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Theoretical research on proton halos in exotic nuclei *
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Abstract: Very neutron-deficient nuclei are investigated with Woods-Saxon potentials, especially the newly mea-

sured A=2Z−1 nucleus 65As [X.L. Tu et al., Phys. Rev. Lett. 106, 112501 (2011)], where the experimental proton

separation energy is obtained as -90(85) keV for the first time. Careful consideration is given to quasibound protons

with outgoing Coulomb wave boundary conditions. The observed proton halos in the first excited state of 17F and in

the ground states of 26,27,28P are reproduced well, and predictions of proton halos are made for the ground states of
56,57Cu and 65As. The sensitivity of the results to the proton separation energy is discussed in detail, together with

the effect of the `=1 centrifugal barrier on proton halos.
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1 Introduction

The search for the limits of stability is one of the focal
subjects in contemporary nuclear physics. The proton
drip line defines one of the fundamental limits of nuclear
stability. Nuclei lying beyond this line generally have
negative proton separation energies with a natural ten-
dency to emit a proton, or large β-decay energies with
a natural tendency to transform protons into neutrons
[1, 2]. Nuclei near the line are characterized by one or
more loosely bound protons, leading to some phenom-
ena of great interest, such as proton halos and proton
skins [3–5]. Furthermore, such exotic structure proper-
ties have a great influence on nuclear decay properties
[6, 7].

In very proton-rich nuclei, the external wave func-
tion of the weakly bound protons generally has a large
amplitude, so that it has non-negligible contributions to
nuclear structure properties. This is in great contrast
to nuclei near the β-stable line, where the amplitude of
the external wave function is too small to be considered
in the evaluation of various physical quantities. The
experimental search for proton halos in very neutron-
deficient nuclei is of great interest. From the theoret-
ical viewpoint, various approaches have been made to
calculate the properties of proton halos, including rela-

tivistic mean-field (RMF) theory [8–11], the shell model
(SM) with improved ingredients [12], ab initio calcula-
tions [13], and so on. Self-consistent RMF calculations
are essential to give a unified description of ground-
state properties of halo nuclei, such as binding energies
and charge radii [8–11, 14–17]. Various RMF models
with improved ingredients have been developed for halo
structures in exotic nuclei, such as relativistic contin-
uum Hartree Bogoliubov (RCHB) models [14, 15] and
deformed relativistic Hartree Bogoliubov (DRHB) mod-
els [16, 17]. Pairing correlations and continuum effects
were considered in their calculations [14–17]. Neutron
halos have been widely investigated within these mod-
els, but studies on proton halos are rare owing to the
existence of the Coulomb barrier [11].

Experimentally, direct mass measurements of the
A=2Z−1 nuclei 63Ge, 65As, 67Se, and 71Kr were made in
2011 [18]. One important achievement is that the proton
separation energy of 65As was measured as Sp=-90(85)
keV, which demonstrates that this nucleus is only slightly
proton unbound. Additionally, based on RMF calcula-
tions and systematic analysis [19], the spin-parity of 3/2−

is tentatively assigned to the ground state of 65As. This
suggests that the last valence proton in 65As exhibits low
angular momentum `=1. As we know, the formation of
proton-halo structure mainly results from one or more
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loosely bound protons with small proton separation en-
ergies Sp and low angular momentum `. The nucleus
65As could be a perfect research object for the proton-
halo structure. As far as we know, there has been no
study on proton-rich nuclei with quasibound protons. It
is therefore very interesting to provide a straightforward
theoretical study of 65As, which may be useful for fur-
ther insights into the nature of the halo structure. In
this work, we will first review proton halos in the first
excited state of 17F and in the ground states of 26,27,28P.
We will then predict whether or not there are proton
halos in 65As.

2 Theoretical framework

The picture we consider here is essentially based on
mean field theory. The mean field potential is approxi-
mated as the sum of the average Woods-Saxon potential
and the spin-orbit term:

V =VNf(r)+Vso(2`·s)
1

r

d

dr
f(r), (1)

where f(r)=
{

1+exp[(r−R)/a]
}

−1
with R=r0A

1/3, and
A is the mass number of the nucleus under investigation.
The Chepurnov Woods-Saxon parameter set presented
in Ref. [20] is adopted here: r0=1.24 fm and a=0.63 fm.
It was mainly fitted to the experimental data available
at the time on spherical nuclei, including lighter ones.
Also, the depth of the central potential is parameterized
as [20]

VN =V0[1±0.63(N−Z)/(N+Z)], (2)

where N and Z are, respectively, the neutron num-
ber and atomic number of the nucleus under investi-
gation, the plus sign is for protons and the minus sign
for neutrons. The depth V0 has not been taken from
Ref. [20] but rather adjusted to reproduce the experimen-
tal proton separation energy, as discussed below. For the
strength of the spin-orbit potential, following Ref. [2], the
simple ansatz Vso=−0.20VN is used. For the case of pro-
tons, the Coulomb potential is taken in the usual form of
a homogeneously charged sphere [with the nuclear charge
(Z−1)e and the radius RC] as

VC(r)=
(Z−1)e2

r
, r>RC,

VC(r)=
(Z−1)e2

2RC

[

3−
(

r/RC

)2
]

, r6RC,

(3)

with RC=1.22(A−1)1/3 (fm). Considering the difficulty
and complication in dealing with the nuclear many-body
problem, no correlations between nucleons are taken into
account for simplicity.

The main focus of our calculation is on the last va-
lence proton, which is usually weakly bound or even
slightly unbound. First, the single-particle energy of the

last valence proton is determined from the proton sepa-
ration energy Sp, that is, ε`j =B(A−1,Z−1)−B(A,Z)=
−Sp(A,Z). The corresponding wave function is then ob-
tained by numerically integrating the radial Schrödinger
equation,

[

−
~

2

2µ

d2

dr2
+V +

`(`+1)~2

2µr2

]

un`j(r)=ε`jun`j(r). (4)

At this point, the potential depth V0 is adjusted to re-
produce the experimental value ε`j =−Sp, and the ra-
dial single-particle wave function of the bound or quasi-
bound state is numerically computed by matching it to
the Whittaker or Coulomb wave function in the following
form
{

un`j(R)=N`j W
−η,`+1/2(2kR) for bound states,

un`j(R)=N`j G`(kR) for quasibound states,

(5)
where N`j are normalization constants, the wave number
k is determined by the expression k=

√

2µ|ε`j |/~, and the
Sommerfeld parameter η is given by η=µ(Z−1)e2/(~k).
The radial Eq. (4) is solved by the shooting method
in the radial space of 0−100 fm where the mesh size is
taken as 0.05 fm. Next, with the fixed potential depth
V0, the single-particle energies and wave functions of the
lower-lying single-particle orbits are achieved by solving
Eq. (4) in a similar manner.

3 Results and discussion

First, let us consider the first excited state of 17F,
which is well known for its halo structure [21]. The 5/2+

state in 17F is weakly bound by roughly 600 keV. The
calculated single-particle energy for this state agrees well
with the experimental value, as shown in Table 1. Fur-
thermore, the root-mean-square (rms) radii of the pro-
tons in the 1s1/2 and 1d5/2 states are evaluated at 5.381
and 3.732 fm, respectively. These values are very close
to the values of 5.333 and 3.698 fm in Ref. [21]. In
Table 1, direct comparison of the rms radii shows that
the R(2s1/2) value is apparently larger than the Rp and
R(1d5/2) values. This clearly indicates that there is a
proton halo in the excited state of 17F.

Then, we investigate the proton-halo structure of the
Z = 15 neutron-deficient isotopes 26,27,28P. It is known
from available experimental cases that there is no proton
halo in the ground state of 25Al, while the ground states
of 26,27,28P are characterized by the proton-halo structure
[22–24]. For comparison, the numerical results of 25Al
and 26,27,28P are listed in Table 1. One can see that the
last valence protons in 25Al and in 26,27,28P occupy the
1d5/2 and 2s1/2 orbits, respectively. The R(1d5/2) value
is not much larger than the Rp value in 25Al, while the
R(2s1/2) values are quite a lot larger than the Rp values
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in 26,27,28P. The underlying reason for this is that the va-
lence 1d5/2 orbit in 25Al has a higher centrifugal barrier
`=2 as well as a larger binding energy -2.2716(5) MeV,
restricting the formation of proton halos. In addition, in
proceeding from 26P to 27P to 28P, the proton separation
energy increases greatly but the R(2s1/2) value decreases

relatively smoothly. This suggests that the halo-proton
rms radius is not so sensitive to the proton separation
energy. This is quite consistent with the conclusion of
Refs. [8, 9, 12]. A detailed discussion about this is pre-
sented at the end of this work.

Table 1. Structure properties calculated in the Woods-Saxon potential with fixed proton separation energies for the
first excited state of 17F and the ground states of 25Al, 26,27,28P. The energies are in MeV, and the radii are in fm.
The values with error bars are the single-particle energies of the last valence proton ε`j =−Sp(A,Z) and they are
used to determine the potential depth V0 in the Woods-Saxon potential.

17F∗ 25Al 26P 27P 28P

Rm 2.833 3.092 3.154 3.147 3.130

Rn 2.531 2.982 2.826 2.912 2.973

Rp 3.077 3.190 3.374 3.323 3.259

R(2s1/2) 5.381 − 4.666 4.382 4.110

R(1d5/2) 3.732 3.701 3.736 3.682 3.610

ε(2s1/2)(p) -0.10494(25) − -0.140(200)[1] -0.870(26) -2.0522(12)

ε(1d5/2)(p) -0.657 -2.27138(7) -1.782 -2.778 -4.303

ε(1p1/2)(p) -10.734 -11.582 -10.912 -11.968 -13.622

ε(1p3/2)(p) -13.794 -13.771 -13.026 -14.053 -15.709

ε(1s1/2)(p) -27.348 -25.046 -24.006 -24.972 -26.654

ε(1d5/2)(n) -6.416 -8.866 -14.254 -13.386 -13.305

ε(1p1/2)(n) -17.555 -19.088 -24.994 -23.898 -23.676

ε(1p3/2)(n) -20.868 -21.360 -27.468 -26.218 -25.894

ε(1s1/2)(n) -35.464 -33.495 -40.102 -38.473 -37.886

[1] The values are based on the Ame2012 atomic mass systematics [25].

Fig. 1. (color online) Radial density probability distributions of all protons, all neutrons, the last valence proton,
and nuclear matter, for the ground states of 26,27,28P, compared with those for the ground state of 25Al. On the
vertical axis, the density range of less than 0.01 g/cm3 is shown in the logarithmic scale while the density range of
more than 0.01 g/cm3 is in the linear scale, and they are distinguished by thin dashed horizontal lines.
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For the sake of clarity, Fig. 1 shows the radial density
distributions of all protons, all neutrons, the last valence
proton, and nuclear matter for the ground states of 25Al
and 26,27,28P. There is a long tail in the density distri-
bution of all protons for 26,27,28P, which is mainly con-
tributed by the last valence proton. That is, the proton-
halo structure is in evidence. On close inspection, it
is also revealed that the proton-halo character becomes
subdued from 26P to 27P, followed by 28P. For 25Al, the
situation is exactly opposite to those of 26,27,28P, showing
that proton halos do not exist in its ground state.

Next, let us turn back to the newly measured nu-
cleus 65As. The experimental measurements show that
the Sp value of 65As is negative and very small ( -0.090
MeV) [18], corresponding to a loosely quasibound va-
lence proton. The theoretical predictions suggest that
the last valence proton in 65As occupies the 2p3/2 orbit
with low angular momentum ` = 1 [19]. These imply
that the very proton-rich nucleus 65As probably has a
proton-halo structure. In order to understand the exotic
structure in this mass region, it is also of interest to in-
vestigate the neighboring nuclei 56,57Cu, where the last
valence proton is also located in the 2p3/2 orbit [10, 19].

The detailed results are listed in Table 2. In these
three cases, the R(2p3/2) values are generally larger than
the Rp values by about 0.79 fm, and larger than the
R(1f5/2) [or R(1f7/2)] values by about 0.34 fm. These ra-
dial differences of 0.79 and 0.34 fm are smaller than those
of 26,27,28P, but more evident than that of 25Al. This indi-
cates that there could be proton skins or halos in 56,57Cu
and 65As. Even though the 2p3/2 level is very loosely qua-
sibound in 65As, the R(2p3/2) value is not significantly
larger than the Rp value with respect to 56,57Cu; this is
attributed to the large Coulomb barrier in 65As. In order
to gain clear insight into their proton halos, we plot in
Fig. 2 the radial density distributions of all protons, all
neutrons, the last valence proton, and nuclear matter for
the ground states of 56,57Cu and 65As. Similar to 26,27,28P,
the density distribution of the last valence proton makes
a major contribution to the long tail forming in the pro-
ton density distribution. At the surface position, which
is defined as the place where the density is half of the
central density, the density of the last valence proton is
found to be of the order of 10−3 g/cm3. This is quite
similar to the case of 26,27,28P (one can see in Fig. 1 that
the density of the last valence proton is also of the order
of 10−3 g/cm3 at the surface position). Thus it is con-
cluded that there are proton halos in 56,57Cu and 65As. In
fact, the present analysis is merely preliminary because
the actual situation in 56,57Cu and 65As is more complex
than what we consider here. In addition to the quasi-
bound states with positive energies, deformation effects
could affect the halo structure. Halos in deformed nu-

clei have attracted great interest in the last two decades.
Hamamoto [29] performed mean-field calculations in ax-
ially symmetric quadrupole-deformed potentials. It was
demonstrated in Ref. [29] that the ` = 0 (s1/2) compo-
nent becomes dominant in the wave functions of neutron
Ωπ =1/2+ orbitals as the binding energy of the orbitals
approaches zero, and hence no neutron Ωπ = 1/2+ or-
bitals contribute to deformation. Nunes [30] performed
few-body calculations in the three-body model of a de-
formed core plus two neutrons and concluded that both
nucleon-nucleon correlations and correlations due to de-
formation/excitation of the core inhibit the formation of
halos. Zhou et al. [16] performed self-consistent mean-
field calculations within the DRHB framework including
the continuum, deformation effects, large spatial distri-
butions, and the coupling among all these features. In
contrast to Refs. [29, 30], deformed neutron halos were
found in the deformed nucleus 44Mg and the decoupling
between the deformations of core and halo was discussed.
Deformation effects are beyond the scope of this work.

Table 2. Structure properties calculated in the
Woods-Saxon potential with fixed proton sepa-
ration energies for the ground states of 56,57Cu
and 65As. The energies are in MeV, and the radii
are in fm. The values with error bars are the
single-particle energies of the last valence proton
ε`j =−Sp(A,Z) and they are used to determine
the potential depth V0 in the Woods-Saxon po-
tential.

65As 56Cu 57Cu

Rm 3.879 3.660 3.690

Rn 3.787 3.555 3.607

Rp 3.967 3.755 3.770

R(2p3/2) 4.687 4.563 4.565

R(1f5/2) 4.354 4.216 −

R(1f7/2) 4.374 4.212 4.228

ε(2p3/2)(p) 0.090(85)[1] -0.596(15) -0.6903(4)

ε(1f5/2)(p) 0.063 -0.036 −

ε(1f7/2)(p) -3.542 -4.234 -4.337

ε(2s1/2)(p) -9.191 -10.537 -10.575

ε(1d3/2)(p) -10.421 -11.504 -11.576

ε(1d5/2)(p) -12.627 -14.117 -14.136

ε(1p1/2)(p) -19.985 -22.095 -22.053

ε(1p3/2)(p) -21.001 -23.316 -23.246

ε(1s1/2)(p) -28.307 -31.448 -31.290

ε(1f5/2)(n) -11.316 -11.459 -10.715

ε(1f7/2)(n) -14.891 -15.758 -14.855

ε(2s1/2)(n) -21.460 -22.954 -21.945

ε(1d3/2)(n) -22.560 -23.850 -22.857

ε(1d5/2)(n) -24.685 -26.444 -25.365

ε(1p1/2)(n) -32.808 -35.229 -34.012

ε(1p3/2)(n) -33.763 -36.414 -35.153

ε(1s1/2)(n) -41.834 -45.353 -43.932

[1] Values as measured in the recent work Ref. [18].
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So this leaves an open question concerning whether the
possible proton halos in 56,57Cu and 65As are deformed
or not. More complicated deformation calculations are
worth performing in future modeling efforts.

Fig. 2. (color online) Radial density probability
distributions of all protons, all neutrons, the
last valence proton, and nuclear matter, for the
ground states of 56,57Cu and 65As. On the verti-
cal axis, the density range of less than 0.01 g/cm3

is shown in the logarithmic scale while the den-
sity range of more than 0.01 g/cm3 is in the linear
scale, and they are distinguished by thin dashed
horizontal lines.

Ultimately, to clarify the properties of a halo proton,
we plot in Fig. 3 the theoretical rms radius of the weakly
bound or quasibound proton versus the proton separa-
tion energy for the 2s1/2 state in 26P and the 2p3/2 state
in 65As. It is known that there is a significant inverse
relation between the rms radius of a halo neutron in s-
wave orbits and its neutron separation energy [26–28].
In contrast, this property is less evident for halo protons
in s-wave orbits. As shown in Fig. 3, although the rms
radius of the halo proton in 26P is inversely related to the
proton separation energy, the changes in the rms radius
are small with respect to the halo neutron case. This is
the case no matter whether the halo proton is bound or

quasibound. The reason for this is that the additional re-
pulsive Coulomb barrier plays an important role, which
determines the behavior of the single-particle wave func-
tion in the asymptotic region. As the proton separation
energy varies reasonably, corresponding to minor changes
in the depth of the nuclear potential, the position and
height of the Coulomb barrier remain almost the same.
This leads to approximately the same behavior for the
wave function in the external region. Hence, the rms
radius of the halo proton, which is determined from the
wave function, shows weak sensitivity to the proton sepa-
ration energy. Besides the striking effect of the Coulomb
barrier, it is also of interest to discern the effect of the
centrifugal barrier. Let us compare the variation trends
of the calculated rms radii for the 2s1/2 orbit in 26P and
the 2p3/2 orbit in 65As. Obviously, when the last valence
proton occupies the p-wave orbit rather than the s-wave
orbit, the decrease of its rms radius is more gentle with
increasing Sp values, as one would expect.

Fig. 3. (color online) Variations of the theoretical
root-mean-square (rms) radius of the last valence
proton for the 2s1/2 orbit in 26P and the 2p3/2

orbit in 65As.

4 Summary

In conclusion, we have presented a straightforward in-
vestigation of proton-halo structure in the very neutron-
deficient F-P-Cu-As isotopes. The properties of various
single-particle states, both bound and quasibound, are
systematically calculated by the exact solution of the
Schrödinger equation. The experimentally observed pro-
ton halos in the first excited state of 17F and in the
ground states of 26,27,28P are reproduced well. Proton
halos are predicted for the ground states of 56,57Cu and
65As as well. Moreover, in great contrast to neutron ha-
los, proton halos show only weak sensitivity to the proton
separation energy, no matter whether the last valence

114104-5



Chinese Physics C Vol. 41, No. 11 (2017) 114104

proton is weakly bound or quasibound. The underlying
reason is discussed, together with the influence of the
`=1 centrifugal barrier. It is of great interest and impor-
tance for experimentalists to search for proton halos or

proton skins in more very proton-rich nuclei, which may
guide theoretical studies. Efforts toward the complete
understanding of proton halos are being made from both
experimental and theoretical sides.
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