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Abstract: The relativistic Dirac equation in four-dimensional spacetime reveals a coherent relation between the

dimensions of spacetime and the degrees of freedom of fermionic spinors. A massless Dirac fermion generates new

symmetries corresponding to chirality spin and charge spin as well as conformal scaling transformations. With

the introduction of intrinsic W-parity, a massless Dirac fermion can be treated as a Majorana-type or Weyl-type

spinor in a six-dimensional spacetime that reflects the intrinsic quantum numbers of chirality spin. A generalized

Dirac equation is obtained in the six-dimensional spacetime with a maximal symmetry. Based on the framework

of gravitational quantum field theory proposed in Ref. [1] with the postulate of gauge invariance and coordinate

independence, we arrive at a maximally symmetric gravitational gauge field theory for the massless Dirac fermion

in six-dimensional spacetime. Such a theory is governed by the local spin gauge symmetry SP (1,5) and the global

Poincaré symmetry P (1,5)= SO(1,5)nP
1,5 as well as the charge spin gauge symmetry SU(2). The theory leads to

the prediction of doubly electrically charged bosons. A scalar field and conformal scaling gauge field are introduced

to maintain both global and local conformal scaling symmetries. A generalized gravitational Dirac equation for the

massless Dirac fermion is derived in the six-dimensional spacetime. The equations of motion for gauge fields are

obtained with conserved currents in the presence of gravitational effects. The dynamics of the gauge-type gravifield

as a Goldstone-like boson is shown to be governed by a conserved energy-momentum tensor, and its symmetric part

provides a generalized Einstein equation of gravity. An alternative geometrical symmetry breaking mechanism for

the mass generation of Dirac fermions is demonstrated.
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1 Introduction

After building the theory of general relativity [2], Ein-
stein predicted the existence of gravitational waves [3].
The direct observation of gravitational waves at LIGO [4]
and the discovery of the Higgs boson at the LHC [5, 6]
motivate us to further explore more fundamental issues,
such as the structure of matter, the dynamics of space-
time, the origin of the universe and the mass generation
of quantum fields. These are the most challenging prob-
lems in the basic sciences and all concern a deep under-
standing of the nature of gravity.

The gravitational force is currently characterized by

the theory of general relativity (GR), which is applied
successfully to describe the macroscopic world. GR was
formulated by Einstein based on the postulate: the laws
of physics must be of such a nature that they apply to
systems of reference in any kind of motion. More explic-
itly, the physical laws of nature are to be expressed by
equations which hold good for all systems of coordinates,

Rµν−
1

2
gµνR=

8πG

c4
Tµν , G=

~c5

M 2
P

, (µ=0,1,2,3) (1)

where G is Newton’s gravitational constant and c the
speed of light in vacuum, and ~ and MP the Planck con-
stant and Planck mass, respectively. The left-hand side
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shows the geometric property of spacetime with Rµν the
Ricci tensor and R=gµνRµν the curvature tensor, which
is determined by the metric tensor gµν , and the right-
hand side reflects the property of matter with Tµν the
energy-momentum tensor of matter.

The establishment of GR and its experimental tests
have led to a breakthrough in the understanding of the
structure of spacetime and the correlation between the
geometric property and matter distribution. It has been
shown that the gravitational force is characterized as
the dynamic Riemannian geometry of curved space-time.
Namely, the physical laws are invariant under the gen-
eral linear transformation of local GL(4,R) symmetry,
which indicates that space and time can no longer be
well defined in such a way that the differences of the spa-
tial coordinates or time coordinate can be directly mea-
sured by the standard ways proposed in special relativ-
ity. Furthermore, energy-momentum conservation can-
not be well defined, as the GL(4,R) group contains no
symmetry of the translational group P 1,3. Manifestly, it
is in contrast to other three basic forces, the electromag-
netic, weak and strong forces [7–15], which are all de-
scribed by gauge field interactions within the framework
of quantum field theory (QFT). QFT has been estab-
lished based on the globally flat Minkowski spacetime of
special relativity and possesses a global symmetry of in-
homogeneous Lorentz groups in four-dimensional space-
time, which contains both the Lorentz group SO(1,3)
and translational group P 1,3, i.e., Poincaré group P (1,3)
= SO(1,3)nP 1,3.

Such an odd dichotomy causes difficulties for the
quantization of gravitational force and the unification
of gravitational force with the other three basic forces.
This should not be surprising, as GR was formulated
by Einstein in 1915 as a direct extension to special rel-
ativity. At that time, quantum mechanics was not yet
established and the equation of motion of the electron
was unclear, not to mention that the weak and strong
forces as well as the basic building blocks of nature and
the framework of QFT were all unknown. Quantum me-
chanics was originally established in the mid-1920s as
a non-relativistic quantum mechanics and obtained by
quantizing the equations of classical mechanics by re-
placing dynamical variables with operators. Its mathe-
matical formulation is applied in the context of Galilean
relativity.

A relativistic formulation was a natural extension of
non-relativistic quantum mechanics. The key progress
made by Dirac was the relativistic quantum Dirac equa-
tion [16],

(E−cα·p−βmc2)ψ=0; or (E+cα·p+βmc2)ψ=0(2)

with α = (α1,α2,α3) and β the 4×4 Hermitian matri-
ces satisfying the conditions αiβ=−βαi, αiαj =−αjαi

( i 6= j) and α2
i = β2 = 1. The matrices multiplying ψ

shows that it is a field with a complex four-component
entity. The Dirac equation is relativistically invariant.
More explicitly, a Poincaré covariant formulation of the
Dirac equation can be expressed as

(γµi∂µ−m)ψ=0, µ=0,1,2,3,

ψT =(ψ1 ,ψ2 ,ψ3 ,ψ4), γ0=β, γi=βαi , (3)

with the 4-dimensional coordinate derivative ∂µ=∂/∂xµ

and the 4×4 γ-matrix γµ, which satisfies anticommuta-
tion relations

{γµ γν}=ηµν , ηµν =diag.(1,−1,−1,−1) (4)

The Dirac equation is a crucial step for the unity of
quantum mechanics and special relativity, which led to
the successful development of relativistic quantum me-
chanics and QFT. The Dirac equation reveals an in-
teresting correlation between the dimensions of space-
time and the degrees of freedom or quantum numbers of
the basic building blocks, such as electrons and quarks.
Specifically, the four-dimensional spacetime of coordi-
nates correlates with the four-component entity of the
Dirac spinor. Such a four-component entity field reflects
the spin- 1

2
property and negative energy solution of the

Dirac field ψ(x), which provided a pure theoretical pre-
diction of the existence of antiparticles.

Inspired by the relativistic Dirac equation, in this
paper we will investigate the intrinsic properties of a
massless Dirac spinor and show an additional correla-
tion between the chirality spin quantum numbers and ex-
tra dimensions. We shall begin with a demonstration to
show the maximal symmetry for a massless Dirac spinor
and how to derive a generalized Dirac equation in a six-
dimensional spacetime. We then follow the framework of
gravitational quantum field theory proposed in Ref. [1]
with the postulate of gauge invariance and coordinate
independence, which is an alternative to Einstein’s pos-
tulate on general covariance of coordinate transforma-
tion for the theory of general relativity [2], to find a
unified description of quantum mechanics and gravita-
tional interaction for the massless Dirac spinor in the
six-dimensional spacetime.

Our paper is organized as follows. In Section 2, by
considering a massless Dirac spinor, we extend the Dirac
equation in four-dimensional spacetime to an extended
Dirac equation in a six-dimensional spacetime, so that
the Lorentz symmetry group SO(1,3) in the vector rep-
resentation of coordinates and the spinor spin symmetry
group SP (1,3)∼= SO(1,3) in the spinor representation of
the Dirac field are generalized to the Lorentz symme-
try group SO(1,5) and the spinor spin symmetry group
SP (1,5), respectively. Under the ordinary parity and
time-reversal operations, the fifth and sixth dimensions
transform as spatial and time-like dimensions, respec-
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tively. An intrinsic W-parity is introduced to charac-
terize the two extra dimensions. With the properties
of charge-conjugation and W-parity, we demonstrate in
Section 3 the existence of a maximal internal gauge sym-
metry SU(2) for the massless Dirac spinor. An action
with the maximal symmetry is built in the globally flat
six-dimensional Minkowski spacetime. We then derive a
generalized relativistic quantum equation for the mass-
less Dirac field and the gauge field as well as the sin-
glet scalar field introduced to maintain a conformal scal-
ing symmetry. Doubly electrically charged bosons are
predicted in the theory. In Section 4, when taking the
spinor spin group symmetry SP (1,5) and the global con-
formal scaling symmetry of the Dirac field as internal
gauge symmetries, we are led to a biframe spacetime
structure TM ×GM associated with its dual spacetime
T ∗

M ×G∗
M over the Minkowski spacetime MA. A bico-

variant vector gravifield χ̂ µ̂
â (x) (a dual gravifield χ â

µ̂(x))
defined on TM×GM (a dual biframe spacetime T ∗

M×G∗
M )

is introduced to characterize the gravitational interac-
tion. Based on the nature of globally and locally flat
vector spacetimes, it allows for the canonical identifi-
cation of vectors in the tangent Minkowski spacetime
TM at points with vectors in the Minkowski spacetime
MA itself, and also the canonical identification of vec-
tors at a point with its dual vectors at the same point.
The total spacetime is viewed as a gravifield fiber bun-
dle E with the identified locally flat gravifield spacetime
G ≡ GM

∼= G∗
M as the fiber and the identified globally

flat vacuum spacetime V ≡ TM
∼= T ∗

M
∼=MA as the base

spacetime. With the principle of gauge invariance and
coordinate independence proposed recently in Ref. [1] for
a quantum field theory of gravity, we arrive at a gravita-
tional gauge field theory for a massless Dirac spinor with
maximal symmetry in the locally flat gravifield space-
time G. In Section 5, we present an alternative for-
malism by projecting the action into the globally flat
Minkowski spacetime V , which enables us to derive equa-
tions of motion for all fields and conservation laws for all
symmetries. The equation of motion for the gauge-type
gravifield is in general connected with a nonconserved
current. When turning to a hidden gauge formalism, the
dynamics of the gravifield is found to be characterized
by a total energy-momentum tensor. The conservation
of total energy-momentum tensor leads to an interesting
relation between the field strengths and the spacetime
gauge field. The symmetric part of the equation of the
gravifield tensor gives a generalized Einstein equation of
gravity in the six-dimensional spacetime. Our conclu-
sions and remarks are given in Section 6.

2 Chirality spin & W-parity of massless

dirac spinor and extra dimensions with

maximal Lorentz & spin symmetry

To show the explicit symmetries of a theory, it is
useful to write down a corresponding action for such a
theory. The action to yield the Dirac equation (3) can
simply be written as

S4d
D =

∫

d4x
1

2

(

ψ̄(x)γµi∂µψ(x)+H.c.
)

−mψ̄(x)ψ(x) (5)

with ψ̄(x) = ψ†(x)γ0 as antispinor field. The action
is invariant under the global Poincaré group P (1,3) =
SO(1,3)nP 1,3. The global Lorentz group transformation
is given by

xµ→x
′µ=Lµ

νx
ν , ψ(x)→ψ′(x′)=S(L)ψ(x),

Lµ
νL

ρ
σηµρ=ηνσ , Lµ

ν∈SO(1,3) (6)

with the group element

S(L)=eiαµνΣµν/2∈SP (1,3), Σµν =
i

4
[γµ,γν ]

S(L)γµS−1(L)=Lµ
νγ

ν , (7)

where Σµν are the generators of the spin group SP (1,3)
in the spinor representation. From the isomorphism
property of the group, the spin group SP (1,3) is iso-
morphic to the Lorentz group SO(1,3), i.e., SP (1,3) ∼=
SO(1,3). For the translational group P 1,3, it is invariant
under the parallel translation of coordinates

xµ→x
′µ=xµ+aµ (8)

with aµ the constant vector.
It indicates that the external rotational invariance

of spacetime coordinates in the vector representation is
coherent to the internal spin invariance of the Dirac
field in the spinor representation. Namely, the exter-
nal symmetry SO(1,3) of the four-dimensional space-
time coordinates must coincide with the internal sym-
metry SP (1,3) of the four-component entity Dirac field.
As a consequence, it results in the conservation of to-
tal angular momentum. Specifically, the internal spin
symmetry SP (1,3) incorporates a boost spin symme-
try SU∗(2) and a helicity spin symmetry SU(2), i.e.,
SP (1,3)∼=SO(1,3)∼=SU∗(2)×SU(2).

The mass of a Dirac spinor is supposed to originate
from spontaneous symmetry breaking. Let us consider
a massless Dirac spinor m= 0. As a consequence, the
above action generates two new symmetries.

One is the global conformal scaling symmetry.
Namely, the action is invariant under the global confor-
mal scaling transformation for the coordinates and Dirac
field,

xµ→x
′µ=λ−1xµ, ψ(x)→ψ′(x′)=λ3/2ψ(x), (9)

with λ the constant scaling factor.
The other is the so-called chiral symmetry. It can be

shown that the action is invariant under the global chiral
transformation

ψ(x)→ψ′(x)=eiα5γ5ψ(x) (10)
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with

γ5γµ=−γµγ5, γ5=iγ0γ1γ2γ3=− i

4!
εµνσργ

µγνγσγρ . (11)

It characterizes an intrinsic property of the Dirac spinor,
which may be called a chirality spin.

Inspired by the derivation of the Dirac equation, it
is natural to postulate that such a chirality spin invari-
ance of massless Dirac spinors in the spinor representa-
tion reflects a rotational invariance of extra spacetime
dimensions. It is not difficult to check that once the
Dirac spinor becomes massless m=0, the action Eq. (5)
in four-dimensional spacetime can be extended to an ac-
tion in a six-dimensional spacetime,

S6d
D =

∫

d6x
1

2

(

ψ̄(x̂)Γ µ̂i∂µ̂ψ(x̂)+H.c.
)

, µ̂=(µ,5,6),(12)

where ψ(x̂) remains a four-component entity Dirac
spinor but as a field of six-dimensional spacetime coor-
dinates x̂={xµ̂}. We have used the following notations,

xµ̂=(xµ,x5,x6), Γ µ̂=(γµ,Γ 5,Γ 6), Γ 5=iγ5 , Γ 6=I4 ,
(13)

with I4 denoting the 4×4 unit matrix. The equation of
motion for such a massless Dirac spinor reads

Γ µ̂i∂µ̂ψ(x̂)=0, ηµ̂ν̂∂µ̂∂ν̂ψ(x̂)=0, (14)

with the constant metric matrix

ηµ̂ν̂ =ηµ̂ν̂ =diag.(1,−1,−1,−1,−1,−1). (15)

The signature of ηµ̂ν̂ is −4, which indicates that the
additional two dimensions are spatial ones. This can
explicitly be checked from the invariance of chiral trans-
formation of the Dirac spinor. The coordinates of the
fifth and sixth dimensions transform correspondingly as
a rotation, i.e.,

ψ(x)→ψ′(x)=eiαγ5ψ(x),
(

x5

x6

)

→
(

x′
5

x′
6

)

=

(

cosα sinα

−sinα cosα

)

(

x5

x6

)

. (16)

It can be shown that the action, Eq. (12), becomes
invariant under the Lorentz group SO(1,5)

xµ̂→x
′µ̂=Lµ̂

ν̂x
ν̂ , ψ(x̂)→ψ′(x̂′)=S(L)ψ(x̂),

Lµ̂
ν̂L

ρ̂
σ̂ηµ̂ρ̂=ην̂σ̂ , Lµ̂

ν̂∈SO(1,5), (17)

where S(L) is the spin group element in the spinor rep-
resentation

S(L)=eiαµ̂ν̂Σµ̂ν̂/2∈SP (1,5), S(L)Γ µ̂S−1(L)=Lµ̂
ν̂Γ

ν̂

Σµ̂ν̂ =(Σµν ,Σµ5,Σµ6,Σ56), Σµν =
i

4
[γµ,γν ],

Σµ5=−Σ5µ=−1

2
γµγ5, Σµ6=−Σ6µ=

1

2
iγµ,

Σ56=−Σ65=−1

2
γ5 , (18)

where the fifteen 4×4 matrices Σµ̂ν̂ are the generators
of spin group SP (1,5) in the spinor representation. The
transformation under the internal spin group SP (1,5)
has to coincide with that under the external Lorentz
group SO(1,5) in order to preserve maximal symmetry.

From group isomorphism, SP (1,5)∼=SO(1,5)∼=SU∗(4),
the spin group SP (1,5) provides a maximal unitary sym-
metry for the four-component entity complex Dirac field.
To further reveal intrinsic properties of the above action,
we shall demonstrate how the extra two dimensions
transform under ordinary parity-inversion (P), time-
reversal (T ) and charge-conjugation (C). To make the
action invariant and nontrivial under the discrete sym-
metries P , T and C in the six-dimensional spacetime,
the Dirac spinor as a field of six-dimensional spacetime
coordinates should transform as follows:

Pψ(x̂)P−1=Pψ(x0,−xk,−x5,x6), k=1,2,3,

P−1Γ µ̂P=Γ µ̂†, P=γ0 , (19)

for parity-inversion,

T ψ(x̂)T −1=Tψ(−x0,xk,−x6), k=1,2,3,5,

T−1Γ µ̂T=Γ µ̂T , T=iγ1γ3 , (20)

for time-reversal, and

Cψ(x̂)C−1=Cψ̄T (xµ,−x5,−x6), µ=0,1,2,3,

C−1Γ µC=−Γ µT , C−1Γ kC=Γ kT , k=5,6, C=iγ2γ0 ,

(21)

for charge conjugation. The Dirac field transforms under
CPT as

CPT ψ(x̂)(CPT )−1=CPT ψ̄T (−xµ,x5,x6), µ=0,1,2,3,

(CPT )−1Γ µCPT=−Γ µ†, (CPT )−1Γ kCPT=Γ k†,

k=5,6, (22)

which shows that the extra two-dimensional coordinates
have a different CPT transformation property from the
ordinary four-dimensional spacetime coordinates.

Unlike the ordinary four-dimensional spacetime co-
ordinates, the signs of the extra two-dimensional coor-
dinates flip under charge-conjugation C. This is because
the pseudoscalar and scalar currents of Dirac spinor are
invariant under ordinary charge-conjugation C in four-
dimensional spacetime. If the extra dimensions do not
undergo a flip in sign under charge-conjugation, the ac-
tion will not be invariant because of the following iden-
tities:

Cψ̄(x̂)iγ5i∂5ψ(x̂)C−1=i∂5ψ̄(x̂)iγ5ψ(x̂),

Cψ̄(x̂)i∂6ψ(x̂)C−1=i∂6ψ̄(x̂)ψ(x̂), (23)

which have opposite signs compared to the terms im-
posed by the hermiticity of the action. The same reason
applies to the transformation properties of the extra di-
mensions under P and T .
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To reflect the intrinsic property of the extra two di-
mensions, let us introduce an intrinsic W-parity. It is
well-known that a massless Dirac spinor can be decom-
posed into two Weyl spinors in four-dimensional space-
time,

ψ≡ψL+ψR , ψL=
1

2
(1−γ5)ψ, ψR=

1

2
(1+γ5)ψ. (24)

Here ψL,R are the so-called left-handed and right-handed
Weyl spinors with a property

γ5ψL=−ψL , γ5ψR=+ψR . (25)

They are regarded as two independent Weyl spinors for
the massless Dirac spinor in four-dimensional spacetime.
However, in the six-dimensional spacetime, the two types
of Weyl spinor are correlated via the spin symmetry
SP (1,5). It is not difficult to check that the action has an
intrinsic discrete symmetry under a W-parity operation
W ,

Wψ(x̂)W−1=Wψ(xµ,−xk), k=5,6,

W−1Γ µW=−Γ µ, W−1Γ kW=Γ k, k=5,6,

W=Γ 5=iγ5 . (26)

Under a combined W-parity and charge-conjugation op-
eration C̃≡WC, we have

C̃ψ(x̂)C̃−1=C̃ψ̄T (x̂),

C̃−1Γ µ̂C̃=Γ µ̂T , C̃=WC=−γ5γ2γ0 , (27)

which shows that only under the combined operation C̃
are all six-dimensional coordinates unchanged. Such a
combined operator C̃ has the following feature:

(

ψc̃(x̂)
)c̃

=C̃ψc̃(x̂)C̃−1=−ψ(x̂), (28)

which indicates that the W-parity charge-conjugation
characterizes a discrete Z4 property.

It is useful to introduce a joint operator Θ≡WCPT =
C̃PT . Under Θ operation, we have

Θψ(x̂)Θ−1=Θψ̄T (−x̂),
Θ−1Γ µ̂Θ=Γ µ̂†, Θ=WCPT=C̃PT=γ0 , (29)

which demonstrates that the joint operation Θ becomes
more essential than the ordinary joint operation CPT for
the massless Dirac spinor as a field of six-dimensional
spacetime coordinates.

3 Massless Dirac spinor as Majorana-

or Weyl-Type spinor in 6D spacetime

and charge spin gauge symmetry

3.1 Massless Dirac spinor as Majorana-type

spinor in 6D spacetime

In terms of the Dirac field ψc̃(x̂) defined via the com-
bined W-parity charge-conjugation C̃, i.e.,

ψc̃(x̂)≡C̃ψ(x̂)C̃−1=C̃ψ̄T (x̂), (30)

the action for the massless Dirac spinor in the six-
dimensional spacetime can be rewritten as follows

S6d
M =

∫

d6x
1

2

(

ψ̄(x̂)Γ µ̂i∂µ̂ψ(x̂)+ψ̄c̃(x̂)Γ µ̂i∂µ̂ψ
c̃(x̂)

)

≡
∫

d6x
1

2
Ψ̄(x̂)Γ µ̂i∂µ̂Ψ(x̂). (31)

Here, Ψ(x̂) is an eight-component entity spinor field de-
fined as

Ψ(x̂)≡
(

ψ(x̂)

ψc̃(x̂)

)

, (32)

which is a Majorana-type spinor in the six-dimensional
spacetime,

Ψ ĉ(x̂)=ĈΨ(x̂)Ĉ−1=ĈΨ̄T (x̂)=Ψ(x̂), (33)

with Ĉ given explicitly by

Ĉ=−iσ2⊗C̃ . (34)

Here σ2 is the antisymmetry Pauli matrix. The 8×8 ma-
trix Ĉ valued in the spinor representation defines a new
charge-conjugation in the six-dimensional spacetime.

It is seen that the W-parity charge-conjugated Dirac
field ψc̃(x̂) enables us to express the complex four-
component entity Dirac field ψ(x̂) as an eight-component
entity Majorana-type spinor field Ψ(x̂) and obtain a
self hermitian action. Considering ψ(x̂) and ψ c̃(x̂) as
a charge spin doublet, we can show that the action given
in Eq. (31) possesses an internal charge spin symmetry
SU(2) that characterizes the coherence between ψ(x̂)
and ψc̃(x̂). Namely, the action is invariant under the
symmetry group SU(2) transformation

Ψ(x̂)→Ψ ′(x̂)=eαiτi/2Ψ(x̂), (i=1,2,3) (35)

with τi/2 the generators of SU(2).

3.2 Charge spin gauge symmetry and doubly

electron-charged bosons

By gauging the charge spin symmetry SU(2) and
introducing the corresponding gauge field Aµ(x̂) ≡
gcA

i
µ(x̂)τi/2, we obtain an action with the internal charge

spin gauge symmetry SU(2) for the massless Dirac
spinor. The action is explicitly given as follows

S6d
M =

∫

d6x

{

1

2
ϕ2(x̂)Ψ̄(x̂)Γ µ̂iDµ̂Ψ(x̂)

− 1

2g2
c

ϕ2(x̂)TrFµ̂ν̂(x̂)F µ̂ν̂(x̂)

+
1

2
ϕ2∂µ̂ϕ(x̂)∂µ̂ϕ(x̂)−λs

1

6
ϕ6(x̂)

}

, (36)

with gc and λs the coupling constants. Dµ̂ and Fµ̂ν̂(x̂)
are the covariant derivative and field strength, respec-
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tively, in the six-dimensional spacetime:

iDµ̂=i∂µ̂+Aµ̂(x̂),

Fµ̂ν̂(x̂)=i[Dµ̂Dν̂ ]=∂µ̂Aν̂(x̂)−∂ν̂Aµ̂(x̂)−i[Aµ̂(x̂)Aν̂(x̂)].

(37)

When such a Dirac spinor is regarded as a mass-
less charged particle, the third component gauge field
A3

µτ3/2 that is associated with the symmetry of subgroup
U(1)∈SU(2) will characterize an electromagnetic inter-
action. The gauge bosons in the coset SU(2)/U(1) are
doubly electrically charged bosons.

A singlet scalar field ϕ(x̂) is introduced to preserve
the global conformal scaling symmetry of the action un-
der the transformations

xµ̂→x
′µ̂=λ−1xµ̂ , Ψ(x̂)→Ψ ′(x̂′)=λ3/2Ψ(x̂),

Aµ̂→A′
µ̂(x̂′)=λAµ̂(x̂), ϕ(x̂)→ϕ′(x̂′)=λϕ(x̂).(38)

From the above action, Eq. (36), we arrive at an equa-
tion of motion

Γ µ̂iDµ̂Ψ(x̂)=0, (39)

for the massless Dirac spinor in the six-dimensional
spacetime. In terms of the quadratic form of the co-
variant derivation, we have

ηµ̂ν̂Dµ̂Dν̂Ψ(x̂)=Σµ̂ν̂Fµ̂ν̂Ψ(x̂),

ηµ̂ν̂ =diag(1,−1,−1,−1,−1,−1). (40)

For a comparison with the four-dimensional theory, it is
useful to rewrite the above equation as follows:

DµD
µΨ(x̂)−1

2
σµνFµνΨ(x̂)

=−(γµγ5Fµ5−iγµFµ6+γ
5F56)Ψ(x̂)−DαDαΨ(x̂),

(41)

where the right-hand side shows the effect arising from
extra dimensions. We have used the following definitions

Dµ=∂µ−igcA
i
µ

1

2
τi , Dα=∂α−igcA

i
α

1

2
τi α=5,6

Fµα=DµAα−DαAµ , α=5,6, F56=D5A6−D6A5 .

(42)

The equation of motion for the scalar field reads

∂µ̂∂
µ̂ϕ2(x̂)−2λsϕ

4(x̂)=−F i
µ̂ν̂F

µ̂ν̂ i+2Ψ̄(x̂)Γ µ̂iDµ̂Ψ(x̂).

(43)

For the gauge field, we obtain the following equation of
motion

Dν̂F
µ̂ν̂ i(x̂)+F µ̂ν̂ i(x̂)∂ν̂ lnϕ2(x̂)=

1

2
gcΨ̄(x̂)Γ µ̂ 1

2
τ iΨ(x̂).

(44)

So far we have shown that a complex four-component
entity massless Dirac spinor in four dimensional space-
time can be realized as an eight-component entity mass-

less Majorana-type spinor in six-dimensional spacetime.
The action is explicitly constructed to have the inter-
nal charge spin gauge symmetry SU(2) and the maximal
global internal spin symmetry SP (1,5) that transforms
coherently with the maximal global external Lorentz
symmetry SO(1,5).

In general, the complex Dirac field can be decom-
posed into real- and imaginary-type spinor fields

ψ(x̂)=ψc+(x̂)+ψc−(x̂),

ψc±(x̂)≡ 1√
2
(ψ(x̂)±ψc(x̂)),ψc(x̂)≡Cψ̄T (x̂)=Cγ0ψ

∗(x̂)

(45)

which satisfy the conditions

Cψ̄T
c+(x̂)=ψc+(x̂), Cψ̄T

c−(x̂)=−ψc−(x̂). (46)

The Majorana-type field in the 6D spacetime can be
rewritten as

Ψ(x̂)≡
(

ψ(x̂)

ψc̃(x̂)

)

=
1√
2

(

1 1

iγ5 iγ5

)

Ψ1(x̂),

Ψ1(x̂)≡
(

ψc+(x̂)

ψc−(x̂)

)

. (47)

The charge conjugation for Ψ1(x̂) is defined as

Ψ ĉ
1 (x̂)=ĈΨ1(x̂)Ĉ−1=ĈΨ̄T (x̂)=Ψ1(x̂), Ĉ=σ3×C. (48)

In terms of Ψ1(x̂), the action for the spinor field can be
expressed as

S6d
F =

∫

d6x
1

2
ϕ2(x̂)Ψ̄1(x̂)Γ

µ̂iD̃µ̂Ψ1(x̂), (49)

with

Γ µ̂=(γµ,Γ 5,Γ 6), Γ 5=iσ1×γ5 , Γ 6=σ1×I4 ,
iD̃µ̂=i∂µ̂+Ai

µ̂τi/2, τ1=σ1×I4 , τi=σi×γ5 (i=2,3).

(50)

In other alternative representations, we have

S6d
F =

∫

d6x
1

2
ϕ2(x̂)Ψ̄2(x̂)Γ

µ̂iD̃µ̂Ψ2(x̂),

Ψ2(x̂) ≡
(

ψc+(x̂)

iψc−(x̂)

)

(51)

with

Γ µ̂=(γµ,Γ 5,Γ 6), Γ 5=iσ2×γ5 , Γ 6=σ2×I4 , Ĉ=I2×C,
iD̃µ̂=i∂µ̂+Ai

µ̂τi/2, τ2=σ2×I4 , τi=σi×γ5 (i=1,3).(52)

and

S6d
F =

∫

d6x
1

2
ϕ2(x̂)Ψ̄3(x̂)Γ

µ̂iD̃µ̂Ψ3(x̂), Ψ3(x̂)≡
(

ψ(x̂)

ψc(x̂)

)

(53)
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with

Γ µ̂=(γµ,Γ 5,Γ 6), Γ 5=iσ3×γ5 , Γ 6=σ3×I4 , Ĉ=σ1×C,
iD̃µ̂=i∂µ̂+Ai

µ̂τi/2, τ3=σ3×I4 , τi=σi×γ5 (i=1,2). (54)

Different spinor structures reflect relevant properties
of extra dimensions and representations of internal sym-
metry.

3.3 Majorana-Weyl property of massless Dirac

spinor

To reflect explicitly the properties of chirality spin
and W-parity, it is useful to show that a complex four-
component entity massless Dirac spinor in four dimen-
sional spacetime can be realized as an eight-component
entity massless Weyl spinor in six-dimensional spacetime
as follows

S6d
W =

∫

d6x
1

2

(

ψ̄−(x̂)Γ µ̂i∂µ̂ψ−(x̂)+H.c.
)

, (55)

with

Γ µ̂=(γµ,Γ 5,Γ 6), Γ 5=iσ1⊗γ5 , Γ 6=iσ2⊗γ5 . (56)

ψ−(x̂) is an eight-component entity massless Weyl-type
spinor defined as

ψ−(x̂)≡
(

ψL(x̂)

ψR(x̂)

)

, γ7ψ−(x̂)=−ψ−(x̂), γ7=σ3⊗γ5 (57)

with ψL(x̂) and ψR(x̂) the left-handed and right-handed
Weyl spinors defined in Eq. (24). It is clear that
the action Eq. (55) is invariant under the Lorentz
symmetry group SO(1,5) and spin symmetry group
SP (1,5)∼=SO(1,5) with generators and constant metric
matrix

Σµ̂ν̂ =
i

4
[Γµ̂,Γν̂ ],

ηµ̂ν̂ =
1

2
{Γµ̂,Γν̂}, ηµ̂ν̂ =diag.(1,−1,−1,−1,−1,−1). (58)

It is easy to show that both fifth and sixth dimensions
are spatial under operations P and T . We can define
the charge conjugation for such a Weyl-type spinor in
the six-dimensional spacetime. Explicitly, the charge-
conjugated Weyl spinor ψc

−(x̂) is defined as

ψc̄
−(x̂)≡C6ψ−(x̂)C−1

6 =C6ψ̄
T
−(x̂)=

(−iψc
R(x̂)

iψc
L(x̂)

)

, (59)

with the property for the charge-conjugation operator

C6Γ
µ̂C−1

6 =−Γ µ̂T , C6=σ2⊗C, C=iγ2γ0 ,
(

ψc̄
−(x̂)

)c̄≡C6ψ
c̄
−(x̂)C−1

6 =−ψ−(x̂). (60)

The action Eq. (55) can be rewritten as follows:

S6d
W =

∫

d6x
1

2

(

ψ̄−(x̂)Γ µ̂i∂µ̂ψ−(x̂)+ψ̄c̄
−(x̂)Γ µ̂i∂µ̂ψ

c̄
−(x̂)

)

≡
∫

d6x
1

2
Ψ̄−(x̂)Γ µ̂i∂µ̂Ψ− , (61)

where we have taken ψ−(x̂) and ψc
−(x̂) as a charge spin

doublet to define the following sixteen-component entity
spinor field

Ψ−(x̂)≡
(

ψ−(x̂)

ψc̄
−(x̂)

)

. (62)

We can check that the action Eq. (61) is equivalent to
the action Eq. (31) by noticing the following identity

ψc̄
−(x̂)=

(

ψ c̃
R(x̂)

ψ c̃
L(x̂)

)

. (63)

It is not difficult to show that Ψ−(x̂) satisfies a Majorana-
type condition

Ψ c
−(x̂)=C8Ψ−(x̂)C−1

8 =Ψ−(x̂),

C8=σ2⊗C6=σ2⊗σ2⊗C. (64)

The action Eq. (61) possesses the charge spin sym-
metry SU(2) between Weyl-type spinor ψ−(x̂) and its
charge-conjugation ψc̄

−(x̂). Again taking SU(2) as a
gauge symmetry, we can obtain, analogous to the action
Eq. (36), the following gauge invariant action

S6d
MW =

∫

d6x

{

1

2
ϕ2(x̂)Ψ̄−(x̂)Γ µ̂iDµ̂Ψ−(x̂)

−1

4
ϕ2(x̂)F i

µ̂ν̂(x̂)F
µ̂ν̂ i(x̂)

+
1

2
ϕ2(x̂)∂µ̂ϕ(x̂)∂µ̂ϕ(x̂)−1

6
λsϕ

6(x̂)

}

. (65)

Here Ψ−(x̂) is regarded as a Majorana-Weyl-type spinor
in the spinor representation of eight dimensions.

The extra dimensions correlate with the chirality spin
of the Dirac spinor. In general, a massless Dirac spinor is
characterized by the intrinsic quantum numbers of boost
spin, helicity spin, chirality spin and charge spin.

4 Gravifield fiber bundle structure of

spacetime and gravitational gauge

field theory in 6D spacetime

The above action for the massless Dirac spinor with
maximal symmetry is built based on a globally flat
Minkowski spacetime , which is an affine spacetime de-
noted as MA for a convenience. It possesses in general a
Poincaré or non-homogeneous Lorentz symmetry P (1,5)
= SO(1,5)nP 1,5. Both internal spin symmetry SP (1,5)
of the massless Dirac spinor and external Lorentz sym-
metry SO(1,5) of the coordinates are global symmetries.
They have to coherently incorporate each other to pre-
serve the Lorentz invariance of the action in the six-
dimensional spacetime. In this section, we shall pro-
pose that the spinor spin symmetry SP (1,5), analogous
to other internal symmetries of spinors, is gauged as
a local symmetry, and the external Lorentz symmetry
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SO(1,5) remains a global symmetry. Thus the spinor
spin symmetry SP (1,5) as an internal symmetry is dis-
tinguished from the external Lorentz symmetry SO(1,5).
To build an action with both the local spin gauge symme-
try SP (1,5) and the global Lorentz symmetry SO(1,5),
we shall apply the postulate proposed in Ref. [1] to con-
struct an action within the framework of gravitational
quantum field theory.

4.1 Gravifield fiber bundle structure of space-

time

As demonstrated in Ref. [1], it is essential to intro-
duce a bicovariant vector field and a spin gauge field to
preserve both the local spin gauge symmetry SP (1,5)
and the global Lorentz symmetry SO(1,5). Explicitly,
the kinematic term for the Dirac spinor field is extended
to be

Γ µ̂i∂µ̂→Γ âχ̂ µ̂
â (x̂)

(

i∂µ̂+gsA b̂ĉ
µ̂ (x̂)

1

2
Σb̂ĉ

)

, (66)

with χ̂ µ̂
â (x̂) the bicovariant vector field, and

Aµ̂(x̂)=gsA b̂ĉ
µ̂ (x̂)

1

2
Σb̂ĉ , (67)

the spin gauge field. Here the Greek alphabet (µ̂,µ̂ =

0,1,2,3,5,6) and the Latin alphabet (â, b̂,= 0,1,2,3,5,6)
are adopted to distinguish the vector indices defined in
the vector representations of Lorentz group SO(1,5) and
spin group SP (1,5), respectively.

The derivative vector operator ∂µ̂ ≡ ∂/∂xµ̂ at the
point x̂ ofMA defines a tangent basis {∂µ̂}≡{∂/∂xµ̂} for
the tangent Minkowski spacetime TM over the globally
flat Minkowski spacetimeMA. Accordingly, we introduce
a field vector χ̂â(x̂) at point x̂ of MA respective to the
derivative vector operator ∂µ̂. Such a field vector χ̂â(x̂) is
explicitly defined via the bi-covariant vector field χ̂ µ̂

â (x̂)
as follows:

χ̂â(x̂)≡χ̂ µ̂
â (x̂)∂µ̂ , (68)

which forms a field basis {χ̂â(x̂)} for the locally flat non-
coordinate spacetime over the globally flat Minkowski
spacetime MA. We shall call such a locally flat noncoor-
dinate spacetime a gravifield spacetime denoted as GM .
Here χ̂ µ̂

â (x̂) is the so-called gravifield and {χ̂â(x̂)} pro-
vides a gravifield basis.

The displacement vector dxµ at point x̂ of MA defines
a dual tangent basis {dxµ̂} for a dual tangent Minkowski
spacetime T ∗

M over the globally flat Minkowski spacetime
MA. The tangent basis and dual tangent basis satisfy the
dual condition

〈

dxµ̂,∂/∂xν̂
〉

=
∂xµ̂

∂xν̂
=η µ̂

ν̂ . (69)

Analogously, we shall introduce a dual vector χ â(x̂)
at point x̂ of MA respective to the displacement vector

dxµ. For that, let us first define a dual bicovariant vector
field χ â

µ̂(x̂) via the following orthonormal conditions

χ â
µ̂(x̂)χ̂ µ̂

b̂
(x̂)=χ â

µ̂(x̂)χ̂b̂ν̂(x̂)η
µ̂ν̂ =η â

b̂
,

χ â
µ̂(x̂)χ̂ ν̂

â (x̂)=χµ̂â(x̂)χ̂
ν̂
b̂
(x̂)ηâb̂=η ν̂

µ̂ , (70)

which can be regarded as the inverse of the gravifield
χ̂ µ̂

â (x̂). Thus the dual bicovariant vector χ â
µ̂(x̂) is dual

to the gravifield, which exists once the determinant of
χ̂ µ̂

â (x̂) is nonzero, detχ̂ µ̂
â (x̂) 6=0.

The dual vector χâ(x̂) is defined via the gauge-type
gravifield χ â

µ̂(x̂) associated with the displacement vector
dxµ

χâ(x̂)=χ â
µ̂(x̂)dxµ̂ (71)

which satisfies the dual condition
〈

χâ, χ̂b̂

〉

=χ â
µ̂(x̂)χ̂ ν̂

b̂
(x̂)
〈

dxµ̂,∂ν̂

〉

=χ â
µ̂(x̂)χ̂ ν̂

b̂
(x̂)η µ̂

ν̂ =η â
b̂
.

(72)

The dual gravifield basis {χâ} forms a dual gravifield
spacetime G∗

M over the globally flat Minkowski space-
time MA.

The gravifield χ̂ µ̂
â (x̂) defined on the gravifield space-

time GM and valued on the tangent Minkowski space-
time TM transforms as a bicovariant vector field under
both the local spin gauge transformation SP (1,5) and
global Lorentz transformation SO(1,5). Such a gravi-
field basis does not commute and satisfies the following
non-commutation relation

[χ̂â, χ̂b̂]=f
ĉ
âb̂
χ̂ĉ, f ĉ

âb̂
≡−1

2

(

χ̂ µ̂
â χ̂

ν̂
b̂
−χ̂ µ̂

b̂
χ̂ ν̂

â

)

χĉ
µ̂ν̂ ,

χĉ
µ̂ν̂ =∂µ̂χ

ĉ
ν̂−∂ν̂χ

ĉ
µ̂ , (73)

which shows that the locally flat gravifield spacetime GM

is associated with a non-commutative geometry. Such a
non-commutative geometry is characterized by a gravi-
tational field strength χâ

µ̂ν̂ defined from the gauge-type
gravifield χ â

µ̂(x̂). We write such a gauge-type gravifield
as follows

zµ̂(x̂)=χ â
µ̂(x̂)

1

2
Γâ, (74)

which is defined in the dual tangent Minkowski spacetime
T ∗

M and valued on the dual gravifield spacetime G∗
M .

Geometrically, we arrive at a biframe spacetime TM×
GM associated with its dual spacetime T ∗

M×G∗
M over the

spacetime MA. Based on the nature of globally and lo-
cally flat vector spacetimes, it allows for the canonical
identification of vectors in tangent Minkowski spacetime
TM at points with vectors (points) in Minkowski space-
time itself MA, and also for the canonical identification
of vectors at a point with its dual vectors at the same
point.

Physically, the globally flat Minkowski spacetime is
deemed a vacuum spacetime V . Thus the canonical iden-
tification of vector spacetimes enables us to simplify the
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spacetime structure as

TM
∼=T ∗

M
∼=MA ≡ V ,

GM
∼=G∗

M ≡ G. (75)

Therefore, the total spacetime is viewed as a gravifield
fiber bundle E with the gravifield spacetime G as the
fiber and the vacuum spacetime V as the base space-
time. The correlation between the total spacetime E

and the product spacetime V ×G is defined using a con-
tinuous surjective map πχ which projects the bundle E

to the base spacetime V , i.e., πχ: E→V . Formally, we
express the gravifield fiber bundle structure of spacetime
as (E,V,πχ,G) with the trivial case

E∼V ×G. (76)

4.2 Gravitational gauge field theory for massless

Dirac spinor in 6D spacetime

With the above analysis, we are in a position to build
a gravitational gauge field theory for a massless Dirac
spinor based on the framework of gravitational quantum
field theory proposed in Ref. [1]. Our main postulates
are that: (i) the maximal internal symmetry of the grav-
ifield spacetime G and the Dirac spinor field is a gauge
symmetry that characterizes the basic interaction and
dynamics of all fields, and the maximal external symme-
try of vacuum spacetime V is a global symmetry that
describes the inertial motion and kinematics of all fields;
and (ii) the action is built based on the principles of
gauge-invariance and coordinate-independence.

In terms of the gravifield basis {χâ} and {χ̂â}, it en-
ables us to define a non-coordinate exterior differential
operator in the gravifield spacetime

dχ=χâ∧χ̂â . (77)

Thus all gauge fields and field strengths can be expressed
as the one-form and two-form gravifield spacetime G by
using the gravifield basis vector χâ and exterior differen-
tial operator. Explicitly, we have

A=−iAâχ
â , F=dχA+A∧A=

1

2i
Fâb̂χ

â∧χb̂ ,

z=−izâχ
â , G=dχz+A∧z+W∧z=

1

2i
Gâb̂χ

â∧χb̂ ,

A=−iAâχ
â , F=dχA+A∧A=

1

2i
Fâb̂χ

â∧χb̂ ,

W=−iWâχ
â , W=dχW=

1

2i
Wâb̂χ

â∧χb̂ , (78)

where the gauge fields and field strengths are all sided
on the locally flat gravifield spacetime G. They are pro-
jected through the gravifield χ̂ µ̂

â to become the corre-
sponding gauge fields and field strengths defined in the
globally flat vacuum spacetime V , i.e.,

Aâ=χ̂ µ̂
â (x̂)Aµ̂(x̂), Fâb̂=χ̂

µ̂
â (x̂)χ̂ ν̂

b̂
(x̂)Fµ̂ν̂(x̂), (79)

with A = (A,z,A,W) and F = (F ,G,F,W). The field
strength of the gauge-type gravifield Gµ̂(x̂) has the fol-
lowing explicit form

Gµ̂ν̂(x̂) = ∇µ̂zν̂−∇ν̂zµ̂

= [∇µ̂χ
â
ν̂ (x̂)−∇ν̂χ

â
µ̂(x̂)]

1

2
Γâ≡Gâ

µ̂ν̂(x̂)
1

2
Γâ ,

Gâ
µ̂ν̂(x̂) = (∂µ̂+gwWµ̂)χ â

ν̂ +gsAâ
µ̂ b̂
χ b̂

ν̂

−(∂ν̂+gwWν̂)χ â
µ̂−gsAâ

ν̂ b̂
χ b̂

µ̂ , (80)

with the covariant derivative defined as

i∇µ̂=i∂µ̂+Aµ̂+Wµ̂=i5µ̂+Wµ̂ , i5µ̂=i∂µ̂+Aµ̂ . (81)

Here the gauge field Wµ̂ = gwWµ̂ with gauge coupling
constant gw is introduced to extend the global confor-
mal scaling symmetry of the massless Dirac spinor to a
local conformal scaling gauge symmetry, while allowing
the coordinates of Minkowski spacetime to remain, keep-
ing the global conformal scaling symmetry. Namely, the
Dirac spinor field, scalar field and gravifield transform
under the local conformal scaling gauge transformation
as follows:

Ψ(x̂)→Ψ ′(x̂)=ξ3/2(x̂)Ψ(x̂), ϕ(x̂)→ϕ′(x̂)=ξ(x̂)ϕ(x̂),

χ̂ µ̂
â (x̂)→χ̂

′ µ̂
â (x̂)=ξ(x̂)χ̂ µ̂

â (x̂),

χ â
µ̂(x̂)→χ

′ â
µ̂ (x̂)=ξ−1(x̂)χ â

µ̂(x̂), (82)

and the conformal scaling gauge field transforms as an
Abelian gauge field,

Wµ̂(x̂)→W′
µ̂(x̂)=Wµ̂(x̂)+∂µ̂ lnξ(x̂). (83)

Thus the invariant field strength is given by

Wµ̂ν̂ =∂µ̂Wν̂−∂ν̂Wµ̂ , (84)

which governs a basic force of conformal scaling gauge
interaction. Such a conformal scaling gauge field was
first proposed by Weyl [17] for the purpose of the elec-
tromagnetic field, which is known to result from an U(1)
gauge symmetry.

It is useful to express the covariant derivative as one-
form in the gravifield spacetime G

D≡χâDâ=χâ(χ̂â−iAâ−iAâ) ,

Dâ=χ̂ µ̂
âDµ̂=χ̂ µ̂

â (∂µ̂−iAµ̂−iAµ). (85)

The Hodge star “∗” in the six-dimensional gravifield
spacetime G is defined as

∗F =
1

2!4!2i
εâb̂ĉd̂êf̂ η

ââ′

ηb̂b̂′

Fâ′b̂′χĉ∧χd̂∧χê∧χf̂ . (86)

With the exterior differential operator dχ and the
gravifield basis vectors χâ and χ̂â, it enables us to build
a gauge-invariant and coordinate-independent action in
the gravifield spacetime G. The general form of the ac-
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tion is found to be

S6d
χ =

∫
{

1

2
ϕ2 [iΨ̄−z∧∗DΨ−−

1

g2
c

TrF∧∗F

− 1

2g2
w

W∧∗W− 2

3g2
s

TrF∧∗F ]

+
1

12
ϕ4 [αW TrG∧∗G−2αETrF∧∗(z∧z)]

−1

2
ϕ2dϕ∧∗dϕ+

1

12
λsϕ

6Tr(z∧z)∧∗(z∧z)

}

, (87)

with αE and αW the constant parameters. The following
definitions and relations have been used

z≡η b̂
â

1

2
Γb̂χ

â , ∗χâ=
1

5!
εâ

b̂ĉd̂êf̂
χb̂∧χĉ∧χd̂∧χê∧χf̂ ,

(z∧z)≡η â′

â η
b̂′

b̂

1

2i
Σâ′b̂′χâ∧χb̂ ,

∗(z∧z)=
1

2!4!
η â′

â η
b̂′

b̂

1

2i
Σâ′b̂′ εâb̂

ĉd̂êf̂
χĉ∧χd̂∧χê∧χf̂ ,

dϕ≡(dχ−iW)ϕ,

∗dϕ=
1

5!
(χ̂â−Wâ)ϕε

â
b̂ĉd̂êf̂

χb̂∧χĉ∧χd̂∧χê∧χf̂ , (88)

with εâb̂ĉd̂êf̂ ( ε012356=1, εâb̂ĉd̂êf̂ =−εâb̂ĉd̂êf̂ ) the totally an-
tisymmetric Levi-Civita tensor which has the following
general properties

εa1...an
εb1...bn =−n!ηb1

[a1
...ηbn

an] , εa1...an
εa1...an =−n!,

εa1...akak+1...an
εa1...akbk+1...bn =−k!(n−k)!ηbk+1

[ak+1
...ηbn

an] ,

detM=
1

n!
εa1···anεb1···bnMa1b1 ···Manbn

, (89)

with M an n×n matrix M=(Mab).
The action given in Eq. (87) provides a gravitational

gauge field theory for the massless Dirac spinor with the
maximal gauge symmetry group

GS=SU∗(4)×SU(2)×SG(1). (90)

Here SG(1) denotes the conformal scaling gauge symme-
try. The Dirac spinor field and gauge field belong to the
spinor representation and vector representation of the
spin gauge group SP (1,5)∼= SU∗(4), respectively, in the
six-dimensional gravifield spacetime G.

5 Dynamics of fields and spacetime in

gravitational gauge field theory

The action Eq. (87) is obtained following the princi-
ple of gauge-invariance and coordinate-independence in
the locally flat gravifield spacetime G, which is distin-
guished from the general theory of relativity which was
built based on the principle of general covariance of co-
ordinate with a local symmetry group GL(D, R) in a
curved Riemannian spacetime.

To see explicitly the difference between the gravita-
tional gauge field theory and the general theory of rela-

tivity, it is useful to take a formalism by projecting the
action Eq. (87) from the locally flat gravifield spacetime
G to the gravifield fiber bundle with the globally flat
vacuum spacetime V as a base spacetime. It can be re-
alized by simply changing the gravifield basis {χâ} and
{χ̂â} into the corresponding coordinate basis {dxµ̂} and
{∂µ̂}. The explicit formalism is found to be

S6d
χ =

∫

d6xχ

{

χ̂µ̂ν̂Ψ̄−zµ̂iDν̂Ψ−

−1

4
φχ̂µ̂µ̂′

χ̂ν̂ν̂′

[F i
µ̂ν̂F

i
µ̂′ ν̂′+Wµ̂ν̂Wµ̂′ν̂′+F âb̂

µ̂ν̂Fµ̂′ ν̂′âb̂ ]

+
1

4
φ2 χ̂µ̂µ̂′

χ̂ν̂ν̂′Gâ
µ̂ν̂Gµ̂′ ν̂′â−φ2αEgsχ̂

µ̂
â χ̂

ν̂
b̂
F âb̂

µ̂ν̂

+
1

2
χ̂µ̂ν̂dµ̂φdν̂φ−λsφ

3

}

, (91)

with the definitions

Ψ̄−=ΨT
−C8 , χ̂µ̂ν̂(x̂)=χ̂ µ̂

â (x̂)χ̂ ν̂
b̂
(x̂)ηâb̂ ,

φ≡ϕ2/2, dµ̂φ=(∂µ−2gwWµ)φ, (92)

where the symmetric tensor field χ̂µν(x) couples to all
fields. We have also made a redefinition by rescaling the
Majorana-Weyl type spinor field Ψ−(x̂) Eqs.(62)–(64) to
be

Ψ−(x̂)→Ψ−(x̂)/ϕ(x̂)=Ψ−(x̂)/
√

2φ(x̂). (93)

5.1 Generalized equations of motion in a gravi-

tational relativistic quantum theory

From the above action, we are able to extend the
Dirac equation in four-dimensional relativistic quantum
theory to a generalized equation in the six-dimensional
gravitational relativistic quantum theory. Explicitly, a
generalized equation of motion for the massless Dirac
spinor with maximal symmetry is simply given by

Γ âχ̂ µ̂
â i(Dµ̂+Vµ̂)Ψ−=0, (94)

with the spin gauge-invariant vector field defined as

Vµ̂(x̂) ≡ 1

2
χ̂χ b̂

µ̂5ρ̂(χχ̂
ρ̂

b̂
)=

1

2
(∂µ̂ lnχ+gwWµ̂)−1

2
χ̂ ρ̂

b̂
∇ρ̂χ

b̂
µ̂ ,

(95)

which preserves the conformal scaling gauge invariance
of the equation of motion.

Its quadratic form is found to be

χ̂µ̂ν̂(∇µ̂+Vµ̂)(Dν̂+Vν̂)Ψ−

=Σâb̂χ̂ µ̂
â χ̂

ν̂
b̂
[Fµ̂ν̂+Fµ̂ν̂+iVµ̂ν̂−G ĉ

µ̂ν̂ χ̂
ρ̂
ĉ i(Dρ̂+Vρ̂)]Ψ− ,

(96)

where we have introduced the definitions

(∇µ̂+Vµ̂)(Dν̂+Vν̂)≡(Dµ̂+Vµ̂)(Dν̂+Vν̂)+Γ
ρ̂
(µ̂ν̂)(Dρ̂+Vρ̂),

Gâ
µ̂ν̂ =∇µ̂χ

â
ν̂−∇ν̂χ

â
µ̂ , ∇µ̂χ

â
ν̂ =(∂µ̂+gwWµ̂)χ â

ν̂ +gsAâ
µ̂b̂
χ b̂

ν̂ ,
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Vµ̂ν̂ =∂µ̂Vν̂−∂ν̂Vµ̂=
1

2
Wµ̂ν̂−

1

2
Vµ̂ν̂ , Vµ̂ν̂≡∂µ̂Γ

ρ̂
ρ̂ν̂−∂ν̂Γ

ρ̂
ρ̂µ̂ ,

(97)

with

Γ ρ̂
(µ̂ν̂)≡

1

2
(Γ ρ̂

µ̂ν̂+Γ ρ̂
ν̂µ̂), Γ ρ̂

µ̂ν̂≡χ̂ ρ̂
â∇µ̂χ

â
ν̂ . (98)

Here the tensor field Γ ρ̂
µ̂ν̂(x̂) defines a kind of spacetime

gauge field with a hidden gauge symmetry. The gauge-
type gravifield behaves as a Goldstone-like boson field
which transmutes the local spin gauge symmetry SP (1,5)
to the global Lorentz symmetry SO(1,5).

The motion of the Dirac spinor is governed by various
field strengths F âb̂

µ̂ν̂ , F
i
µ̂ν̂ , Gâ

µ̂ν̂ and Vµ̂ν̂ . Here Vµ̂ν̂ appears
as a special field strength and its effect is distinguished
from other field strengths due to an imaginary factor.

The equations of motion for the spin and scaling
gauge fields as well as the charge spin gauge field are
found to be

5ν̂(φχχ̂
µ̂µ̂′

χ̂ν̂ν̂′F âb̂
µ̂′ν̂′)=J µ̂âb̂ ,

∂ν̂(φχχ̂µ̂µ̂′

χ̂ν̂ν̂′Wµ̂′ ν̂′)=J µ̂ ,

Dν̂(φχχ̂
µ̂µ̂′

χ̂ν̂ν̂′

F i
µ̂′ ν̂′)=J µ̂i , (99)

with the currents given by

J µ̂âb̂ =
1

2
gsχΨ̄−χ̂

µ̂
ĉ

{

Γ ĉ 1

2
Σâb̂

}

Ψ−

+
1

2
gsχΨ̄−χ̂

µ̂
ĉ

{

Γ ĉ 1

2
Σâb̂

}

Ψ−

−αEgs5ν̂(χχ̂
µ̂µ̂′

χ̂ν̂ν̂′

φ2χ[âb̂]

µ̂′ ν̂′)

+
1

2
αWχφ

2χ̂µ̂µ̂′

χ̂ν̂ν̂′

χ [â
ν̂ G b̂]

µ̂′ ν̂′ ,

J µ̂ = −2gwχχ̂
µ̂ν̂φdν̂φ−gwαWφ

2χχ̂µ̂µ̂′

χ̂ν̂ν̂′

χ â
ν̂Gµ̂′ ν̂′â ,

J µ̂i = gcχΨ̄−Γ
âχ̂ µ̂

â

1

2
τ iΨ− , (100)

where we have used the following notations

χ[âb̂]

µ̂′ν̂′ =χ
â
µ̂′χ b̂

ν̂′−χ b̂
µ̂′χ â

ν̂′ ; χ [â
ν̂ G b̂]

µ̂′ ν̂′ =χ
â
ν̂G b̂

µ̂′ ν̂′−χ b̂
ν̂G â

µ̂′ ν̂′ .

(101)

It can be demonstrated that the above currents are all
conserved currents which satisfy the conservation laws

5µ̂J
µ̂âb̂=0, ∂µ̂J

µ̂=0, Dµ̂J
µ̂i=0, (102)

5.2 Dynamics of gravifield and spacetime with

totally conserved energy-momentum tensor

The equation of motion for the gauge-type gravifield
χ â

µ̂ is found to be

∇ν̂G
µ̂ν̂
â =J µ̂

â , (103)

with the definitions for the bicovariant tensor currents
and covariant derivative as follows:

G
µ̂ν̂
â ≡ αW φ2χχ̂µ̂µ̂′

χ̂ν̂ν̂′Gµ̂′ ν̂′â ,

∇ν̂G
µ̂ν̂
â = (∂ν̂−gwWν̂)Gµ̂ν̂

â +gsA b̂
ν̂âG

µ̂ν̂

b̂
,

J µ̂
â = −χχ̂ µ̂

âL+
1

2
χχ̂ ρ̂

â χ̂
µ̂
ĉ Ψ̄−Γ

ĉiDρ̂Ψ−

+χχ̂ ν̂′

â χ̂
µ̂µ̂′

dµ̂′φdν̂′φ−2αEgsχφ
2χ̂ µ̂

ĉ χ̂
µ̂′

â F ĉd̂
µ̂′ ν̂′ χ̂ ν̂′

d̂

−χχ̂ ρ̂
â χ̂

µ̂µ̂′

χ̂ν̂ν̂′

φ[F i
ρ̂ν̂F

i
µ̂′ ν̂′+F ĉd̂

ρ̂ν̂Fµ̂′ν̂′ ĉd̂

+Wρ̂ν̂Wµ̂′ν̂′−αWφG b̂
ρ̂ν̂Gµ̂′ ν̂′ b̂ ]. (104)

The bicovariant vector current J µ̂
â is not a conserved

current, while it is correlated to a totally conserved
energy-momentum tensor T µ̂

ν̂ due to the translational in-
variance of spacetime coordinates in the action, Eq. (91),

χ â
ν̂J

µ̂
â =T µ̂

ν̂ , ∂µ̂T µ̂
ν̂ =0, (105)

where the totally conserved energy-momentum tensor is
found to be

T µ̂
ν̂ = −η µ̂

ν̂ χL+
1

2
χχ̂ µ̂

â Ψ̄−Γ
âiDν̂Ψ−+χχ̂µ̂µ̂′

dµ̂′φdν̂φ

−2αEgsχφ
2χ̂ µ̂

â F âb̂
ν̂ρ̂χ̂

ρ̂

b̂

−χχ̂µ̂µ̂′

χ̂ρ̂σ̂φ[F i
µ̂′ ρ̂F

i
ν̂σ̂+F âb̂

µ̂′ρ̂Fν̂σ̂ ĉd̂

+Wµ̂′ ρ̂Wν̂σ̂−αWφGâ
µ̂′ ρ̂Gν̂σ̂â ], (106)

which possesses a hidden gauge symmetry.
The equation of motion for the gravifield, Eq. (103),

can be expressed in connection with the totally conserved
energy-momentum tensor as follows

∂ν̂G µ̂ν̂
ρ̂ −G µ̂

ρ̂ =T µ̂
ρ̂ , (107)

with the definitions for the spacetime tensors

G µ̂ν̂
ρ̂ ≡αWφ

2χχ̂µ̂µ̂′

χ̂ν̂ν̂′

χ â
ρ̂ Gµ̂′ ν̂′â=−G ν̂µ̂

ρ̂ , G µ̂
ρ̂ ≡Γ σ̂

ν̂ρ̂G µ̂ν̂
σ̂ .

(108)

Here, G µ̂ν̂
ρ̂ and G µ̂

ρ̂ are regarded as the gravifield tensor
and gravifield tensor current with a hidden gauge symme-
try. The spacetime gauge field Γ σ̂

ν̂ρ̂ is defined in Eq. (98).
Equation (107) provides an equation of motion for

the Goldstone-like gravifield with a hidden gauge sym-
metry, which is an alternative to Einstein’s equation of
general relativity. Note that the gauge-invariant energy-
momentum tensor T µ̂

ρ̂ given in Eq. (106) is a totally con-
served energy-momentum tensor. It contains contribu-
tions from all fields including the gravitational effect. In
general, Tν̂µ̂ ≡ T ρ̂

ν̂ ηρ̂µ̂ is not symmetric, Tν̂µ̂ 6= Tµ̂ν̂ , and
the equation of motion, Eq. (107), has both symmetric
and antisymmetric components. The symmetric compo-
nents of the equation of gravifield in Eq. (107) lead to a
generalized Einstein equation of general relativity in the
six-dimensional spacetime.
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In light of the energy-momentum conservation
∂µ̂T µ̂

ρ̂ =∂µ̂(J µ̂
â χ

â
ρ̂ )=0, we obtain the following conserved

current

∂µ̂G µ̂
ρ̂ =0, (109)

which is considered to be an alternative conservation law
for the gravifield tensor current. From Eqs. (107 )-(109),
we arrive at the following equation,

1

2
Rσ̂

µ̂ν̂ρ̂G µ̂ν̂
σ̂ −Γ ν̂

µ̂ρ̂T µ̂
ν̂ =0, (110)

where Rσ̂
µ̂ν̂ρ̂ defines a field strength for the spacetime

gauge field Γ ν̂
µ̂ρ̂,

Rσ̂
µ̂ν̂ρ̂≡∂µ̂Γ

σ̂
ν̂ρ̂−∂ν̂Γ

σ̂
µ̂ρ̂+Γ

σ̂
µ̂σ̂′Γ σ̂′

ν̂ρ̂−Γ σ̂
ν̂σ̂′Γ σ̂′

µ̂ρ̂ . (111)

Equation (110) indicates that the vector current made
by two field strengths Rσ̂

µ̂ν̂ρ̂ and G µ̂ν̂
σ̂ is identical to the

vector current made through the spacetime gauge field
Γ ν̂

µ̂ρ̂ and the totally conserved energy-momentum tensor

T µ̂
ν̂ .

All equations of motion are conformal scaling gauge
invariant, which is attributed to the introduction of the
scalar field. It is easy to read off the equation of motion
for the scalar field

dµ̂(χχ̂µ̂ν̂dν̂φ)=J , (112)

with the scalar current

J = −1

4
χχ̂µ̂µ̂′

χ̂ν̂ν̂′

[F i
µ̂ν̂F

i
µ̂′ ν̂′+Wµ̂ν̂Wµ̂′ ν̂′+F âb̂

µ̂ν̂Fµ̂′ν̂′âb̂ ]

+
1

2
χφ[αW χ̂µ̂µ̂′

χ̂ν̂ν̂′Ga
µ̂ν̂Gµ̂′ ν̂′â

−4αEgsχ̂
µ̂
â χ̂

ν̂
b̂
F âb̂

µ̂ν̂−6λsφ]. (113)

6 Geometrical symmetry breaking

mechanism for mass generation of

Dirac spinor

It has been shown in the previous sections that a
massless Dirac spinor generates both chiral symmetry
and conformal scaling symmetry, which allows us to ex-
tend the usaual spinor spin symmetry SP (1,3)∼=SO(1,3)
and Lorentz symmetry SO(1,3) in the four-dimensional
Minkowski spacetime to obtain an enlarged spinor
spin gauge symmetry SP (1,5)∼=SO(1,5)∼=SU∗(4) and
global Lorentz symmetry SO(1,5) in a six-dimensional
Minkowski spacetime. In other words, to yield a massive
Dirac spinor, either chiral symmetry or conformal scaling
symmetry has to break down.

It is clear that when the spinor spin symmetry
SP (1,5)∼=SO(1,5) is broken down to SP(1,4)∼=SO(1,4),
the chiral symmetry is spoiled and the Dirac spinor is
expected to become massive. As a demonstration, let us
consider the following background structure of spacetime
by choosing an appropriate expectation value of the bulk

gravifield,

χ â
µ̂(x̂)=〈χ â

µ̂(x̂)〉+χ′ â
µ̂ (x̂),

〈χ â
µ̂(x̂)〉=(ξ(z)η ã

µ̃ , ζ(z)η
6
6 ), ξ(z) 6=ζ(z), (114)

with µ̃=(µ,5), ã=(a,5),x6=z. Here ξ(z) 6=ζ(z) provides
a necessary condition for the symmetry breaking, i.e.,
SP (1,5)∼=SO(1,5) is broken down to SP(1,4)∼=SO(1,4).
The equation of motion of the Dirac spinor in such a
background structure is found to be

ξ−1(z)Γ µ̃i∂µ̃ψ(x̂)+ζ−1(z)i∂zψ(x̂)

+
5

2
ζ−1(z)i∂z(lnξ(z))ψ(x̂)=0. (115)

To solve the above equation, let us consider a type
of ground state solution and ignore the Kaluza-Klein
modes. Namely, the Dirac field can be factorized into
the following form

ψ(x̂)=f(z)ψ(x̃), f(z)=ρ(z)eiθ(z) , xµ̃=(xµ ,x5), (116)

with the Dirac field ψ(x̃) defined in a five-dimensional
spacetime. Suppose that ψ(x̃) satisfies the following
equation

Γ µ̃i∂µ̃ψ(x̃)=mψ(x̃) (117)

with m the mass of the Dirac spinor. Substituting
Eqs. (116)-(117) into Eq. (115), we obtain two equations,

∂zθ(z)=mξ
−1(z)ζ(z), ∂z lnρ(z)=−5

2
∂z lnξ(z). (118)

Solving the above equations, we arrive at the solutions:

θ(z)=θ0+m

∫ z

dz′ξ−1(z′)ζ(z′), ρ2(z)=ρ2
0ξ

−5(z). (119)

In terms of such background solutions, the action for
the massless Dirac spinor in the six dimensional space-
time can be reduced, by integrating over the sixth di-
mension, to an action with a massive Dirac spinor in a
five dimensional spacetime. In order to make the result-
ing theory finite for an infinitely large region of the sixth
dimension, i.e., z=(−∞,∞), it requires that

∫ ∞

−∞

dzξ−1(z)ζ(z)=finite. (120)

A simple function satisfying the above condition can be
taken as

ζ(z) =
1√
π

e−z2/l2c ξ(z),

∫ ∞

−∞

dz
1√
π

e−z2/l2c =lc , lc>0

θ(z) = θ0+m

∫ z

−∞

dz′
1√
π

e−z
′2/l2c

= θ0+
1

2
mlc(1+erf(z/lc)), (121)

with erf(z/lc) the error function, where lc plays a role as
a characteristic length scale of the sixth dimension. Note
that the bulk gravitational field in the sixth dimension
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is only considered as a background field. One should
in general take into account the back reaction effect by
solving the gravitational equation.

7 Conclusions and remarks

We have shown that a massless Dirac spinor gener-
ates new symmetries under the transformations of chi-
rality spin and charge spin as well as conformal scaling
operations. Inspired by the coherent relation between
the dimensions of spacetime and the intrinsic quantum
numbers of Dirac spinors, we have demonstrated with
the introduction of intrinsic W-parity that the massless
Dirac spinor can be treated as a Majorana-type or Weyl-
type spinor in a six-dimensional spacetime that reflects
the intrinsic quantum numbers of chirality spin. A gener-
alized Dirac equation with maximal symmetry has been
derived in the six-dimensional spacetime.

Based on the framework of gravitational quantum
field theory with the postulate of gauge invariance and
coordinate independence [1], we have built a gravita-
tional gauge field theory in the six-dimensional spacetime
by gauging the maximal symmetry of the Dirac field.
The gauge-type gravifield is introduced as a bicovari-
ant vector field defined in the six-dimensional biframe
spacetime. Such a biframe spacetime is shown to be
a gravifield fiber bundle E. The locally flat gravifield
spacetime G is regarded as a fiber and the globally
flat Minkowski spacetime V as a base spacetime. Such
a gravitational gauge field theory is governed by the
spinor spin gauge symmetry group SP (1,5)∼=SU∗(4) and
the charge spin gauge symmetry group SU(2) in the
six-dimensional Minkowski spacetime characterized by
the global Poincaré group P(1,5)= SO(1,5)nP 1,5. The
global and local conformal scaling symmetries of the the-
ory demand the introduction of scalar and conformal
scaling gauge fields.

We have deduced a gravitational relativistic quan-
tum equation for the massless Dirac spinor in the six-

dimensional spacetime with maximal gauge and global
symmetries. The equations of motion for the gauge fields
have been shown to be described by the conserved cur-
rents in the presence of gravitational effects. It has been
demonstrated that the dynamics of the gravifield as a
Goldstone-like boson is governed by a totally conserved
energy-momentum tensor. The conservation law of the
energy-momentum tensor leads to an alternative equa-
tion between the field strengths and the spacetime gauge
field given in the hidden gauge formalism. The symmet-
ric part of the totally conserved energy-momentum ten-
sor provides a generalized Einstein equation of gravity in
the six-dimensional spacetime.

We have also demonstrated a geometrical symme-
try breaking mechanism for the mass generation of the
Dirac spinor. When the background structure makes the
spinor spin symmetry SP (1,5)∼=SO(1,5) break down to
SP(1,4)∼=SO(1,4), the chiral symmetry is automatically
spoiled and the Dirac spinor becomes massive. Such a
mass generation mechanism is an alternative to the Higgs
mechanism. It is intriguing to study a possible correla-
tion between the Higgs boson and the gauge field compo-
nent in the sixth dimension when the theory is reduced
to a lower dimensional spacetime.

In conclusion, we have shown that the maximal sym-
metry of the massless Dirac spinor does lead to a more
general theory in the six-dimensional spacetime. Such
a theory is expected to cause some new physical effects
in the presence of the gravitational interaction at a high
energy scale. In particular, the quantum effects of the
gravitational gauge interaction and charge spin gauge in-
teraction need to be investigated in the six-dimensional
spacetime. It is also interesting to further study its im-
plications, including the prediction of doubly electrically
charged bosons, and the existence of spinor spin gauge
bosons in the six dimensional spacetime. In particular,
some intrinsic properties of extra dimensions and alter-
native symmetry breaking mechanisms need to be ex-
plored in detail.

References

1 Y. L. Wu, Phys. Rev. D, 93: 024012 (2016)
2 A. Einstein, Sitz. Preuss. Akad. Wiss., 25: 844 (1915); A. Ein-

stein, Annalen der Physik, 49: 769 (1916)
3 A. Einstein, Naherungsweise integration der feldgleichungen

der gravitation, Sitz. Preuss. Akad. Wiss., Part 1, 688 (1916)
4 B. P. Abbott et al (LIGO Scientific Collaboration and Virgo

Collaboration), Phys. Rev. Lett., 116: 6 (2016)
5 G. Aad et al (ATLAS Collaboration), Phys. Lett. B, 716: 1

(2012)
6 S. Chatrchyan et al (CMS Collaboration), Phys. Lett. B, 716:

30 (2012)
7 S. Tomonaga, Prog. of Theor. Phys., 1: 27 (1946)
8 J. Schwinger, Phys. Rev., 73: 416 (1948); Phys. Rev., 74: 1439

(1948)

9 R. P. Feynman, Phys. Rev., 76: 769 (1949); Phys. Rev., 76:
749 (1949); Phys. Rev., 80: 440 (1950)

10 F. Dyson, Phys. Rev., 75: 486 (1949); Physical Review, 75:
1736 (1949)

11 S. L. Glashow, Nucl. Phys., 22: 579 (1961)
12 S. Weinberg, Phys. Rev. Lett., 19: 1264 (1967)
13 A. Salam, in Proceedings of the Eight Nobel Symposium, on El-

ementary Particle Theory, Relativistic Groups, and Analyticit,

Stochholm, Sweden, 1968: edited by N. Svartholm (Almqvist
and Wikell, Stockholm, 1968)

14 D. J. Gross and F. Wilczek, Phys. Rev. Lett., 30: 1343 (1973)
15 H. D. Politzer, Phys. Rev. Lett., 30: 1346 (1973)
16 P. A. Dirac, Proceedings of the Royal Society A: Mathematical,

Physical and Engineering Sciences, 117(778): 610 (1928)
17 H. Weyl, Sitz. Konigl. Preuss. Akad Wiss. (Berlin), 26: 465

(1918)

103106-13


