
Chinese Physics C Vol. 38, No. 4 (2014) 044102

Source function extracted from single-event HBT correlation

functions of hydrodynamical sources *
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Abstract: We investigate the single-event two-pion correlation functions for the hydrodynamic particle-emitting

sources with the fluctuating initial conditions generated by the Heavy Ion Jet Interaction Generator (HIJING).

Using a three-dimension fast Fourier transform (FFT), we further extract the source functions from the single-event

correlation functions. It is found that the inhomogeneity of the hydrodynamic sources with the fluctuating initial

conditions lead to event-by-event fluctuations of the correlation functions and source functions.
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1 Introduction

In the heavy ion collisions at the highest energy
of the Relativistic Heavy Ion Collider (RHIC) and at
Large Hadron Collider (LHC) energies, the initial local-
equilibrium systems are not spatially uniform and there
are event-by-event fluctuations of the initial quantities
[1]. These fluctuating initial conditions (FIC) may af-
fect the system evolution of space-time and lead to some
changes of the final particle observables [1, 2]. Conse-
quently, it is important to study the effect of the FIC in
relativistic heavy ion collisions.

Hanbury-Brown-Twiss (HBT) interferometry is a
useful tool for detecting the space-time structure of the
particle-emitting sources produced in high energy heavy
ion collisions [3–6]. Because of the limitation of data
statistics, the usual HBT analyses in experiments are
performed for mixed events. In these mixed-event anal-
yses, some event-by-event fluctuations associated with
the FIC are smoothed out [7, 8].

In order to investigate the influence of FIC on the
source space-time structure, we examine the single-event
HBT momentum correlation functions for the hydrody-
namical sources with the FIC generated by the Heavy
Ion Jet Interaction Generator (HIJING) [9]. We find
that the space-time distributions of the sources with the
FIC of HIJING are inhomogeneous. This inhomogeneity
leads to large fluctuations of the single-event momentum
correlation functions C(q). Using a three-dimension fast

Fourier transform (FFT) we extract the source functions
of the relative separation of two source points, S(r), from
the single-event correlation functions C(q). The results
indicate that the source functions exhibit event-by-event
fluctuations for the inhomogeneous sources. In heavy
ion collisions at LHC energies, the event multiplicity of
identical pions may reach to about several thousands.
Correspondingly, the number of correlated pion pairs in
one event is about 106. In this case, it is to be hoped
that interferometry analysis for single events will be per-
formed. Further development of the single-event HBT
technique and attempts to observe the source inhomo-
geneity in space-time directly from the source functions
S(r) will be of great interest.

2 Hydrodynamic evolution of the system

with FIC

Because of the collision transparency, the systems
formed in the heavy ion collisions at the RHIC highest
energy and LHC energies are nearly baryon free. The
ideal hydrodynamic description for the baryon free sys-
tem is defined by local conservations of energy and mo-
mentum [10, 11],

∂µT µν =0, (1)

where T µν =(ε+p)uµuν−pgµν is the energy-momentum
tensor for an ideal fluid, ε and p are the energy density
and pressure in the local rest frame of a fluid element
which is moving with velocity v , uµ=γ(1,v) is the four-
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velocity, γ = (1−v
2)−1/2, and gµν = diag(+,−,−,−) is

Minkowski metric tensor.
Under the assumption of Bjorken longitudinal boost

invariance for ultrarelativistic heavy ion collisions [12],
the hydrodynamics in (3+1) dimension may reduce to a
(2+1) dimension hydrodynamics, and we need only to
solve the transverse (in xy-plane) equations of motion
[14],

∂tE+∂x[(E+p)vx]+∂y[(E+p)vy]=−F (E,p,t),

∂tM
x+∂x(Mxvx+p)+∂y(M

xvy)=−G(Mx,t), (2)

∂tM
y+∂x(Myvx)+∂y(M

yvy+p)=−G(My,t),

where F (E,p,t)=(E+p)/t, G(M,t)=M/t, E =T 00 and
M i=T 0i(i=x,y).

Assuming that the initial local equilibrium system is
formed at time τ0, we construct the initial energy den-
sity at z=0, by using the AMPT code [13] in which the
HIJING is used for generating the initial conditions, for
the hydrodynamic evolving source with [14, 15]

ε(τ0,x,y ;z=0) = K
∑

α

p⊥α

τ0

1

2πσ2
⊥

×exp

{

− [x−xα(τ0)]
2+[y−yα(τ0)]

2

2πσ2
⊥

}

.

(3)

Here, p⊥α is the transverse momentum of parton α,
xα(τ0) and yα(τ0) are the transverse coordinates of the
parton at τ0, σ⊥ is a transverse width parameter, and K
is a scale factor that can be adjusted to fit the experi-
mental data of produced hadrons.

In Fig. 1 we show the transverse distributions of en-
ergy density of the four single events for Pb+Pb colli-
sions at

√
sNN=2.76 TeV, constructed with the HIJING

for the impact parameter b=4 fm and τ0=0.4 fm/c. The
unit of energy density is GeV/fm3. The parameters σ⊥

and K are taken to be 0.5 fm and 0.2. One can see that
the transverse distributions of the initial energy density
have large event-by-event fluctuations.

When solving the hydrodynamic equations of motion
numerically, we also need an equation of state (EOS) to
close the hydrodynamic Eq. (2). In the calculations, we
use the parameterized EOS named s95p-PCE [16], which
combines the hadron resonance gas at low temperature
and the lattice QCD results at high temperature.

Figures 2(a1)–(a4) and (b1)–(b4) show the solutions
of the transverse distributions of the energy density at
z = 0 and t = 3, 6, 9 and 12 fm/c, for the single-
event source with the HIJING initial conditions shown
in Figs. 1(a) and (b), respectively. In the calculations,

Fig. 1. The transverse distributions of initial energy density of the four single events for Pb+Pb collisions at√
sNN=2.76 TeV, constructed with the HIJING for the impact parameter b=4 fm and τ0=0.4 fm/c. The unit of

energy density is GeV/fm3.
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Fig. 2. The transverse distributions of energy den-
sity of the two single event at z=0 and t=3 fm/c
[(a1) and (b1)], t = 6 fm/c [(a2) and (b2)], t =
9 fm/c [(a3) and (b3)], and t=12 fm/c [(a4) and
(b4)]. The initial conditions for panels (a1)–(a4)
and (b1)–(b4) are those shown in Fig. 1(a) and
(b), respectively. The unit of energy density is
GeV/fm3.

we use the relativistic HLLE scheme [10, 17, 18] and the
Sod’s operator splitting method [10, 18, 19] to solve the
hydrodynamic equations in the transverse plane z = 0,
and obtain the hydrodynamic solutions at z 6= 0 by
the longitudinal boost invariance of Bjorken hypothe-
sis [12, 14, 20]. The grid size in the HLLE calculations
is taken to be ∆x = ∆y = 0.1 fm, and the time step is
taken to be ∆t = 0.99∆x, which satisfies the Courant-
Friedrichs-Lewy criterion, ∆t/∆x < 1 [10, 21]. From
Fig. 2 it can be seen that the transverse distributions
of the energy density have large fluctuations in space.
These fluctuations survive even at the late stage of the
evolution.

3 Single-event HBT correlation function

and source function

The two-pion HBT correlation function is defined
as the ratio of the two-pion momentum distribution

P (p1,p2) to the production of single-pion momentum dis-
tribution P (p1)P (p2),

C(p1,p2)=
P (p1,p2)

P (p1)P (p2)
. (4)

Assuming that the final pions are emitted at the space-
time configuration characterized by a freeze-out temper-
ature Tf , we can generate pion momentum pi (i = 1,2)
according to Bose-Einstein distribution and obtain the
two-pion and single-pion momentum distributions. In
HBT interferometry, it is convenient to use the relative
momentum q=p1−p2 as a variable. The two-pion corre-
lation function C(q) is constructed with the momentum
distributions P (p1,p2) and P (p1)P (p2) by summing over
p1 and p2 for the q bins.

In Fig. 3(a)–(c) we show the two-pion correlation
functions, C(qx, qy, |qz|610 MeV/c), for the three sin-
gle events with the HIJING initial conditions shown in
Fig. 1(a)–(c). For comparison, we also show the correla-
tion function for the mixed event with 80 single events
in Fig. 3(d). In the calculations, the freeze-out tempera-
ture is taken to be 120 MeV and the number of correlated
pion-pairs for each event is taken to be Nππ=3×106. One
can see that the single-event correlation functions have
prominent fluctuations that are related to the event-by-
event fluctuations of the source space-time distributions
(see Fig. 2).

In order to extract the information of source space-
time distribution from the correlation functions, which
are experimentally observable, we next examine the
Fourier transform of the correlation functions. The
Fourier transform of [C(q)−1] is

F (r) =

∫
dq

(2π)3
e−iq·r [C(q)−1]

=

∫
dq

(2π)3
{

cos(q·r)−i sin(q·r)
}

[C(q)−1]. (5)

Because the correlation function C(q) is a real function
greater than unity and possesses an inversion symmetry
C(q)=C(−q) [7], the imaginary part in Eq. (5) vanishes.
By introducing the source function S(r) as the real part
in Eq. (5), we have

S(r)=

∫
dq

(2π)3
cos(q·r)[C(q)−1]. (6)

This presents the distribution of relative separation of
the emission points for the two identical pions [7, 22, 23].

In this work, we use a three-dimensional FFT method
[24] to calculate the source functions numerically. Ex-
panding the cosine function in Eq. (6), we have
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Fig. 3. Two-pion correlation functions C(qx, qy, qz) of three single events (a)–(c) and the mixed event with 80 single
events (d). Here the unit of relative momenta are MeV/c, and |qz|610 MeV/c.

S(r) =

∫
dq

(2π)3
cos(qxx+qyy+qzz)R(q)

=

∫
dq

(2π)3

[

cos(qxx)cos(qyy)cos(qzz)

−cos(qxx)sin(qyy)sin(qzz)−sin(qxx)cos(qyy)

×sin(qzz)−sin(qxx)sin(qyy)cos(qzz)
]

R(q), (7)

where R(q)=C(q)−1. Write Eq. (7) simply as

S(r)=[A1(r)−A2(r)−A3(r)−A4(r)]/(2π)3, (8)

where Ai(r)/(2π)3 (i =1, 2, 3, 4) is the ith term in
Eq. (7). The Fourier integral of the sine and cosine func-
tions in Eq. (7) can be written as the standard form of
the FFT package of DFFTPACK [24], in which the inte-
grations go from zero to infinity, by the proper symmetric
or antisymmetric reflectional relations. For example,

A1(r) =

∫
∞

0

dqzcos(qzz)[F1(x,y,qz)+F1(x,y,−qz)], (9)

A2(r) =

∫
∞

0

dqz sin(qzz)[F2(x,y,qz)−F2(x,y,−qz)], (10)

where

F1(x,y,qz)=

∫
∞

0

dqycos(qyy)[E1(x,qy,qz)+E1(x,−qy,qz)],

F2(x,y,qz)=

∫
∞

0

dqy sin(qyy)[E2(x,qy,qz)−E2(x,−qy,qz)],

and

E1(x,qy,qz) = E2(x,qy,qz)=

∫
∞

0

dqxcos(qxx)[R(qx,qy,qz)

+R(−qx,qy,qz)].

Also, A3(r) and A4(r) can be written as the standard
form of the FFT package in a similar way.

With the above relations, we can obtain the source
functions from two-pion correlation functions by using
the FFT packages [24]. In Figs. 4(a), (b) and (c) we show
the results of the source functions S(r) at z = 0, 4.13,
and 8.26 fm, obtained by the FFT for the single-event
two-pion correlation function presented in Fig. 3(a). The
source function has a maximum at r=0. The region of
its distribution is consistent with the source geometry.

From Fig. 4 it can be seen that the source functions
obtained from single event are fluctuated. Since the cor-
relation functions for the sources with FIC are fluctuated
event-by-event, the fluctuations in the source functions
should also be different event-by-event. In Fig. 5, (a), (b)
and (c) we show the source functions S(x;y=0;z) versus
x at z = 0, 4.13, and 8.26 fm, respectively. Here, the
dashed lines are the results of the source functions ex-
tracted from the single-event two-pion correlation func-
tions, as shown in Fig. 3(a)–(c), and the solid lines are
the mixed event correlation functions in Fig. 3(d). One
can see that there are large fluctuations in the source
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functions of single events as compared to that of the
mixed event. The fluctuating structures of the single-
event source functions are different event-by-event. This
event-by-event fluctuating structure of the relative sepa-
ration of source points provides anther more intuitional
signature for the spatial inhomogeneity of the particle-
emitting sources.

Fig. 4. The source function S(x, y, z) at (a) z=0,
(b) z=4.13 fm, and (c) z= 8.26 fm, obtained from
single event. The unit of S(r) is [10−4·fm−3].

Fig. 5. The source functions S(x,y = 0,z) versus
x at (a) z = 0, (b) z = 4.13 fm, and (c) z = 8.26
fm, respectively. The dashed lines are the results
obtained from the three single-event correlation
functions presented in Fig. 3(a)–(c). The solid
lines are for that of the mixed event shown in
Fig. 3(d). The unit of S(r) is [10−4·fm−3].

4 Summary and discussion

On an event-by-event basis, the density distributions
of the particle-emitting sources produced in relativis-
tic heavy ion collisions are inhomogeneous in space be-
cause of the fluctuations of the initial matter distribu-
tion in the collisions. In this work, we have examined
the single-event two-pion HBT correlation functions for
the hydrodynamical sources with the FIC generated by
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HIJING. The results indicate that the source inhomo-
geneity associate with the FIC may lead to large fluctu-
ations of the single-event HBT correlation functions. By
performing a three-dimension FFT to the single-event
HBT correlation functions, we extract the source func-
tions S(r) of the inhomogeneous sources. We find that
the source functions exhibit large spatial fluctuations and
that they are different event-by-event. These event-by-
event fluctuations of the spatial source functions pro-
vide a more intuitional signature of the inhomogeneous
particle-emitting sources in relativistic heavy ion colli-
sions.

In usual HBT analyses, the two-pion correlation func-
tions are obtained with mixed-event samples because of

the limitation of data statistics. In this case, the event-
by-event fluctuations of the correlation functions C(q)
are washed out. With the smoothed momentum cor-
relation functions, people can further obtain the source
HBT radii by parameterized fits and extract the spatial
source functions S(r) by the imaging technique [25–27].
As compared to the imaging technique, the FFT method
is more suitable for the correlation functions with large
fluctuations. As the collision energy increases, few- or
single-event HBT analysis will be hoped for in high en-
ergy heavy ion collisions. It will be of great interest to
develop few- and single-event HBT techniques, and to
observe and understand the event-by-event source fluc-
tuations.
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