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Abstract: Within an isospin and momentum dependent transport model, the dynamics of isospin particles (nucleons

and light clusters) in Fermi-energy heavy-ion collisions are investigated for constraining the isospin splitting of nucleon

effective mass and the symmetry energy at subsaturation densities. The impacts of the isoscalar and isovector parts

of the momentum dependent interaction on the emissions of isospin particles are explored, i.e., the mass splittings of

m
∗
n=m

∗
p and m

∗
n>m

∗
p (m∗

n<m
∗
p). The single and double neutron to proton ratios of free nucleons and light particles

are thoroughly investigated in the isotopic nuclear reactions of 112Sn+112Sn and 124Sn+124Sn at incident energies of

50 and 120 MeV/nucleon, respectively. It is found that both the effective mass splitting and symmetry energy impact

the kinetic energy spectra of the single ratios, in particular at the high energy tail (larger than 20 MeV). The isospin

splitting of nucleon effective mass slightly impacts the double ratio spectra at the energy of 50 MeV/nucleon. A soft

symmetry energy with stiffness coefficient of γs=0.5 is constrained from the experimental data with the Fermi-energy

heavy-ion collisions.
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1 Introduction

The mass of a nucleon in nuclear matter is differ-
ent from the in-vacuum case due to its interaction with
the surrounding nucleons [1, 2]. In neutron-rich nu-
clear matter, there exists a splitting of neutron and pro-
ton effective masses (the nonrelativistic mass or Landau
mass). The strength increases with the isospin asymme-
try and the nucleon density. There are wide differences
in the predictions of the isospin splitting of nucleon ef-
fective mass based on nuclear many-body theories. For
example, calculations using Landau-Fermi-liquid theory
[3], the nonrelativistic Brueckner-Hartree-Fock theory [4]
and Dirac-Brueckner-Hartree-Fock (DBHF) [5] present a
neutron-proton mass splitting of m∗

n>m∗
p. Calculations

using relativistic mean-field theory [6], however, give a
different result. The Skyrme-Hartree-Fock approach pre-
dicts both splittings of m∗

n>m∗
p and m∗

n<m∗
p exist with

different Skyrme parameters [7]. Recently, the optical

potential has been investigated within the chiral effective
field theory and concluded the mass splitting of m∗

n>m∗
p

[8]. The nucleon Landau mass splitting in neutron-
rich matter results from the momentum-dependence in
the nucleon-nucleon interaction, which directly affects
the isospin transport in heavy-ion collisions and conse-
quently the extraction of the density dependence of the
symmetry energy. Some observables have been proposed
for extracting the isospin splitting of nucleon effective
mass, i.e., the neutron/proton ratio at high momenta
or kinetic energies, elliptic flows in the mid-rapidity do-
main, elliptic flow difference between neutrons and pro-
tons at the high momentum tail, etc [9, 10].

There are a lot of studies on the constraints of the
density dependence of the symmetry energy from heavy-
ion collisions, which has important applications in nu-
clear physics [7, 11–13] and also in astrophysics [14, 15].
It is possible to use heavy-ion reactions with neutron-
rich beams to explore the density-dependent symmetry
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energy and the effective mass splitting of neutrons and
protons in nuclear matter. In this work, we investi-
gate the effective mass splitting of neutrons and pro-
tons and the density-dependent symmetry energy at sub-
saturation densities in heavy-ion collisions within the
Lanzhou quantum molecular dynamics (LQMD) trans-
port model. The momentum dependence of the symme-
try potential is included in the model, which results in
the splitting of the nucleon effective mass in a nuclear
medium [16]. We concentrate on the isospin dynamics of
fast nucleons and light clusters.

2 Model description

In the LQMD model, the temporal evolutions of
the baryons (nucleons and resonances) and mesons in
the reaction system under the self-consistently generated
mean-field are governed by Hamilton’s equations of mo-
tion. Based on the Skyrme interactions, we constructed
an isospin-, density-, and momentum-dependent poten-
tials originating from the Hamiltonian, which consists of
the relativistic energy, the effective interaction and the
momentum-dependent potentials. The effective interac-
tion potential is composed of the Coulomb potential and
the local interactions.

The local interaction potential is derived from
the energy-density functional in the form Uloc =
∫

Vloc(ρ(r))dr. The functional reads

Vloc(ρ) =
α

2

ρ2

ρ0

+
β

1+γ

ρ1+γ

ργ
0

+Eloc
sym(ρ)ρδ2

+
gsur

2ρ0

(∇ρ)2+
giso
sur

2ρ0

[∇(ρn−ρp)]
2, (1)

where ρn, ρp and ρ=ρn+ρp are the neutron, proton and
total densities, respectively, and δ=(ρn−ρp)/(ρn+ρp) is
the isospin asymmetry. The parameters α, β, γ, gsur giso

sur

and ρ0 are taken to be −215.7 MeV, 142.4 MeV, 1.322,
23 MeV fm2, −2.7 MeV fm2 and 0.16 fm−3, respectively.
A compression modulus of K=230 MeV for isospin sym-
metric nuclear matter is obtained with these parameters.
The local part E loc

sym(ρ) = 1
2
Csym(ρ/ρ0)

γs with γs=0.5, 1
and 2 leads to the soft, linear and hard symmetry ener-
gies, respectively. The parameter Csym is taken as the
values of 52.5 MeV and 23.5 MeV for the effective mass
splittings of m∗

n >m∗
p and m∗

n <m∗
p, respectively, which

leads to the symmetry energy of 31.5 MeV at saturation
density.

The nucleon effective mass in nuclear medium is
contributed from the momentum-dependent interaction
in the LQMD model. A Skyrme-type momentum-
dependent potential is used in the LQMD model [17]

Umom =
1

2ρ0

∑

i,j,j 6=i

∑

τ,τ ′

Cτ,τ ′δτ,τi
δτ ′,τj

∫ ∫ ∫

dpdp
′dr

×fi(r,p,t)[ln(ε(p−p
′)2+1)]

2
fj(r,p′,t). (2)

Here Cτ,τ =Cmom(1+x), Cτ,τ ′ =Cmom(1−x) and the isospin
symbols τ(τ ′) represent the proton or neutron. The pa-
rameters Cmom and ε were determined by fitting the real
part of the optical potential as a function of incident en-
ergy from the proton-nucleus elastic scattering data. The
effective (Landau) mass in nuclear matter is calculated

through the potential as m∗
τ = mτ/

(

1+mτ

|p|
|dUτ

dp
|
)

with

the in-vacuum mass mτ at Fermi momentum of p=pF.
Therefore, the nucleon effective mass only depends on
the momentum-dependent interactions. In the calcula-
tion, we take the values of 1.76 MeV, 500 c2/GeV2 for
the Cmom and ε, respectively, which result in the effec-
tive mass m∗/m=0.75 in nuclear medium at saturation
density for symmetric nuclear matter. The parameter x
changes as the strength of the mass splitting, and the
values of -0.65 and 0.65 are respective to the cases of
m∗

n>m∗
p and m∗

n<m∗
p, respectively.

3 Results and discussion

The dynamics of isospin particles (nucleons and light
clusters) produced in heavy-ion collisions is influenced
by the isospin dependent interactions in the mean-field
potentials, which could be used as observables for ex-
tracting the density dependence of symmetry energy.
Fermi-energy heavy-ion collisions have a longer isospin
relaxation time, which lead to the pronounced isospin ef-
fect in comparison to high-density probes such as π−/π+,
K0/K+, Σ−/Σ+, etc [18, 19]. It has been found that the
momentum-dependent potential plays an important role
in fast nucleon emissions in heavy-ion collisions [10, 17].
The pre-equilibrium neutron and proton transverse emis-
sion in isotopic reaction systems at an incident energy
of 50 MeV/A was measured at the National Supercon-
ducting Cyclotron Laboratory (Michigan State Univer-
sity, East Lansing, MI, USA) [13]. Recently, the data
were updated with lower statistical errors [20]. Shown
in Fig. 1 is the kinetic energy spectra of free nucleons
and gas-phase nucleons (nucleons, hydrogen and helium
isotopes) in collisions of 124Sn+124Sn at a beam energy
of 50 MeV/nucleon with the effective mass splittings of
m∗

n>m∗
p and m∗

n<m∗
p, respectively. The particles emit-

ted from an impact parameter domain of 0-3 fm and per-
pendicular to the beam direction with a polar angle cut
of 70o <θ < 110o (cosθ = pz/

√

p2
x+p2

y+p2
z) are analyzed.

The reaction system evolves up to the time of 300 fm/c.
After that, the neutron to proton ratio reaches a constant
value. We count the gas-phase proton and neutron yields
by multiplying the proton and neutron numbers on the
fragments, respectively. It is interesting to find that the
neutron spectra are not sensitive to the isospin splitting
of nucleon effective mass. However, the proton yields de-
pend on the splitting, in particular at high kinetic ener-
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gies. This is because the momentum-dependent interac-
tion of m∗

n>m∗
p has a negative contribution to symmetry

energy and the effect is more pronounced with increas-
ing nucleon momentum [17]. The negative symmetry
energy reduces neutron emission, but is favorable to en-
ergetic proton production. The case of m∗

n < m∗
p gives

exactly the opposite contribution. The influence of the
isospin splitting of effective mass on fast nucleon emis-
sion in heavy-ion collisions has also been investigated
with the stochastic mean-field (SMF) model [21] and the
improved quantum molecular dynamics (ImQMD) model
[22].

Fig. 1. (color online) Kinetic energy spectra of free nucleons [panels (a) and (b)] and gas-phase nucleons (nucle-
ons, hydrogen and helium isotopes) [panels (c) and (d)] in 124Sn+124Sn reactions at an incident energy of 50
MeV/nucleon in the impact parameter domain of 0-3 fm. The experimental data from NSCL [20] are shown for
comparison.

Both the isospin splitting of nucleon effective mass
and symmetry energy impact the isospin dynamics in
heavy-ion collisions, but the specific structure of isospin
observable is different with the two quantities. Shown in
Figs. 2 and 3 is the neutron to proton (n/p) ratios from
the free nucleons and gas-phase fragments in collisions of
112Sn+112Sn and 124Sn+124Sn at incident energies of 50
MeV/nucleon and 120 MeV/nucleon, respectively. The
same constraint condition as in Fig. 1 is used to ana-
lyze the transverse emission particles. It is found that
the isospin splitting appears at kinetic energies above 20
MeV/nucleon. The case of m∗

n < m∗
p has a larger n/p

ratio for both incident energies. The effect is more pro-
nounced for the neutron-rich system. The bump struc-
ture around the energy of 10 MeV/nucleon comes from

the competition of free nucleons and light fragments to
the n/p ratios. The light fragments with Z62 are mainly
produced at low kinetic energy and have smaller n/p ra-
tios in comparison to the free nucleons [12]. At kinetic
energies above 30 MeV/nucleon, the yields of protons
and neutrons are mainly contributed from the free nu-
cleons. The impact of the stiffness of symmetry energy
on the kinetic energy spectra is investigated in collisions
of 112Sn+112Sn and 124Sn+124Sn at the incident energy
of 50 MeV/nucleon as shown in Fig. 4. The difference
between the hard (γs=2) and soft (γs=0.5) symmetry
energies is obvious over the whole energy range. A flat
structure in the 112Sn+112Sn reaction appears with the
soft case. The n/p ratios increase with kinetic energy for
the neutron-rich system.
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Fig. 2. (color online) Kinetic-energy spectra of neutron to proton ratios from the yields of free nucleons [panels (a)
and (b)] and gas-phase fragments (nucleons, hydrogen and helium isotopes) [panels (c) and (d)] in 112Sn+112Sn
and 124Sn+124Sn reactions at 50 MeV/nucleon with effective mass splittings of m

∗
n >m

∗
p, m

∗
n =m

∗
p and m

∗
n <m

∗
p,

respectively.

Fig. 3. (color online) The same as Fig. 2, but for the energy of 120 MeV/nucleon.
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Fig. 4. (color online) The n/p ratios of free nucleons [panels (a) and (b)] and gas-phase fragments [panels (c) and
(d)] as a function of kinetic energy with hard and soft symmetry energies, respectively.

Fig. 5. (color online) The double neutron to proton ratios of gas-phase particles in collisions of 124Sn+124Sn over
112Sn+112Sn at the incident energy of 50 MeV/nucleon (upper panels) and 120 MeV/nucleon (lower panels) with
different isospin splitting of effective mass and different stiffness of symmetry energy. The available data were
measured at NSCL [20].

104104-5



Chinese Physics C Vol. 41, No. 10 (2017) 104104

Fig. 6. (color online) The same as Fig. 5, but for the double ratio spectra of free nucleons.

The spectra of the isospin ratios are influenced by
both the symmetry energy and the isospin splitting of
nucleon effective mass, in particular at high kinetic en-
ergies, which confuse the extraction of the density de-
pendence of symmetry energy. On the other hand, the
n/p ratios are also influenced by the Coulomb potential
and the detector efficiencies of protons and neutrons in
experiments. To eliminate the uncertainties, the dou-
ble ratios of two isotopic systems would be nice probes
for constraining the isospin splitting of nucleon effective
mass and the symmetry energy beyond the saturation
density from the experimental data. Shown in Fig. 5 are
the double ratio spectra in collisions of 124Sn+124Sn over
112Sn+112Sn. The influence of the isospin splitting with
a linear symmetry energy (left panels) and the stiffness
of symmetry energy with the mass splitting of m∗

n >m∗
p

(right panels) on the spectra is compared with new data
from the NSCL [20]. The effective mass splitting of neu-
trons and protons in nuclear medium is pronounced at
kinetic energies above 30 MeV/nucleon and the splitting
of m∗

n < m∗
p is nicely consistent with the available data

at the beam energy of 120 MeV/nucleon. However, the
difference of both splittings on the spectra is very small
at the beam energy of 50 MeV/nucleon. The symme-
try energy effect is obvious and appears at the kinetic
energy of 10 MeV/nucleon. A soft symmetry energy
(γs=0.5) is constrained and independent of the isospin

splitting of nucleon effective mass. Furthermore, the dif-
ference of the soft and hard cases is more pronounced at
the beam energy of 50 MeV/nucleon. The double ratio
distributions from the free nucleons are further investi-
gated as shown in Fig. 6. A more pronounced effect
from the stiffness of symmetry energy is observed, in
particular at kinetic energies above 30 MeV. The gas-
phase particles at high kinetic energies are mainly con-
tributed from the free nucleons. The effective mass ef-
fect is smaller at the incident energy of 50 MeV/nucleon.
However, the spectra are pronounced with the different
stiffness of symmetry energy. This is because the mass
splitting of m∗

n < m∗
p contributes the repulsive interac-

tion for neutrons and the attractive force for protons in
neutron-rich matter. The strength is pronounced with
increasing nuclear density [17]. Therefore, the case of
m∗

n < m∗
p leads to larger n/p ratios, in particular at

the incident energy of 120 MeV/nucleon. The contri-
bution of the momentum-dependent interaction to the
double ratio spectra is smaller at the lower incident en-
ergy, i.e., 50 MeV/nucleon. The conclusions are slightly
different from the calculations of the ImQMD model [22]
because of the different momentum-dependent interac-
tions. On the other hand, calculations from the SMF
transport model have also concluded that the n/p ratios
in Fermi-energy heavy-ion collisions depend weakly on
the momentum-dependent interactions [21].
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4 Conclusions

Within the LQMD transport model we have investi-
gated the isospin dynamics in heavy-ion collisions. The
mass splitting of neutrons and protons in a nuclear
medium and the symmetry energy impact the kinetic
energy spectra of isospin particles. The isospin split-
ting of nucleon effective mass is more pronounced at
the beam energy of 120 MeV/nucleon. However, the
difference between soft and hard symmetry energies is
obvious at the lower energy (50 MeV/nucleon). The soft
symmetry energy with γs=0.5 is constrained from the

double ratio spectra at the energy of 50 MeV/nucleon.
The single n/p ratio decreases with the kinetic energy
and then goes up for the case of m∗

n <m∗
p, in particular

for the neutron-rich system. A flat structure of the n/p
ratio from the free nucleons appears with the soft sym-
metry energy until the kinetic energy of 30 MeV, and
the ratios in the gas-phase go up monotonically with
increasing kinetic energy in the 124Sn+124Sn reaction at
incident energies of 50 MeV/nucleon.

We are grateful for fruitful discussions with Betty

Tsang and Yingxun Zhang.
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