b2,b3)

× En(td)αs(td)

{
φaB(x1)m3

[
φVψ (x2)φVV (x3)2m2{u(x1−x3)+t(x1−x2)}

+ φTψ(x2)mc{φVV (x3)t+φAV (x3)2m1p}
]
−φpB(x1)φTψ(x2)φTV (x3)2m1mcs

+ φpB(x1)φVψ (x2)φTV (x3)m1m2{u(x3−x1)+s(x2−x3)}
}
, (B19)

ALLd,T =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3δ(b1−b3)Hn(α,βd,b2,b3)

× En(td)αs(td)

{
φaB(x1)

[
φVψ (x2)φAV (x3)

2m2m3

m1p
{u(x3−x1)+t(x2−x1)}

− φTψ(x2)m3mc{2φVV (x3)+φAV (x3)
t

m1p
}
]
+φpB(x1)φTψ(x2)φTV (x3)4m1mc

+ φpB(x1)φVψ (x2)φTV (x3)2m1m2(x1−x2)

}
, (B20)

ALRd,P =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βd,b2,b3)

× En(td)

{
φaB(x1)φaP (x3)2m1p

[
φvψ(x2){u(x3−x1)+s(x2−x3)}

+ φtψ(x2)m2mc

]
+φpB(x1)φvψ(x2)m1µP

[
φpP (x3)2m1p(x1−x3)

+ φtP (x3){t(x2−x1)+s(x3−x2)}
]}

αs(td)δ(b1−b3), (B21)

ALRd,L =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βd,b2,b3)

× En(td)

{
φpB(x1)φvψ(x2)m1m3

[
φtV (x3){s(x2−x3)+t(x1−x2)}

+ φsV (x3)2m1p(x3−x1)

]
−φaB(x1)φvV (x3)

[
φtψ(x2)m2mcu

+ φvψ(x2)4m2
1p

2(x2−x1)

]}
αs(td)δ(b1−b3), (B22)

ALRd,N =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βd,b2,b3)

× En(td)

{
φpB(x1)φVψ (x2)φTV (x3)m1m2{u(x1−x3)+s(x3−x2)}

+ φaB(x1)φTψ(x2)m3mc

[
φAV (x3)2m1p−φVV (x3)t

]}
αs(td)δ(b1−b3), (B23)
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ALRd,T =
1

Nc

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx3

∫ ∞
0

db1

∫ ∞
0

b2db2

∫ ∞
0

b3db3Hn(α,βd,b2,b3)

× En(td)αs(td)

{
φaB(x1)φTψ(x2)m3mc

[
φAV (x3)

t

m1p
−2φVV (x3)

]
+ φpB(x1)φVψ (x2)φTV (x3)2m1m2(x2−x1)

]}
δ(b1−b3), (B24)

where xi and bi are the longitudinal momentum fraction and the conjugate variable of the transverse momentum kiT , respec-
tively. The subscript i of Aki,j corresponds to the indices of Fig. 2; the subscript j = P , L, N , T corresponds to the different
helicity amplitudes; and the superscript k refers to the two possible Dirac structures Γ1⊗Γ2 of the operators (q̄1q2)Γ1(q̄3q4)Γ2 ,
namely k = LL for (V−A)⊗(V−A) and k = LR for (V−A)⊗(V+A).

The function Hf,n and Sudakov factor Ef,n are defined as:

Hf (α,β,bi,bj)=K0(bi
√
−α)

{
θ(bi−bi)K0(bi

√
−β)I0(bj

√
−β)+(bi↔bj)

}
, (B25)

Hn(α,β,bi,bj) =

{
θ(−β)K0(bi

√
−β)+

π

2
θ(β)

[
iJ0(bi

√
β)−Y0(bi

√
β)

]}
×
{
θ(bi−bj)K0(bj

√
−α)I0(bj

√
−α)+(bi↔bj)

}
, (B26)

Ef (t) = exp{−SB(t)−SM (t)}, (B27)

En(t) = exp{−SB(t)−SM (t)−Sψ(t)}, (B28)

SB(t)=s(x1,b1,p
+
1 )+2

∫ t

1/b1

dµ

µ
γq, (B29)

SM (t)=s(x3,b3,p
+
3 )+s(x̄3,b3,p

+
3 )+2

∫ t

1/b3

dµ

µ
γq, (B30)

Sψ(t)=s(x2,b2,p
+
2 )+s(x̄2,b2,p

+
2 )+2

∫ t

1/b2

dµ

µ
γq, (B31)

where I0, J0, K0 and Y0 are Bessel functions; γq = −αs/π is the quark anomalous dimension; the expression of s(x,b,Q) can be
found in the appendix of Ref. [40]; and α and β are the virtualities of gluon and quarks. The subscript of the quark virtuality
βi corresponds to the indices of Fig. 2. The definitions of the particle virtuality and typical scale ti are given as follows:

α = x2
1m

2
1+x2

3m
2
3−x1x3u, (B32)

βa = x2
3m

2
3−x3u+m2

1−m2
b , (B33)

βb = x2
1m

2
1−x1u+m2

3, (B34)

βc = α+x̄2
2m

2
2−x1 x̄2 t+x̄2x3s−m2

c , (B35)

βd = α+x2
2m

2
2−x1x2 t+x2x3s−m2

c , (B36)

ti = max(
√
|α|,
√
|βi|,1/b1,1/b2,1/b3). (B37)
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79 R. Barbieri, R. Kögerler, Z. Kunszt, R. Gatto, Nucl. Phys. B,

105: 125 (1976)
80 W. Celmaster, Phys. Rev. D, 19: 1517 (1979)
81 E. Poggio, H. Schnitzer, Phys. Rev. D, 20: 1175 (1979)
82 E. Eichten, K. Gottfried, T. Kinoshita, K. Lane, T. Yan, Phys.

Rev. D, 21: 203 (1980)
83 A. Bradley, F. Gault, Z. Phys. C, 5: 239 (1980)
84 J. Erler, Phys. Rev. D, 59: 054008 (1999)
85 C. Chen, Y. Keum, H. Li, Phys. Rev. D, 66: 054013 (2002)
86 Y. Yang, J. Sun, J. Gao, Q. Chang, J. Huang, G. Lu, Int. J.

Mod. Phys. A, 31: 1650146 (2016)
87 J. Sun, Y. Yang, J. Huang, G. Lu, Q. Chang, Nucl. Phys. B,

911: 890 (2016)
88 J. Sun, Y. Yang, N. Wang, J. Huang, Q. Chang, Phys. Rev. D,

95: 036024 (2017)
89 B. Xiao, X. Qin, B. Ma, Eur. Phys. J. A, 15: 523 (2002)

113102-16

https://doi.org/10.1016/S0370-2693(01)00398-7
https://doi.org/10.1103/PhysRevD.64.014036
https://doi.org/10.1016/j.nuclphysb.2007.03.020 
https://doi.org/10.1103/PhysRevD.77.074013
https://doi.org/10.1103/PhysRevD.77.074013
https://arxiv.org/abs/1609.07430
https://doi.org/10.1016/j.nuclphysb.2003.09.026
https://doi.org/10.1016/j.nuclphysb.2007.09.006
https://doi.org/10.1016/j.nuclphysb.2009.07.012
https://doi.org/10.1016/j.nuclphysb.2010.02.002
https://doi.org/10.1007/JHEP11(2011)003
https://doi.org/10.1016/j.physletb.2015.09.037
https://doi.org/10.1016/j.nuclphysb.2006.06.010
https://doi.org/10.1016/j.nuclphysb.2007.01.016
https://doi.org/10.1088/1126-6708/2007/05/019
https://doi.org/10.1016/j.nuclphysb.2007.10.028
https://doi.org/10.1103/PhysRevLett.74.4388
https://doi.org/10.1016/0370-2693(95)00174-J
https://doi.org/10.1103/PhysRevD.52.3958
https://doi.org/10.1103/PhysRevD.55.5577
https://doi.org/10.1103/PhysRevD.56.1615
https://doi.org/10.1103/PhysRevD.63.074006
https://doi.org/10.1016/S0370-2693(01)00247-7
https://doi.org/10.1103/PhysRevD.63.054008
https://doi.org/10.1103/PhysRevD.63.074009
https://doi.org/10.1007/s100520100878
https://doi.org/10.1007/BF01547876
https://doi.org/10.1134/S106377880907014X
https://doi.org/10.1103/PhysRevD.79.094004
https://doi.org/10.1134/S1063778809040085
https://doi.org/10.1134/S1063778809040085
https://doi.org/10.1016/j.physletb.2008.02.039
https://doi.org/10.1103/PhysRevD.95.114031
https://doi.org/10.1103/PhysRevD.96.014030
https://doi.org/10.1103/PhysRevD.41.155
https://doi.org/10.1103/PhysRevD.44.3562
https://doi.org/10.1103/PhysRevD.64.094002
https://doi.org/10.1103/PhysRevD.70.094001
https://doi.org/10.1016/0370-1573(78)90120-5
https://doi.org/10.1016/0370-1573(78)90120-5
https://doi.org/10.1007/BF01421799
https://doi.org/10.1142/S0218301313300269
https://doi.org/10.1142/S0218301313300269
https://doi.org/10.1103/PhysRevD.95.034026
https://doi.org/10.1103/PhysRevD.95.034026
https://doi.org/10.1103/PhysRevD.95.094021
https://doi.org/10.1103/PhysRevD.95.094021
https://doi.org/10.1140/epjc/s10052-018-6068-6 
https://doi.org/10.1140/epjc/s10052-018-6068-6 
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1016/S0550-3213(98)00356-3
https://doi.org/10.1016/S0550-3213(98)00356-3
https://doi.org/10.1103/PhysRevD.65.014007
https://doi.org/10.1088/1126-6708/1999/01/010
https://doi.org/10.1088/1126-6708/2007/03/069
https://doi.org/10.1088/1126-6708/2006/05/004
https://doi.org/10.1103/PhysRevD.92.074028
https://doi.org/10.1103/PhysRevD.92.074028
https://doi.org/10.1016/j.physletb.2015.10.018
https://doi.org/10.1016/j.physletb.2015.10.018
https://doi.org/10.1016/j.physletb.2015.11.053
https://doi.org/10.1016/j.physletb.2015.11.053
https://doi.org/10.1103/PhysRevD.96.036010
https://doi.org/10.1103/PhysRevD.96.036010
https://doi.org/10.1103/PhysRevD.46.4052
https://doi.org/10.1103/PhysRevD.46.4052
https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1016/0370-2693(75)90267-1
https://doi.org/10.1016/0370-2693(75)90267-1
https://doi.org/10.1016/0550-3213(76)90064-X
https://doi.org/10.1016/0550-3213(76)90064-X
https://doi.org/10.1103/PhysRevD.19.1517
https://doi.org/10.1103/PhysRevD.20.1175
https://doi.org/10.1103/PhysRevD.21.203
https://doi.org/10.1103/PhysRevD.21.203
https://doi.org/10.1007/BF01421782
https://doi.org/10.1103/PhysRevD.59.054008
https://doi.org/10.1103/PhysRevD.66.054013
https://doi.org/10.1142/S0217751X16501463
https://doi.org/10.1142/S0217751X16501463
https://doi.org/10.1016/j.nuclphysb.2016.08.035
https://doi.org/10.1016/j.nuclphysb.2016.08.035
https://doi.org/10.1103/PhysRevD.95.036024
https://doi.org/10.1103/PhysRevD.95.036024
https://doi.org/10.1140/epja/i2002-10059-y

	Introduction
	Theoretical framework
	The effective Hamiltonian
	Hadronic matrix elements
	Kinematic variables
	Wave functions
	Decay amplitudes

	Numerical results and discussion
	Summary

