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Production mechanism of neutron-rich nuclei around N=126 in the

multi-nucleon transfer reaction 132Sn + 208Pb *
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Abstract: The time-dependent Hartree-Fock approach in three dimensions is employed to study the multi-nucleon

transfer reaction 132Sn + 208Pb at various incident energies above the Coulomb barrier. Probabilities for different

transfer channels are calculated by using the particle-number projection method. The results indicate that neutron

stripping (transfer from the projectile to the target) and proton pick-up (transfer from the target to the projectile)

are favored. De-excitation of the primary fragments is treated by using the state-of-art statistical code GEMINI++.

Primary and final production cross sections of the target-like fragments (with Z=77 to Z=87) are investigated. The

results reveal that fission decay of heavy nuclei plays an important role in the de-excitation process of nuclei with

Z > 82. It is also found that the final production cross sections of neutron-rich nuclei depend only slightly on the

incident energy, while those of neutron-deficient nuclei depend strongly on the incident energy.
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1 Introduction

Neutron-rich nuclei, especially those far from the β-
stability line, are very important to study nuclear struc-
ture, elucidate reaction mechanisms and provide infor-
mation on the astrophysical r process, which is respon-
sible for the synthesis of half of the naturally occurring
nuclei heavier than iron [1]. Neutron-rich nuclei can also
be used as projectiles to synthesize super-heavy nuclei lo-
cated at the island of stability, which is one of the goals
of present and future radioactive ion beam facilities.

Neutron-rich nuclei in the region of N=126 (the last
waiting point along the r process) can help to under-
stand the alteration of the shell gap in the presence of
the neutron excess [2] and the observed peak structure
around A∼195 in the solar r-abundance distribution [3].
However, due to the difficulties in producing, detecting
and identifying these nuclei in experiments, there are few
relevant investigations on them. Recently, multi-nucleon
transfer (MNT) reactions in the vicinity of the Coulomb
barrier have been shown to be a feasible route to populate
these heavy neutron-rich nuclei. Recent theoretical [4–8]
and experimental [2, 3, 9, 10] results indicate that much
larger cross sections can be obtained in MNT reactions
than in projectile fragmentations (the main method to
produce neutron-rich nuclei with moderate mass). Nev-

ertheless, large-scale experiments are not practical due
to the difficulties mentioned above. Therefore, reliable
theoretical predictions of probable projectile-target com-
binations, incident energies and so on can help to guide
relevant experiments.

For this purpose, various models have been estab-
lished in recent years. For example, Langevin type
equations of motion [4–6], the semiclassic GRAZING
model [11, 12], the dinuclear system (DNS) model [7,
13, 14] and the improved quantum molecular dynamics
(ImQMD) model [8, 15–17] have been successful in mea-
surements of MNT in asymmetric reactions. However,
in low-energy reactions around the Coulomb barrier, nu-
clear structure and quantum effects play very important
roles. Therefore, it is desirable to describe the reactions
in nucleonic degrees of freedom quantum mechanically
and without adjustable parameters.

The time-dependent Hartree-Fock (TDHF) approach
provides a good approximation for microscopically de-
scribing the dynamics of such quantum many-body sys-
tems at low energies [18]. It was first proposed by Dirac
in 1930 [19]. Present-day three-dimensional (3D) TDHF
calculations with modern Skyrme parametrizations are
applied to low-energy heavy-ion collisions in many sub-
jects, for instance, collective vibration [20–23], fusion
reactions [24–27], fission dynamics [28–30], dissipation
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mechanisms [31–37], transfer reactions [15, 38], and so
on. Recently, with the help of the particle-number pro-
jection (PNP) method [18, 39], the probabilities for dif-
ferent transfer channels can be obtained. To compare
with experimental data, de-excitation of hot primary
fragments should be considered. However, this is one
of the drawbacks of dynamical models such as TDHF
and ImQMD. One reason is that the timescale of the de-
excitation process (∼10−17 s) is much longer than that
of the dynamical collisions. This can be cured by using
the statistical code GEMINI++ after dynamical simula-
tions. Such a combination has been widely used recently
[8, 38, 40–42].

This paper is organized as follows. An outline of
the TDHF+GEMINI method and numerical details are
given in Section 2. Simulation results are presented and
discussed in Section 3. Finally, a summary is given in
Section 4.

2 Formalism and numerical details

2.1 TDHF approach and PNP method

The single-particle wave functions in the TDHF ap-
proach satisfy the fully microscopic equations

i~∂tψα=ĥ[ρ]ψα, (1)

which can be derived from a variational principle [43],

where ĥ is the self-consistent mean-field Hamiltonian of
single-particle motion and is related to the Skyrme func-
tionals, and ρ is the one-body density matrix of the in-
dependent particle system. The state of the whole sys-
tem Ψ is preserved as a Slater determinant, which is
an anti-symmetrized product of all single-particle wave
functions.

In TDHF collisions, nucleons can be exchanged be-
tween the reactants once they have contact with each
other. Single-particle wave functions are partially trans-
fered from the projectile to the target and vice versa.
The average proton and neutron numbers of the frag-
ments can be obtained as expectation values of the par-
ticle number operators N̂p (for protons) and N̂n (for
neutrons) as 〈Ψ |N̂ q|Ψ〉 (q = p,n). However, the TDHF
states are not eigenstates of the particle number opera-
tors but superpositions of these eigenstates. The many-
body states can be projected on good particle numbers
(N protons or neutrons) by introducing PNP opera-
tor, expressed as integrals over gauge angles in subspace
V [18, 39]

P̂N;V =
1

2π

∫ 2π

0

dθeiθ(N̂V −N), (2)

where N̂V =
∑N

q
tot

α=1
ΘV (r) and ΘV (r) = 1 if r ∈ V and

0 elsewhere. N q
tot is the total states of nucleons with

isospin q.

At a given incident energy, Eq. (2) can be used to
compute the probability PN;V (b) of finding N particles
in space V for each impact parameter b. For later dis-
cussion, PN;V (b) is replaced by PN (b) for simplicity. The
production cross section of a primary fragment composed
of N neutrons and Z protons at a certain incident energy
is

σN,Z=2π

∫ bmax

bmin

bdbPN,Z(b), (3)

where PN,Z(b) =PN (b)PZ(b), bmin is the critical impact
parameter inside which fusion happens. In this work,
bmin=0 is used for all incident energies because only bi-
nary products are found for all impact parameters. bmax

is a cutoff impact parameter which depends on the in-
cident energy and will be given later. Note that bmax

should be large enough to make sure that transfer cross
sections barely depend on the choice of it.

2.2 De-excitation after collisions

The state-of-art statistical code GEMINI++ is used
to treat the de-excitation process of the hot primary
fragments produced in TDHF collisions. This code is
an improved version of GEMINI, which is based on the
well-known sequential-binary-decay picture where the in-
dividual compound nuclei decay through sequential bi-
nary decays of all possible modes (evaporation of neu-
tron, emission of light charged particles, symmetric and
asymmetric fission of heavy nuclei), until the resulting
products are unable to undergo any further binary decay
due to competition with γ-ray emission [44]. The decay
width for the evaporation of fragments with Z62 is cal-
culated using the Hauser-Feshbach formalism [45]. The
transmission coefficient and the level-density parameter
are improved in GEMINI++. The fission decay width is
calculated using Moretto’s transition state formalism for
a light system or asymmetric fission of a heavy system.
The Bohr-Wheeler formalism is used in conjunction with
the systematics of mass distribution for more symmetric
fission of a heavy system [46]. Furthermore, extensive
comparisons with heavy-ion induced fusion data have
been used to optimize the default parameters for GEM-
INI++. Further details can be found in Refs. [44, 46]
and references therein. The original version of GEM-
INI++ with default parameters is used in the present
work [47, 48].

For a certain primary fragment with (N ′,Z ′), excita-
tion energy E∗

N′,Z′ and angular momentum JN′,Z′ (these
quantities will be given in the following subsection), the
de-excitation process of this fragment should be repeated
Mtrial times due to the statistical nature of GEMINI++.
After de-excitation, the number of events in which a fi-
nal fragment with (N,Z) occurs is counted and denoted
as MN,Z . Then the production cross section of the final
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fragment with (N,Z) is given as

σfinal
N,Z =2π

∫ bmax

bmin

bdb
∑

N′>N,Z′>Z

PN′,Z′(b)
MN,Z

Mtrial

. (4)

2.3 Numerical details

In the present work, the 3D unrestricted TDHF code
Sky3D [49] is used to compute the collisions. The Skyrme
SLy6 parametrization [50] is adopted for the static and
dynamic calculations. The initial nuclei are prepared by
the static HF using the damped gradient iteration [51]
with the imaginary time-step method [52]. The static
iterations are performed on 32×32×32 Cartesian grids
with 1.0 fm grid spacing in all three directions.

In the dynamical calculations, the meshes are ex-
tended to 70×32×70 while the grid spacing is kept constant
as in static HF. The two nuclei are initially placed at a
separation distance of 24 fm between their mass centers
along the z-axis. They are boosted with velocities ob-
tained assuming that they move on a pure Rutherford
trajectory with the associated center-of-mass (c.m.) en-
ergy Ec.m. at infinite distance until they reach the initial
separation distance. Equation (1) is solved iteratively
with a time step △t=0.2 fm/c and the exponential prop-
agator is replaced by a Taylor series expansion up to
order 6. All the reactions are simulated until the sep-
aration distance between the primary fragments’ mass
centers reaches 30 fm.

In PNP analysis, the integrals over θ in Eq. (2)
are performed with an M−point uniform discreteness.
M=300 is adopted for convergence.

To deal with the de-excitation process, the mass and
charge numbers, excitation energy and angular momen-
tum of the primary fragment should be provided as in-
puts of GEMINI++. For a certain transfer channel
with N neutrons and Z protons in the target-like frag-
ment (TLF), and Ntot−N neutrons and Ztot−Z pro-
tons in the projectile-like fragment (PLF), the mass and
charge numbers of the TLF are N+Z and Z, respec-
tively. The total excitation energy of the system at final
distance is taken to be E∗

tot = Ec.m.−TKE+Qgg(N,Z),
where TKE represents the total kinetic energy of the
primary fragments and Qgg is the reaction Q value. The
ground-state masses are taken from AME2016 [53, 54]
and FRDM(2012) [55] to calculate the Q value for each
transfer channel. E∗

tot is shared between the outgoing
fragments in proportion to their masses. The average
angular momentum of the fragments can be directly ob-
tained in TDHF. The number of trial events Mtrial in
GEMINI++ is set as 1000.

3 Results and discussion

3.1 Overview of the TDHF results

In this subsection, the TDHF results of 132Sn + 208Pb

without de-excitation are presented. This reaction is one
of the candidates for producing heavy neutron-rich nu-
clei around N =126. The simulations are performed at
three incident energies, 470, 550 and 800 MeV, in the
c.m. frame. These are about 1.2, 1.4 and 2 times the
Bass barrier (∼400 MeV). For each bombarding energy,
the impact parameter ranges from 0 to bmax (bmax=10 fm,
12 fm and 13 fm for the three energies) with the interval
∆b=1 fm.
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Fig. 1. (color online) (a) Total kinetic energy loss
and (b) orbital angular momentum loss as func-
tions of the impact parameter for 132Sn + 208Pb
at Ec.m.=470 MeV (black squares), 550 MeV (red
circles) and 800 MeV (blue stars). TKEL/Ec.m.

as a function of the impact parameter for the three
incident energies are shown in the inset of the up-
per panel. The lines are drawn to guide the eye.

Shown in Fig. 1 are the total kinetic energy loss
(TKEL) and orbital angular momentum loss (Lloss) as
functions of the impact parameter. TKEL is defined as
Ec.m.−TKE. Lloss is taken to be the difference in initial
and final orbital angular momenta. It can be found in
Fig. 1(a) that the TKEL shows a smooth dependence on
the impact parameter. A plateau pattern can be seen up
to b=5 fm for all the three energies, and then TKEL de-
creases gradually with the increasing impact parameter.
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Strong energy dependence of TKEL and TKEL/Ec.m. is
observed in Fig. 1(a) and the inset. They both increase
with increasing incident energy. This is due to the fact
that more nucleons are exchanged between the projec-
tile and the target nuclei at higher energies. As a conse-
quence, the collisions become more violent and more en-
ergies of collective motion should be dissipated. We note
in Fig. 1(b) that Lloss increases linearly with the impact
parameter up to b=5, 7 and 8 fm for the three incident
energies, respectively. At larger impact parameters, it
decreases gradually as expected. Energy dependence is
also observed for Lloss.
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Fig. 2. (color online) Total kinetic energy of the
outgoing fragments versus (a) mass of the primary
fragment and (b) scattering angle in the c.m.
frame for 132Sn + 208Pb at Ec.m.=470 MeV (black
squares), 550 MeV (red circles) and 800 MeV
(blue stars). TKEs deduced from Viola systemat-
ics are shown in the upper panel as a thick solid
line for comparison.

Figure 2(a) shows TKE as a function of the masses
of the primary fragments. The results of Viola systemat-
ics [56, 57] (the relative momentum in the entrance chan-
nel is fully damped and TKE originates from Coulomb

repulsion of the outgoing fragments at a scission con-
figuration) are also shown for comparison. There are
two very prominent peaks in the TDHF results around
the initial masses of the reactants, with almost no ki-
netic energy loss, which can be interpreted as the re-
sults of (quasi)elastic scattering at peripheral collisions.
At small TKE, which corresponds to more central colli-
sions, we note that TKE remains around 340 MeV for
all three energies over a wide mass range. This value
is about 30 MeV above the Viola systematics, which re-
flects the properties of deep-inelastic collisions. More-
over, the mass distribution gets wider with increasing
incident energy. Shown in Fig. 2(b) is TKE versus scat-
tering angle in c.m. frame (θc.m.). When TKE is around
340 MeV, θc.m. spreads over a very wide range, which
also shows deep-inelastic characteristics. For b = 6 fm
at Ec.m.=800 MeV, θc.m.≈−20°, is observed which is a
result of the strong competition of nuclear attraction,
Coulomb repulsion and the centrifugal effect. In the
grazing regions, θc.m. is almost constant around 85°, 60°
and 30° for Ec.m.=470, 550 and 800 MeV, respectively.
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Fig. 3. (color online) Probabilities of neutron pick-
up (from the target to the projectile, left pan-
els) and neutron stripping (from the projectile
to the target, right panels) channels as functions
of the impact parameter for 132Sn + 208Pb at
Ec.m.=470 MeV (top panels), 550 MeV (middle
panels) and 800 MeV (bottom panels).
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The probabilities for different nucleon transfer chan-
nels at each impact parameter are obtained from the
TDHF final wave functions by using the PNP method.
The results of neutron pick-up (from the target to the
projectile) and stripping (from the projectile to the tar-
get) channels are shown in Fig. 3, while those of the
proton pick-up and stripping channels are presented in
Fig. 4. Some gross features which can be seen from
Figs. 3 and 4 are that the probabilities of ∆N = 0 or
∆Z=0 increase with increasing impact parameter in the
semi-peripheral to peripheral regions. The nucleon trans-
fer process is much reduced in peripheral collisions for all
the energies. This is because in peripheral regions, the
projectile and target collide gently and the interacting
time is not long enough for multi-nucleon exchange. In
more central collisions, the probabilities show a compli-
cated dependence on the impact parameter and incident
energy.
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Fig. 4. (color online) Probabilities of proton pick-

up (from the target to the projectile, left pan-
els) and proton stripping (from the projectile to
the target, right panels) channels as functions
of the impact parameter for 132Sn + 208Pb at
Ec.m.=470 MeV (top panels), 550 MeV (middle
panels) and 800 MeV (bottom panels).

To get a clearer insight, the differences between the
probabilities of neutron stripping (−∆N) and pick-up
(+∆N) channels (denoted as P−∆N−P+∆N) are shown in

Fig. 5. At Ec.m.=470 MeV, the probabilities of neutron
stripping channels are larger than those of the pick-up
channels for all impact parameters except for b=3 fm. At
Ec.m. =550 MeV, the probabilities of neutron stripping
channels are smaller than those of the pick-up channels
for b6 4 fm and larger for b> 5 fm. The probabilities
of the neutron stripping channels are found to be larger
than those of the pick-up channels for all impact parame-
ters except for b=6 and 7 fm at Ec.m.=800 MeV. Though
neutron pick-up dominates at certain impact parameters
(generally in central and semi-central regions), the total
production cross sections for neutron stripping channels
are still larger than those for neutron pick-up channels
because large impact parameter has larger contributions
to the total cross sections, as seen from Eq. (3). The
above results indicate that neutron transfer from the pro-
jectile to the target is favored.

The differences between the probabilities of proton
stripping (−∆Z) and pick-up (+∆Z) channels (denoted
as P−∆Z−P+∆Z) are shown in Fig. 6. Proton transfer
from the target to the projectile is favored for almost all
cases. Such nucleon transfer modes are quite beneficial
for producing neutron-rich nuclei.
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Fig. 5. (color online) Differences between the prob-
abilities of neutron stripping (−∆N) and pick-up
(+∆N) channels as functions of the impact pa-
rameter for 132Sn + 208Pb at Ec.m. = 470 MeV
(top), 550 MeV (middle) and 800 MeV (bottom).
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rameter for 132Sn + 208Pb at Ec.m. = 470 MeV
(top), 550 MeV (middle) and 800 MeV (bottom).

3.2 Primary and final production cross sections

In this subsection, the production cross sections of
the primary TLFs obtained in THDF and those of the
final states after deexcitation are calculated by Eqs. (3)
and (4).

Shown in Fig. 7 are the isotopic production cross sec-
tions of different proton-transfer channels from Z = 77
to Z=87. One can find that for each channel, the pri-
mary isotopes are distributed in a broader range than
the final isotopes. The primary isotopic distributions
also get broader with increasing incident energy. The
largest cross sections for isotopes with Z < 82 depend
weakly on the incident energy. For isotopes with Z>82,
however, their largest cross sections show strong depen-
dence on the incident energy. For example, the largest
cross section of francium at Ec.m. = 800 MeV is larger
than those of the two lower-energy cases by 2 to 3 orders
of magnitude.

After de-excitation, prominent differences between
the primary and final results can be found. Firstly, one
can see that the distributions for all channels move to-
ward lower N . Exotic nuclei with large isospin asymme-
try cannot survive in the de-excitation process. This can

be interpreted as the results of neutron evaporation in
the de-excitation process. Secondly, prominent decreases
for the peak values of the final cross sections are observed
for Z>79, especially for higher incident energies.

To get a deeper insight into these results, the decay
modes of a primary fragment with (N,Z) are divided into
three types: neutron evaporation (no fission and with-
out light charged particle emission, denoted as mode 1),
light charged particle emission (accompanied by neutron
evaporation but without fission, denoted as mode 2) and
fission of heavy nuclei (accompanied by neutron evapora-
tion and light charged particle emission, denoted as mode
3). The numbers of events for each binary decay mode in
GEMINI++ are counted and denoted as Mmode i, where
i=1,2,3. The relative ratios of these modes are calcu-
lated by ηi=

σmode i

σZ
×100%, where

σmode i=2π
∑
N

∫ bmax

bmin

bdbPN,Z(b)
Mmode i

Mtrial

and σZ=
∑
N

σN,Z .

The results for Z = 77 and 87 are shown as exam-
ples. At Ec.m. = 470 MeV, η1 = 99.88%, η2 = 0.1% and
η3=0.02% are obtained for Z=77, while the values are
70%, 0.8% and 29.2% for Z =87. At Ec.m. =550 MeV,
the contributions are about 87.3%, 12.3% and 0.4% for
Z = 77, while 10.4%, 11.9% and 77.7% for Z = 87. At
Ec.m. = 800 MeV, the contributions are about 16.7%,
75.9% and 7.4% for Z=77, while 0%, 27.8% and 72.2%
for Z=87. Thus we can conclude that fission decay plays
an important role in the de-excitation of proton stripping
channels.

In Fig. 7(e), (j) and (k), peaks around N =126 are
seen. This is the result of the quantum effect of the
N=126 closed neutron shell. The final production cross
sections of neutron-rich isotopes show weak dependence
on the incident energy. In contrast, those of neutron-
deficient isotopes depend strongly on the incident energy.
This phenomenon was also observed in Ref. [13].

The production cross sections of neutron-rich heavy
nuclei with N=126 are extracted from Fig. 7 and plotted
in Fig. 8. Both the primary and final cross sections are
given.

From Fig. 8 it can be found that both the primary
and final products are distributed in a broad range with
a peak centered at Z=82. From the above discussion of
Figs. 3 and 4, it is clear that 208Pb nuclei are mainly from
peripheral collisions which correspond to (quasi)elastic
scattering. The excitation energies of these fragments
are small (seen from Fig. 1) and most of them can sur-
vive in the de-excitation process. So both the primary
and final cross sections of 208Pb are mainly attributed
to (quasi)elastic channels. Note that these cross sections
depend on bmax (in this work bmax=10, 12 and 13 fm
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are used for Ec.m.=470, 550 and 800 MeV, respectively;
as we mentioned at the end of Section 2.1, bmax should
be large enough to make sure that the transfer cross sec-
tions barely depend on it). Unfortunately, it is very hard
to separate the total cross sections into components of
“(quasi)elastic scattering” or “transfer channels” which
makes the cross sections of 208Pb less meaningful. This
problem is also found for 208Pb in Fig. 7(k). However,
this does not change the conclusions of the present work.
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Fig. 8. (color online) Primary (empty symbols
with dashed lines) and final (solid symbols with
solid histograms) isotonic production cross sec-
tions of the nuclei with N=126 for 132Sn + 208Pb
at Ec.m.=470 MeV (black squares), 550 MeV (red
circles) and 800 MeV (blue stars).

The primary production cross sections increase with
the incident energy, especially for large |∆Z| regions.

For example, at Ec.m. = 800 MeV, the cross sections
for Z = 71 are orders of magnitude larger than those
of the two lower energies. This is because more nu-
cleons are exchanged as the incident energy increases.
After de-excitation, however, the production cross sec-
tions decrease rapidly as |∆Z| increases. Meanwhile,
they decrease with increasing incident energy, especially
for the lower-Z regions. The cross sections at 800 MeV
are at least one order of magnitude lower than those at
470 MeV. This is because much higher excitation ener-
gies are involved at Ec.m.=800 MeV and most of those
nuclei decay in the de-excitation process.

4 Summary

We have applied the 3D TDHF approach with the
PNP method to the MNT reaction 132Sn + 208Pb at
various incident energies above the Coulomb barrier.
The collision dynamics show the characteristics of deep-
inelastic collisions. The impact parameter dependence of
the probabilities for different transfer channels indicates
that neutron stripping and proton pick-up are favored.
Such transfer modes benefit the production of neutron-
rich nuclei for the TLF. The production cross sections of
the primary fragments depend strongly on the incident
energy.

The de-excitation of the primary fragments formed
in TDHF were treated by using the state-of-art statis-
tical code GEMINI++. The final isotopic production
cross sections of the TLF from Z = 77 to Z = 87 were
investigated. The results reveal that the fission decay
of heavy nuclei plays an important role for proton strip-
ping channels. The shell effect is found to be important
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in de-excitation for few-nucleon-transfer channels. The
production cross sections of neutron-rich nuclei show a
slight dependence on the incident energy, even at energies
up to 2 times the Bass barrier. The results for neutron-
deficient nuclei, however, depend strongly on the inci-
dent energy, and much larger cross sections of neutron-
deficient nuclei are obtained at higher energies. Finally,
the production cross sections of neutron-rich nuclei with
N=126 are calculated. They decrease gradually as the
incident energy increases, especially for lower-Z isotones.

This is due to larger excitation energies being involved
in higher-energy collisions.

This work presents a self-consistent method to pre-
dict yields of neutron-rich nuclei in MNT transfer reac-
tions. However, due to the lack of nucleon-nucleon corre-
lations, mean-field models cannot describe large fluctua-
tions well and the widths of distributions are underesti-
mated. As a first step, the pairing effect can be included
in the TDHF approach for transfer reactions. Relevant
work is in progress.
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