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Abstract: We calculate the back-to-back correlation (BBC) functions of relativistic boson-antiboson pairs in high

energy heavy ion collisions using the Monte Carlo method. The relativistic effects on the BBC functions of φφ and

K+K− pairs are investigated. The investigations indicate that the relativistic effects on the BBC functions of K+K−

pairs with large momenta are significant, and the effect is sensitive to the particle freeze-out temperature.
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1 Introduction

In the hot and dense hadronic sources created in
high energy heavy ion collisions, the boson mass-shift
due to the medium interactions might lead to a measur-
able back-to-back correlation (BBC) of boson-antiboson
pairs [1, 2]. This medium-effective BBC is different from
the pure Bose-Einstein statistic correlations between the
bosons with different isospin [3], which are negligible as
compared to the BBC in high energy heavy ion collisions
[2, 4]. Denote ak(a†

k
) as the annihilation (creation) op-

erators of the freeze-out boson with momentum k and
mass m, and bk(b†

k
) as the annihilation (creation) opera-

tors of the corresponding quasiparticle with momentum
k and shifted mass m∗ in the homogenous medium. They
are related by the Bogoliubov transformation [1, 2]

ak=ckbk+s∗
−k

b†−k
, (1)

where

ck=coshfk , sk=sinhfk , fk=
1

2
log(ωk/Ωk), (2)

ωk=
√

k2+m2 , Ωk=
√

k2+m2
∗. (3)

The BBC function is defined as [1, 2]

C(k,−k)=1+
|Gs(k,−k)|2

Gc(k,k)Gc(−k,−k)
, (4)

where Gc(k1,k2) and Gs(k1,k2) are the chaotic and
squeezed amplitudes, respectively, as

Gc(k1,k2)=
√

ωk1
ωk2

〈a†
k1

ak2
〉, (5)

Gs(k1,k2)=
√

ωk1
ωk2

〈ak1
ak2

〉, (6)

where 〈···〉 means ensemble average.
In Refs.[5–7], Padula et al. studied the BBC func-

tions of φφ and K+K− based on the non-relativistic
formulism [5] for local-equilibrium expanding sources in
high energy heavy ion collisions. In this work we investi-
gate the BBC functions of φφ and K+K− for the local-
equilibrium expanding sources in a relativistic case, us-
ing Monte Carlo calculations. Our results indicate that
the relativistic effects on the BBC functions of K+K−

pairs with large momenta are significant, and the effect
is sensitive to the particle freeze-out temperature.

2 BBC function for local-equilibrium ex-

panding source

2.1 The formulas of BBC function

For local-equilibrium expanding sources, Gc(k1,k2)
and Gs(k1,k2) can be expressed as [2, 8]

Gc(k1,k2) =

∫
d4σµ(x)

(2π)3
Kµ

1,2e
iq1,2·x

{
|c′

k
′

1
,k′

2

|2n′
k
′

1
,k′

2

+|s′
−k′

1
,−k′

2

|2 [n′
−k′

1
,−k′

2

+1]
}
, (7)

Gs(k1,k2) =

∫
d4σµ(x)

(2π)3
Kµ

1,2e
2iK1,2·x

{
s′∗
−k′

1
,k′

2

c′
k′

2
,−k′

1

×n′
−k′

1
,k′

2

+c′
k′

1
,−k′

2

s′∗
−k′

2
,k′

1

[n′
k′

1
,−k′

2

+1]
}
. (8)

Here, d4σµ(x) = d3Σµ(x;τf)F (τf )dτf , d3Σµ(x;τf) is the
normal-oriented volume element depending on the freeze-
out hypersurface parameter τf , F (τf) is the invariant
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distribution of the local time parameter, qµ
1,2 = kµ

1 −kµ
2 ,

Kµ
1,2 =(kµ

1 +kµ
2 )/2, and k

′
i is the local-frame momentum

corresponding to ki (i=1,2). The other local variables
are:

c′±k
′

1
,±k

′

2

=cosh[f ′
±k

′

1
,±k

′

2

], (9)

s′
±k′

1
,±k′

2

=sinh[f ′
±k′

1
,±k′

2

], (10)

f ′
±k′

1
,±k′

2

=
1

2
log

[
(ω′

k′

1

+ω′
k′

2

)/(Ω′
k′

1

+Ω′
k′

2

)
]

=
1

2
log

[
Kµ

1,2uµ(x)/K∗ν
1,2uν(x)

]
≡fk1,k2

(x), (11)

ω′
k′

i
(x) =

√
k′2

i (x)+m2=kµ
i uµ(x)

=γv [ωki
−ki·v(x)], (12)

Ω′
k
′

i
(x) =

√
k′2

i (x)+m2
∗=

√
[kµ

i uµ(x)]2−m2+m2
∗

= k∗µ
i uµ(x), (13)

n′
±k′

1
,±k′

2

= exp

{[
1

2

(
Ω′

k′

1

+Ω′
k′

2

)
−µ1,2(x)

]
/T (x)

}

=exp{−[K∗µ
1,2uµ(x)−µ1,2(x)]/T (x)}

≡nk1,k2
(x), (14)

where, K∗µ
1,2 =(k∗µ

1 +k∗µ
2 )/2, uµ(x)= γv [1,v(x)] is source

velocity, µ1,2(x) is pair chemical potential, and T (x) is
source temperature, respectively. Eq. (13) gives the re-
lationship between k∗µuµ(x) and kµuµ(x), which will be
used in calculating fk1,k2(x) and nk1,k2(x) for the ex-
panding sources.

We take the source distribution in our calculations as

ρ(r)=Ce−r
2/(2R2)θ(r−2R), (15)

where C is the normalization constant, and R is the
source radius. The source velocity is taken as

v(x)=〈u〉r/(2R), (16)

where 〈u〉 is a velocity parameter [5]. The emission time
distribution is taken to be the typical exponential decay
[2, 5–7],

F (τ)=
θ(τ−τ0)

∆t
e−(τ−τ0)/∆t, (17)

where ∆t is a free parameter, and the effect of F (τ) on
the BBC function (4) is to multiply the second term by

the factor |F̃ (ωk+ω−k,∆t)|2=[1+(ωk+ω−k)2∆t2]−1 [2, 5–
7]. In the calculations of the BBC functions of boson-
antiboson pairs, we take µ1,2 =0, and the parameters R
and ∆t are taken to be 7 fm and 2 fm/c [5–7].

For the considered source and with the sudden freeze-

out assumption [2, 5–7], we have

Gc(k1,k2) =
K0

1,2 F̃ (ωk1−ωk2,∆t)

(2π)3

∫
d3re−i(k1−k2)·r

×e−r
2/2R2

{
|ck1,k2(x)|2nk1,k2(x)

+|sk1,k2(x)|2[nk1,k2(x)+1]
}
, (18)

Gs(k1,k2) =
K0

1,2 F̃ (ωk1+ωk2,∆t)

(2π)3

∫
d3re−i(k1+k2)·r

×e−r
2/2R2

{
s∗

k1,k2(x)ck2,k1(x)nk1,k2(x)

+c∗
k1,k2(x)sk2,k1(x)[nk1,k2(x)+1]

}
, (19)

where

ck1,k2
(x)=cosh[fk1,k2

(x)]=c′±k
′

1
,±k

′

2

, (20)

sk1,k2
(x)=sinh[fk1,k2

(x)]=s′
±k′

1
,±k′

2

, (21)

and

C(k,−k) = 1+(1+4ω2
k
∆t2)

−1

∣∣∣∣∣

∫
d3re

−r2

2R2

×
[
s∗

k,−k
(x)c−k,k(x)nk,−k(x)

+c∗
k,−k

(x)s−k,k(x)(nk,−k(x)+1)
]∣∣∣∣∣

2

/

∫
d3re

−r2

2R2

[
|ck,k(x)|2nk,k(x)

+|sk,k(x)|2(nk,k(x)+1)
]

/

∫
d3re

−r2

2R2

[
|c−k,−k(x)|2n−k,−k(x)

+|s−k,−k(x)|2(n−k,−k(x)+1)
]
. (22)

2.2 Relativistic and non-relativistic results

In this subsection we present the BBC functions of
φφ and K+K− calculated by the Monte Carlo method.
In the calculations of the integrations in Eqs. (22), for
a given k we generate the magnitude of r according to
Eq. (15) and choose its angle with respect to k in ran-
dom. Then, we calculate the integrands and sum them
in the |k| bin. For the non-relativistic case, we use the
approximation,

kµuµ = γv

[
ωk−k·r〈u〉/(2R)

]

≈
(

1+
v

2

2

)[
m+

k
2

2m
−k·r 〈u〉

2R

]

≈
(

1+
〈u〉2
8R2

r
2

)
m+

[
k

2

2m
−k·r 〈u〉

2R

]

= m+
1

2m

{
k−r

〈u〉
2R

m

}2

. (23)

We show in Fig. 1 the BBC functions of φφ in non-
relativistic [panels (a) and (c)] and relativistic [panels
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Fig. 1. The BBC functions of φφ in the m∗-k plane in non-relativistic [(a) and (c)] and relativistic [(b) and (d)]
cases for T =140 MeV, 〈u〉= 0 and 0.5.

Fig. 2. The BBC functions of φφ as a function of m∗ at k= 500 and 1000 MeV/c. (a) and (c) are non-relativistic
results. (b) and (d) are relativistic results.
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Fig. 3. The BBC functions of K+K− in the m∗-k plane in non-relativistic [(a) and (c)] and relativistic [(b) and (d)]
cases for T =170 MeV, 〈u〉= 0 and 0.5.

Fig. 4. The BBC functions of K+K− as a function of m∗ at k= 300 and 800 MeV/c. (a) and (c) are non-relativistic
results. (b) and (d) are relativistic results.
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(b) and (d)] cases for the fixed freeze-out temperature
T = 140 MeV [5] and the velocity parameter 〈u〉 = 0
and 0.5. The non-relativistic results are approximately
consistent with the results calculated by the formulism in
Ref. [5] (see Fig. 2(c) and 2(d) in Ref. [5]), where slightly
different non-relativistic approximations are used. One
can see from Fig. 1 that the relativistic effect decreases
the peaks of the BBC functions.

In Fig. 2 we plot the BBC functions of φφ at k =
500 and 1000 MeV/c in non-relativistic [panels (a) and
(c)] and relativistic [panels (b) and (d)] cases. At k=500
MeV/c, k

2/m2
φ�1, the differences between the relativis-

tic and non-relativistic BBC functions are very small.
However, at the higher k, the differences between the
relativistic and non-relativistic BBC functions are larger.

In Fig. 3 we show the BBC functions of K+K− in
non-relativistic [panels (a) and (c)] and relativistic [pan-
els (b) and (d)] cases for the fixed freeze-out temperature
T =170 MeV and the velocity parameter 〈u〉= 0 and 0.5.
It can be seen that the peaks of the relativistic BBC
functions are suppressed. Further, we plot in Fig. 4 the
BBC functions of K+K− at k = 300 and 800 MeV/c in
non-relativistic [panels (a) and (c)] and relativistic [pan-
els (b) and (d)] cases. At the smaller k, the relativistic
effect on the BBC functions is small. However, at the
higher k, the relativistic effect is significant.

2.3 Relativistic effect on the BBC function

To examine the relativistic effect on the BBC func-
tions of boson-antiboson pairs, we define DRel as the
relative difference between the relativistic and non-
relativistic BBC functions CRel(k,−k)−CNrel(k,−k) to
CRel(k,−k),

Drel=
CRel(k,−k)−CNrel(k,−k)

CRel(k,−k)
. (24)

In Fig. 5 we show the relative difference of φφ

relativistic and non-relativistic BBC functions at T =
140 MeV. For 〈u〉 = 0, the values of Drel are nega-
tive. It means that the relativistic effect decreases the
BBC function. The relativistic effect is small for low
pair momentum and increases with pair momentum. At
k = 0.8 GeV/c, the relativistic effect may decrease the
peak of BBC function by 30%. For 〈u〉=0.5, the values
of Drel are larger than those for 〈u〉=0. From Eq. (23)
one can see that the nonzero 〈u〉 equivalently reduces the
momentum for the large k, because Lorentz boost leads
to a bigger weight for the smaller angle between k and
r. So the difference between the relativistic and non-
relativistic BBC functions decreases for the equivalent
small pair momentum. However, the magnitude of the
second term in the curly brace in Eq. (23) may almost be
the same or even larger than k magnitude for large 〈u〉
and small k. This case leads to the positive Drel results

Fig. 5. The relative difference Drel as a function of
m∗ for the φφ BBC functions at T = 140 MeV
and with different momentum k and 〈u〉 values.

in Figs. 5(b) and 5(c).
In Fig. 6 we show the results of Drel for K+K−

relativistic and non-relativistic BBC functions at T =
170 MeV. Because kaon mass is smaller than φ mass,
the difference between the K+K− relativistic and non-
relativistic BBC functions are larger. It means the rela-
tivistic effect is important for K+K− BBC function. For
k=0.8 GeV/c and 〈u〉=0, one can see that the relative
difference even reaches to 45%. For the largest 〈u〉, only
the Drel results for k=0.3 GeV/c are a little greater than
zero at large m∗. It is because the small kaon mass de-
creases the contribution of the second term in the curly
brace in Eq. (23). In Fig. 7 we show the results of Drel

for the K+K− BBC functions at T =160 MeV. One can
see that the differences between the relativistic and non-
relativistic BBC functions become larger at the smaller
temperature. The peak altitude of the BBC function
is mainly determined by the particle distribution nk1,k2

[1, 2]. For fixed k the difference between the kµuµ values
in the relativistic and non-relativistic cases is enlarged
in nk1,k2

at a small temperature [see Eq. (14)].
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Fig. 6. The relative difference Drel as a function of
m∗ for the K+K− BBC functions at T =170 MeV
and with different momentum k and 〈u〉 values.

3 Summary and conclusion

We calculate the BBC functions of relativistic boson-
antiboson pairs in high energy heavy ion collisions using
the Monte Carlo method. The relativistic effects on the
BBC functions of φφ and K+K− pairs are investigated
for different source velocities and pair momentum val-
ues. We find that the relativistic effect on the φφ BBC
functions at low pair momentum is small. However, at
pair momentum k=0.8 GeV/c and with zero source ve-
locity, the effect may decrease the peak of BBC function
by 30%. For a large source velocity, the non-relativistic

Fig. 7. The relative difference Drel as a function of
m∗ for the K+K− BBC functions at T =160 MeV
and with different momentum k and 〈u〉 values.

BBC functions of φφ appear as a slight distortion of less-
ening at small k values. Because kaon mass is smaller the
relativistic effect on K+K− BBC function is more impor-
tant than that on φφ BBC function. For k=0.8 GeV/c
the maximum of the relative difference Drel for the K+K−

BBC functions at T =170 MeV may reach 45%. On the
other hand, we find that the difference between the rela-
tivistic and non-relativistic BBC functions is sensitive to
the particle freeze-out temperature. It becomes larger at
a smaller freeze-out temperature. Further investigations
of the BBC for hydrodynamical sources [9, 10] will be of
interest.
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1 Asakawa M, Csörgő T. Heavy Ion Physics, 1996, 4: 233; hep-
ph/9612331
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