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Particle tracking simulation in the CSRe stochastic cooling system *
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Abstract: A stochastic cooling system is under design and construction at HIRFL-CSRe (Heavy Ion Research

Facility in Lanzhou - experimental Cooling Storage Ring), with the aim of cooling secondary particles produced at

HIRFL-RIBLL2 (2nd Radioactive Ion Beam Line in Lanzhou). The optical layout of CSRe has been optimized to

meet the requirements of a stochastic cooling system. In this paper, a particle tracking method is used to investigate

both transverse and longitudinal cooling on the basis of the modified optical layout, demonstrating how it can be

used to optimize stochastic cooling parameters. Simulation results indicate that the particle tracking method is an

innovative and reasonable method to study stochastic cooling. It also has the advantage of discovering the influence

of Twiss parameters at the pickups and kickers, which will be explored in further studies.
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1 Introduction

Beam cooling has the function of reducing the beam
size and energy spread in a storage ring without beam
loss [1]. Stochastic cooling was invented by Simon
van der Meer, and this technique was widely studied
at CERN (the European Organization for Nuclear Re-
search) at the beginning of the 1970s. The goal of
stochastic cooling is to decrease the energy spread and
angular divergence of the beam. During the cooling pro-
cess, the particles are ‘condensed’ and a finer beam with
less energy spread and less angular divergence can be
obtained [2].

Stochastic cooling is a feedback system. Transverse
cooling uses a pickup electrode upstream to sense the
transverse position error of the particle, and then this
signal is amplified and applied to a kicker (2m+1)/4
wavelength downstream. The kicker deflects the particle
by an angle which is proportional to its displacement at
the pickup [3]. Three methods are available for momen-
tum cooling, namely Palmer cooling, notch filter cooling
and time of flight cooling.

Palmer cooling uses a horizontal position pickup to
measure the orbit displacement xD =D · 〈dp/p〉 and the
averaged momentum error of the sample in the mean-
while. However, there are other contributions to the

position error, especially the betatron oscillation xβ of
the particles. Therefore, it is necessary to choose the fo-
cusing arrangement where xD dominates over 〈xβ〉. The
particle receives a ‘kick’ of momentum proportional to
the detected displacement at the kicker [3].

Notch filter cooling utilizes a filter with a transmis-
sion minimum notch at each harmonic of the revolution
frequency for longitudinal cooling. Particles with nomi-
nal energy will not experience any correction, while par-
ticles with a wrong revolution frequency will be acceler-
ated or decelerated until all the particles have fallen into
the notches. The price of filter cooling is that all the
Schottky bands used have to be well separated, so it is
ineffective to cool beams with high energy [4].

Time of flight (TOF) cooling uses the mixing from
pickup to kicker to obtain the cooling signal. The notch
filter is replaced by a 90◦ broadband phase shifter. Since
there is no noise filtering function in the TOF system,
small amplifier gain is inevitable to avoid the diffusion
effect [5, 6].

The CSRe stochastic cooling system is mainly used to
cool secondary particles coming from RIBLL2 (2nd Ra-
dioactive Ion Beam Line in Lanzhou), which is required
for precise study of the decay properties of the radioac-
tive ion beam (RIB) using the Schottky mass spectrom-
etry (SMS) method [7]. Palmer cooling was chosen for
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longitudinal stochastic cooling because it has a larger
momentum acceptance than filter cooling and allows
larger amplifier gains compared with TOF cooling [6].

The particle tracking method is a new way of study-
ing stochastic cooling, and is unlike other simulations
published previously [8, 9]. During the turn-by-turn
tracking of particles, stochastic cooling is realized simul-
taneously. By using this method, it is feasible to get the
optimized cooling rate and cooling parameters. Trans-
verse and longitudinal cooling are done simultaneously,
and the cross influence of transversal and longitudinal
cooling is also clear. Under different initial conditions,
such as bandwidth, maximum input power and signal to
noise ratio, cooling parameters like gain, cooling rate and
mixing factor can be deduced for the optimal stochastic
cooling design.

2 Design of optical layout for CSRe

stochastic cooling system

CSRe is a specially designed heavy ion cooling stor-
age ring with a circumference of 128.801 m [10]. The
optical layout of CSRe is tailored for internal target ex-
periments and high precision atomic mass measurements
using stochastic cooling and electron cooling.

The equation of stochastic cooling rate 1/τ is given
by [3]

1

τ
=
W

N
[2g(1−M̃−2)−g2(M+U)], (1)

with optimum gain

gopt =
1−M̃−2

M+U
, (2)

with the optimum cooling rate then given by

1

τopt

=
2W

N

(1−M̃−2)2

M+U
, (3)

where W is the bandwidth, N is the particle number, M
is the desired mixing factor from kicker to pickup, M̃ is
the undesired mixing factor from pickup to kicker and U
is the noise to signal power ratio. g is the gain, which is
defined as the fraction of observed sample error corrected
per turn, −g=∆x/〈x〉s [3].

The maximum frequency of the cooling system has
the form

fmax 6
1

2Tpk|ηdp/p|
. (4)

where Tpk is the flight time from pickup to kicker, dp/p
is the momentum spread, and the frequency slip factor
is given by [11]

η =
1

γt
2
−

1

γ2
, (5)

where γt is transition gamma and γ the relativistic
Lorentz factor.

Maximum frequencies of three different optical lay-
outs (γt=1.395, 1.886, 2.629) were calculated. The flight
time Tpk from pickup to kicker was set to 0.330 µs and
the momentum spread dp/p was ±5×10−3. Results are
shown in Fig. 1. Since the maximum magnet rigidity
of CSRe is 9 Tm, the maximum energy is 708 MeV/u
(12C6+). Comparisons of acceptances among different
modes in CSRe are listed in Table 1, with the accep-
tance of the stochastic cooling mode between the other
two modes. γt was finally chosen close to 1.8 in order
to get large maximum frequency fmax, keep the sign of
eta η within the energy range between 400 MeV/u and
700 MeV/u, and maintain relatively large acceptance.

Fig. 1. (color online) Evolution of maximum fre-
quencies is shown as a function of beam energy
under different optical layouts of CSRe. Maxi-
mum frequency of the optical layout with transi-
tion gamma 1.886 is larger than that of the optical
layout with higher gamma transition, but smaller
than that with lower gamma transition.

The Twiss parameters of CSRe are shown in
Fig. 2. Betatron tunes with different momentum spreads
(dp/p=0,±0.005,±0.01) are distributed within the area
where only the 5th order resonance lines exist, as shown
in Fig. 3. After chromaticity correction, betatron tune
distribution can be narrowed to a smaller and stabler
area.

Table 1. Acceptances of different optical layouts in CSRe.

normal mode stochastic cooling mode isochronous mode

γt 2.629 1.886 1.395

Ah/πmm·mrad 150 (dp/p=±1.0%) 130 (dp/p=±0.5%) 100 (dp/p=±0.3%)

Av/πmm·mrad 140 120 80
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Fig. 2. (color online) CSRe twiss parameters are
shown. Maximum β-function is 31.251 m in the
horizontal direction and 22.612 m in the vertical
direction. Maximum dispersion is 12.076 m, and
the dispersion is 5.0 m at the target.

Fig. 3. (color online) Betatron tune distribution
with different momentum spreads (dp/p = 0.01,
0.005, 0, −0.005, −0.01) is shown, where the red
crosses are the distributions before chromaticity
correction and the black dots are those after chro-
maticity correction.

Since no spare space is available for the installation of
pickups and kickers in CSRe, the electrodes are installed
inside the dipoles [12]. In the designed optical layout,
horizontal phase advance between dipole D15 and dipole
D4 is 88.74◦, and vertical phase advance between dipole
D12 and dipole D3 is 273.06◦, which is suitable for trans-
verse stochastic cooling, as shown in Fig. 4.

The transverse displacement equation of single parti-
cle is [11]:

x(s) = a
√

βx(s)cos[ψx(s)+ξx]+Dx(s)dp/p, (6)

where ψx(s) is defined as:

ψx(s) =

∫s

0

ds/βx(s), (7)

a and ξx are constants to be determined from initial con-
ditions. Horizontal displacement consists of two compo-
nents. By calculation of the beam parameters at the po-
sition of D12, displacement produced by dispersion was
found to be relatively larger than that by β-function, so
Palmer cooling was chosen here for longitudinal cooling.
Detailed beam parameters at the positions of electrodes
are shown in Table 2. βx, βy and Dx are the β-functions
and dispersion respectively. Ax and Ay are the aperture
limitations of the vacuum chamber. Lpk is the distance

Fig. 4. (color online) Layout of CSRe stochastic
cooling system. Horizontal electrodes are placed
inside D15 and D4, and vertical and longitudinal
electrodes are placed inside D12 and D3.

Table 2. Beam parameters for stochastic cooling in CSRe.

horizontal vertical longitudinal
parameter

pickup kicker pickup kicker pickup kicker

βx/m 22.027 4.723 3.068 12.270 3.068 12.270

βy/m 6.075 6.977 7.916 5.755 7.916 5.755

Dx/m 5.307 7.679 7.423 8.651 7.423 8.651

Ax/m 0.110 0.110 0.110 0.110 0.110 0.110

Ay/m 0.035 0.035 0.035 0.035 0.035 0.035

Lpk/m 44.912 61.444 61.444

θ/(◦) 88.74 273.06
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between pickup and kicker, and θ is the phase advance
between pickup and kicker.

3 Particle tracking method

In our particle tracking method, the bandwidth/
pulse-length relation, known as the Küpfmüller or
Nyquist theorem, is used. The time duration of a sig-
nal with a Fourier decomposition of bandwidth ∆f=W
is given by

Ts =
1

2W
. (8)

A corollary to this theorem is applicable in transmit-
ting short pulses. A short pulse passing a low pass or
bandpass filter of bandwidth W will have a time width
Ts, as shown in Eq. (8).

The theorem can also be applied directly to a stochas-
tic cooling system. If a cooling system has a finite band-
width W , then the kicker signal is a pulse of length Ts

correspondingly. When a test particle passes the cool-
ing system at t0, it will be affected by all the particles
that pass the cooling system from t0−Ts/2 to t0+Ts/2.
These particles are called to be part of the sample of the
test particle. A uniform beam of length T (revolution
time) can be sliced into T/Ts=2WT samples and parti-
cle number in each sample is averaged to Ns=N/(2WT )
[3].

For every sample, its average position is detected by
the pickup, and then corrected at the kicker. Due to the

momentum spread-induced difference in revolution time,
particles are redistributed among samples turn by turn.

The particle signals detected by the pickup are very
low, mainly depending on particle numbers and charge
states. In order to generate enough power at the kicker,
high power amplifiers are required. System noise such as
the electronic noise and environmental noise will influ-
ence the cooling rate, which can be simulated by intro-
ducing an initial signal to noise ratio. Particles in three
subspaces are assumed to experience the same noise level,
which is assumed to keep constant during the cooling
process.

4 CSRe stochastic cooling simulation

and analysis

The parameters used in the particle tracking simula-
tion are listed in Table 3. Evolution of emittances and
momentum spread during 3.5×105 turns is represented
in Fig. 5. The cooling effect is obvious in the power-
limited system within 1 kW. The horizontal cooling time
constant is about 1.431 s, the vertical 1.298 s and the
longitudinal 0.297 s from the tracking results.

The transverse aperture of the vacuum tube inside
the bending magnets is 236 mm×70 mm, and the elec-
trodes will be installed inside the vacuum tube. The
length of the electrode is about 2.76 m due to the limita-
tion of the bending magnet. According to the Panofsky-
Wenzel theorem, transverse kicks are only caused by the
transverse gradient of the longitudinal field [13]. The

Fig. 5. (color online) Simulation results are shown for a power limit of 1 kW. (a) and (c) are the horizontal and
vertical phase space evolutions respectively. (e) shows the momentum spread distribution. (blue: 1st turn; red:
3.5×105th turn). (b), (d) and (f) are the emittances and momentum spread tendencies during the 3.5×105 turns.
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Fig. 6. (color online) Power during cooling process. Top: average power among samples during cooling in three
subspaces. Bottom: maximum power among samples during cooling in three subspaces.

Fig. 7. (color online) Gain evolution. Top: optimum gain during cooling. Middle: actual gain during cooling.
Bottom: difference between optimum and actual gain.

input power of the kickers needed for a transverse de-
flection angle δΘh,v and a change of momentum spread
δ(dp/p) are represented as Eqs. (9) and (10) [13] respec-
tively.

Ph,v =
1

2

(

Am0β
2c2γ

Ze

)2
(nkBbh,v)

2

Rs‖

(δΘh,v)
2, (9)

Pl =
1

2

(

Am0β
2c2γ

Ze

)2
1

Rs‖

(δ(dp/p))2, (10)

where A is mass number, Z is charge state, m0 is the
atomic mass unit, c is the speed of light, and e is the
elementary charge. The longitudinal shunt impedance
Rs‖ of the electrode in CSRe is 640 Ω, and kB=ω/βc is
the beam wave number. 2bh and 2bv are the geometrical
apertures of the vacuum tube inside the bending mag-
net in the transverse direction. Kicker is excited at the
harmonic number n of the revolution frequency.

During the particle tracking process, particles in one
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Table 3. Parameters of CSRe stochastic cooling
simulation.

physical parameters simulation data

beam kinetic energy, particle type 400 MeV/u, 12C6+

N (particle number) 10000

2WT (sample number) 601

εh0 (initial horizontal emittance) 150 πmm·mrad

εv0 (initial vertical emittance) 150 πmm·mrad

(dp/p)0 (initial momentum spread) ±0.005

momentum cooling method Palmer cooling

W (frequency bandwidth) 500 MHz

1/Uh (initial horizontal S/N) 0.07

power limit 1 kW

CSRe circumference 128.801 m

γt 1.886

Npickup/Nkicker 3/3

sample are assumed to experience the same input power
as the kicker. Average power is defined as the averaged
power over all the samples, and maximum power is de-
fined as the maximum power among all the samples. The
average power and maximum power used during cooling
are shown in Fig. 6 for each subspace. In order to avoid
heating in the cooling process, average power is much
lower than maximum power.

In this paper, actual gain gact was obtained by solving
Eq. (1) and the cooling time constant was obtained from
the evolution curve by using a fitting method. Optimum
gain gopt was obtained by Eq. (2), where the mixing
factor and noise to signal ratio were obtained from the
tracking results. During the particle tracking process,
both the evolutions of the optimum gain gopt and actual
gain gact have a tendency to decrease, but the difference
gdif between the two gains increases as the cooling pro-

ceeds, as shown in Fig. 7. Therefore, when the beam
size is relatively large, better gain is obtained, which is
closer to the optimum gain. It is therefore more efficient
to cool a larger beam by stochastic cooling.

From Fig. 8, it is clear that below 1 kW, the cool-
ing rate increases as the power increases. However, as
the power limit continues to increase beyond 1 kW, the
cooling rate stays almost constant instead of increasing
correspondingly. Therefore, considering efficient use of
power, it is unnecessary to increase the power limit.

Under the same power limit of 1 kW, comparisons of
gain and cooling rate with different signal to noise ratios
are represented in Fig. 9. It is obvious that larger gains
are obtained with higher signal to noise ratios, while
the cooling rates fall, unlike the gain evolution. There-
fore, the optimum cooling rate should be achieved with a
proper signal to noise ratio in the power-limited system.

Fig. 8. (color online) Evolution of cooling rates 1/τ
under different power limits in three subspaces.
Cooling rates increase as the power limits increase
up to 1 kW. When the power limit exceeds 1 kW,
the cooling rate fluctuates around a constant.

Fig. 9. (color online) Evolution of gain and cooling rate with different signal to noise (S/N) ratios. Gain increases
as the S/N increases, but the cooling rates reach a state of equilibrium or decrease as the S/N increases.
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The above results were obtained under the same ini-
tial emittances and momentum spread. A comparison
of situations with different initial transverse emittances
and momentum spreads is shown in Table 4. By use
of the particle tracking method, the cross influence of
transversal and longitudinal cooling is clear.

Table 4. Cross influence between transversal and
longitudinal cooling.

εh/εv/dp/p

(πmm·mrad)/(πmm·mrad)/(1)
τh/s τv/s τl/s

150/150/±0.5% 1.431 1.298 0.297

150/100/±0.5% 1.459 1.275 0.298

100/150/±0.5% 1.371 1.285 0.298

150/150/±0.2% 1.524 1.243 0.289

150/100/±0.2% 1.499 1.259 0.291

100/150/±0.2% 1.487 1.235 0.287

Figure 10 reveals the evolutions of signal to noise ra-
tios during 3.5×105 turns. The signal to noise ratio 1/U
has a tendency to decrease as the cooling proceeds. This
is because the noise tends to remain the same, while the
signal decreases as the beam shrinks.

Fig. 10. (color online) Evolution of signal to noise
ratios. The signal to noise ratios have a tendency
to decrease as the cooling proceeds.

Due to the momentum spread, particles in one sam-
ple may move to other samples turn by turn. In the par-
ticle tracking simulation, the number of particles Npar

that move away from their last sample and the num-
ber of samples Nsam that those particles Npar pass are
counted. The mixing factor is defined as the ratio ofNsam

to Npar. MPK,KP=Σ((∆l−Lsample/2)/Lsample)/ΣNmove,
(|∆l| > Lsample/2). For example, if the length of each
sample is 0.336 m, and a particle moves 1 m away from
its last staying sample after one turn, then the mixing
factor of this particle is ((1−0.336/2)/0.336)/1=2.476.
Evolutions of mixing factors from pickup to kicker MPK

and from kicker to pickup MKP in the transverse direc-
tion are shown in Fig. 11. Usually, MKP is written as
M−1, and MPK is written as M̃−1. It is desirable that
the mixing factor from kicker to pickup is larger than
that from pickup to kicker.

Fig. 11. (color online) Evolution of mixing factors.
MKP is larger than MPK, which is desirable for
better cooling.

As shown in Table 3, bandwidth is 500 MHz, initial
particle number is 10000, and horizontal signal to noise
ratio 1/Uh is 0.07. If bandwidth, total particle number
and 1/Uh are changed, the results are as follows. Power
was limited within 1 kW for all the situations.

Table 5 shows the cooling parameters under different
initial conditions. It is possible to get a shorter cooling
time with a wider bandwidth, smaller particle number
and better signal to noise ratio.

5 Conclusion and outlook

The modified optical layout of CSRe meets the re-
quirements of a stochastic cooling system. A stochastic
cooling simulation has been demonstrated on the basis
of the optimized optical layout.

Table 5. Comparison of cooling parameters under different initial cooling conditions.

N W 1/Uh τh/s τv/s τl/s loss rate (%)

10000 500 MHz 0.07 1.431 1.298 0.297 0.20

10000 1 GHz 0.07 0.869 0.661 0.154 0.21

5000 500 MHz 0.07 0.942 0.622 0.141 0.17

10000 500 MHz 0.7 1.300 1.246 0.300 0.19

10000 1 GHz 0.7 0.619 0.631 0.154 0.15

5000 500 MHz 0.7 0.615 0.583 0.140 0.21
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Under different initial conditions such as input power
of the kicker, signal to noise ratio, particle number and
bandwidth, cooling parameters like cooling time, cooling
rate, gain and mixing factor have been deduced in this
paper.

Stochastic cooling has greater efficiency for cooling
beams of larger size. It is easy to obtain a higher cool-
ing rate when the power limit is relatively large, but in-
creasing the power limit beyond a certain point is of no
benefit in obtaining a higher cooling rate. In the power-
limited system, optimum cooling rate is obtained with a
proper signal to noise ratio. Shorter cooling times can be
obtained with wider bandwidth, smaller number of par-
ticles and higher signal to noise ratio. A higher cooling
rate is more likely when the signal to noise ratio is bet-
ter, and thus it is important to decrease noise for better

stochastic cooling performance.
By using the particle tracking method, the cross in-

fluence of transversal and longitudinal cooling is appar-
ent, which is hard to obtain through the Fokker-Planck
equation or the basic equation of cooling rate. In further
studies it should be feasible to discover the influence of
Twiss parameters at the pickups and kickers.

Furthermore, the particle tracking simulation has
succeeded in exploring space charge dynamics [14], and
stochastic cooling of bunched ions simulation has also
been successfully studied in the time domain [15].

In conclusion, the particle tracking method is an in-
novative and reasonable method to study stochastic cool-
ing. Further simulations should be developed based on
the particle tracking method, allowing more of its prop-
erties to become clear.
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