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Thermodynamics of noncommutative geometry inspired black holes

based on Maxwell-Boltzmann smeared mass distribution *
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Abstract: In order to further explore the effects of non-Gaussian smeared mass distribution on the thermodynamical

properties of noncommutative black holes, we consider noncommutative black holes based on Maxwell-Boltzmann

smeared mass distribution in (2+1)-dimensional spacetime. The thermodynamical properties of the black holes are

investigated, including Hawking temperature, heat capacity, entropy and free energy. We find that multiple black

holes with the same temperature do not exist, while there exists a possible decay of the noncommutative black hole

based on Maxwell-Boltzmann smeared mass distribution into the rotating (commutative) BTZ black hole.
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1 Introduction

The idea of noncommutative spacetimes was origi-
nally introduced by Snyder to cure the divergences in
relativistic quantum field theory [1, 2]; in recent years,
the renewed interest in noncommutative spacetimes has
mainly been due to its relevance in quantum gravity re-
search [3].

Black hole physics plays a key role in the development
of quantization gravity. Ever since Hawking proved the
thermal radiation of a collapsing black hole using the
techniques of quantum field theory in a curved space-
time background [4, 5], extensive studies on black hole
physics have been done from theoretical view points.

A few years ago, Nicolini et al. first found a non-
commutative inspired Schwarzschild black hole solution
in four dimensions [6–8]; subsequently, the model was
extended to include the electric charge [9] and extra-
spatial dimensions [10, 11]. The remarkable property of
the noncommutative inspired black hole solution is that
there exists an extreme mass M0 under which no horizon
can be formed; thus, there will be a remnant after the
Hawking radiation, which could probably solve the so-
called paradox of black hole information loss [12]. From
then on, noncommutative geometry inspired black holes
aroused great interest among researchers. Kim et al. in-
vestigated thermodynamical similarity between the non-
commutative Schwarzschild black hole and the Reissner-
Nordström black hole [13]; Nozari and Mehdipour in-

vestigated Parikh-Wilczek tunneling of noncommutative
black holes [14–17]; Mann et al. investigated the pair
creation of noncommutative black holes in a background
with a positive cosmological constant [18]; Giri found out
and calculated the asymptotic quasinormal modes of a
noncommutative geometry inspired Schwarzschild black
hole [19]; Ding et al. studied the influence of the space-
time noncommutative parameter on the strong field grav-
itational lensing in the Reissner-Nordström black hole
spacetime [20]; Mureika et al. analyzed comprehensively
a noncommutative (1+1)-dimensional black hole [21];
Myung et al. [22, 23] and Tejeiro et al. [24] studied
black hole thermodynamics in noncommutative spaces
(for a comprehensive review see Ref. [3]).

In most current works, the noncommutative smear-
ing is mathematically introduced to replace the point-
like source term with a Gaussian distribution; however,
Park pointed out in Ref. [25] that the Gaussianity need
not always be required, although non-Gaussian smeared
mass distribution has not been studied much so far, and
showed that noncommutative black hole solutions based
on non-Gaussian smeared mass distribution do exist in
three-dimensional de Sitter spacetime. He gave the mat-
ter density as

ρ(r)=
M

πΓ
(n

2
+1

)

rn

Ln+2
e−

r
2

L2 ,

where M denotes the total mass, L is a characteris-
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tic length scale of the matter distribution and n =
1 and n = 2 correspond to a Reyleigh distribution
and a Maxwell-Boltzmann distribution, respectly. The
Reyleigh smeared mass distribution was first introduced
by Myung et al. in Ref. [23]; they found that there
may exist a phase transition between the noncommu-
tative black hole based on a Reyleigh distribution and
the non-rotating BTZ black hole1). In order to further
explore the effects of non-Gaussian smeared mass distri-
bution on the thermodynamical properties of noncom-
mutative black holes, we consider Maxwell-Boltzmann
smeared mass distribution in this paper. We deduce and
discuss the thermodynamical quantities of black holes,
including Hawking temperature, heat capacity, entropy
and free energy, and analyze the influence of parameters
θ, l (or the cosmological constant Λ, l is related to the

cosmological constant by Λ=− 1

l2
, see below) and angu-

lar momentum J on the black hole. We find that there do
not exist multiple black holes with the same temperature,
while there exists a possible decay of the noncommuta-
tive black hole based on Maxwell-Boltzmann smeared
mass distribution into the rotating (commutative) BTZ
black hole.

The outline of this paper is as follows: in Section 2,
we introduce a noncommutative inspired black hole so-
lution of Einstein equations in AdS3 spacetime using an
anisotropic perfect fluid. Then in Section 3, we study
the thermodynamics of this noncommutative black hole.
The final section is for the conclusions.

2 Noncommutative black hole solution

in (2+1)-dimensions

The noncommutative effect can be incorporated in
gravity in two main ways [29–36]. One is to directly take
the spacetime as noncommutative [x̂µ,x̂ν ]= iθµν , where
x̂µ are the spacetime coordinate operators and θµν is a
real-valued antisymmetric constant tensor of dimension
length squared, which determines the fundamental cell
discretization of spacetime manifold in the same way
as the Planck constant ~ discretizes the phase space.
Then use the Seiberg-Witten map to recast the grav-
itational theory in noncommutative space in terms of
the corresponding theory in commutative space. This
leads to correction terms involving powers of θµν in the
metric. The Moyal star product, defined in terms of

θµν as (f?g)≡exp

[

i

2
θµν

∂
∂xµ

∂xν

]

f(x)g(y)|x=y, where f

and g are infinitely differentiable arbitrary functions, is
used in this method [37–39]. The other is called the co-

ordinate coherent states approach (the noncommutative
black hole obtained by the coordinate coherent states ap-
proach is usually called the noncommutative (geometry)
inspired black hole), which is proposed from a different
point of view for the study of noncommutative quan-
tum mechanics and quantum field theory. The main idea
of this approach is to incorporate the effect of noncom-
mutativity in the mass term of the gravitational source.
More specifically, the substitution rule is to replace the
pointlike mass density described by a δ-function with a
Gaussian distribution, this is equivalent to saying that
the only modification occurs at the level of the energy-
moment tensor, while Einstein tensor is formally left
unchanged in the Einstein equation (see below) [3, 6–
10, 13–21, 24, 36]. However, as we have mentioned above,
Park further pointed out that the Gaussianity need not
be required always and gave the matter density as

ρ(r)=
M

πΓ
(n

2
+1

)

rn

Ln+2
e−

r
2

L2

[25]. Setting n = 2 and defining L = 2
√

θ, we get the
following Maxwell-Boltzmann smeared mass density

ρθ(r)=
Mr2

16πθ2
e−

r
2

4θ . (1)

The smeared mass distribution is now given by

Mθ(r)=

∫r

0

2πr′ρθ(r
′)dr′=M

[

1−
(

r2

4θ
+1

)

e−
r
2

4θ

]

. (2)

In the limit of
r√
θ
→∞, we get Mθ(r)→M .

In order to find a black hole solution in AdS3 space-
time, we introduce the Einstein equations (in c=G=1
unit)

Rµν−
1

2
Rgµν =8πTµν+

1

l2
gµν , (3)

where l is related with the cosmological constant by

Λ=− 1

l2
, Rµν is the Ricci tensor, R is the Ricci scalar,

gµν is the metric of spacetime and Tµν is the energy-
momentum tensor. These quantities are defined by

Rµν≡Rλ
µνλ , (4)

R≡Rµ
µ=gµνRνµ , (5)

Rλ
µνρ≡∂ν Γ λ

µρ−∂ρΓ λ
µν+Γ σ

µρΓ
λ
σν−Γ σ

µνΓ λ
σρ , (6)

Γ λ
µν≡

1

2
gλσ(∂µgνσ+∂ν gσµ−∂σgµν), (7)

ds2≡gµνdxµdxν , (8)

gµσgσν=δν
µ , (9)

1) The discovery of the (2+1)-dimensional BTZ black hole [26] is considered to be one of the important progresses in general relativity
in recent years [27]. Although a toy model in some aspects, it has aroused significant interest by virtue of its connections with certain
string theories and its role in understanding the holographic description of asymptotically anti-de Sitter spacetimes [28]. In addition, this
black hole model has proven to be an especially useful laboratory for studying the thermodynamical properties of black holes.
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where Rλ
µνρ is the Riemann-Christoffel tensor and

Γ λ
µν is the Christoffel symbol. The conservation law

T µν
;ν ≡ ∂ν T µν + Γ µ

ρνT ρν + Γ ν
ρνT

µρ = 0 tells us that
the energy-momentum tensor takes an anisotropic form
T µ

ν =diag(−ρθ,pr,p⊥), where the radial and tangential
pressure are given by pr = −ρθ and p⊥ = −ρθ−r∂rρθ,
respectively. Then solving the Einstein equations of mo-
tion, we obtain the line element as

ds2=−f(r)dt2+f−1(r)dr2+r2(dϕ+Nϕdt2), (10)

where

f(r)=−8M

[

1−
(

r2

4θ
+1

)

e−
r
2

4θ

]

+
r2

l2
+

J2

4r2
, (11)

and

Nϕ=− J

2r2
. (12)

Noticing that in the limit of
r√
θ
→∞, this solution re-

duces to the well known rotating BTZ black hole solution
with angular momentum J and total mass M ,

ds2 = −
(

8M+
r2

l2
+

J2

4r2

)

dt2+

(

8M+
r2

l2
+

J2

4r2

)−1

dr2

+r2(dϕ+Nϕdt2); (13)

therefore, for convenience, from now on, we would call
this black hole the NCBTZ black hole. The horizons
of the element (10) can be obtained from the equation
f(r) = 0. f as a function of r for different mass M is
plotted in Fig. 1.

Fig. 1. f vs r for θ=0.1, l=2, J =1 and different
values of M . Curves are for M = 0.002, 0.076,
0.200 from top to bottom. We obtain r0 ≈ 1.22
and M0≈0.076.

From Fig. 1, we see that, for this NCBTZ black hole,
there are two horizons, i.e., the inner(Cauchy) horizon
rC and outer(event) horizon rH; the distance between
the horizons will increase by increasing the black hole
mass M . Fig. 1 also shows that there exists an extremal
mass of M =M0 below which no black hole can be found.

At the extremal mass M0, the inner and outer horizons
meet at the extreme horizon r0 (rC6r06rH). The hori-
zon radius of the extreme black hole is determined by
the condition of f =0 and ∂rf =0, which gives

r4
0=

J2l2

4
+

r6
0 l

2

(

r2
0

l2
+

J2

4r2
0

)

e−
r
2
0

4θ

16θ2

[

1−
(

r2
0

4θ
+1

)

e−
r2
0

4θ

] . (14)

Here the second term on the right side of the equation is
the noncommutativity correction.

Then, the mass of the extremal black hole can be
written as

M0=

r2
0

l2
+

J2

4r2
0

8

[

1−
(

r2
0

4θ
+1

)

e−
r2
0

4θ

] . (15)

As an example, we obtain r0 ≈1.22 and M0≈0.076 nu-
merically for θ=0.1, l=2 and J=1.

3 Thermodynamics of the NCBTZ black

hole

One of the most interesting aspects of black hole
physics is the thermodynamical properties. Let us now
consider the Hawking temperature of the NCBTZ black
hole, which is calculated as

TH =
1

4π

∂rf |rH

=
rH

2πl2















1−J2l2

4r4
H

−

(

r2
H+

J2l2

4r2
H

)

r2
He−

r
2
H

4θ

16θ2

[

1−
(

r2
H

4θ
+1

)

e−
r2
H

4θ

]















.

(16)

Here, the last term inside the curly brackets on the right
of the equation is the noncommutativity correction.

In Fig. 2, we plot the Hawking temperature of the
NCBTZ black hole as a function of rH (from (16)); we
find that the case here is different from that of the regu-
lar black hole with the Gaussian matter source in AdS5

background [40], TH is a monotonically increasing func-
tion of rH; therefore, there do not exist multiple black
holes with the same temperature. The noncommutativ-
ity leads to the existence of an extremal horizon r0, as
rH goes to r0, the black hole approaches to a zero tem-
perature. By setting TH=0, for given θ, l and J , we can
obtain the value of the extremal horizon r0 numerically,
which is the same as that obtained from the condition
of f = 0 and ∂rf = 0; this shows the consistency of the
method. From Fig. 2(a), we see that by increasing the
parameter θ, the value of r0 increases and, for the pur-
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Fig. 2. TH as a function of rH. (a) The solid and dashed lines are for the NCBTZ black hole with θ=0.5 and θ=0.1,
respectively, while the dotted line is for the rotating BTZ black hole. We have taken l=5 and J=0.05 in all three
cases; (b) the solid and dashed lines are for the NCBTZ black hole with l=10 and l=5, respectively. In both cases,
we have taken θ =0.1 and J =0.05; (c) the solid and dashed lines are for the NCBTZ black hole with J =1 and
J=0.5, respectively. In both cases, we have taken θ=0.1 and l=5.

Fig. 3. The heat capacity as a function of rH. (a) The solid and dashed lines are for the NCBTZ black hole with
θ =0.5 and θ =0.1, respectively, while the dotted line is for the rotating BTZ black hole. We have taken l =10
and J =0.03 in all three cases; (b) the solid and dashed lines are for the NCBTZ black hole with l=20 and l=2,
respectively. In both cases, we have taken θ=0.1 and J =0.03; (c) the solid and dashed lines are for the NCBTZ
black hole with J=0.3 and J=0.03, respectively. In both cases, we have taken θ=0.1 and l=10.

pose of comparison, we also plot the Hawking temper-
ature of a rotating BTZ black hole as a function of
the horizon radius. Fig. 2(b) shows that the value of
r0 is insensitive to the change in the value of l. From

Fig. 2(c), we see that the value of r0 becomes larger as J

increases.
In order to check the stability of the NCBTZ black

hole, we calculate the heat capacity
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C=
∂M

∂TH

=
∂M

∂rH

1

∂TH

∂rH

. (17)

The heat capacity as a function of rH is shown in Fig. 3.
For instance, our numerical calculation shows that the
heat capacity vanishes at the extremal horizon r0≈0.885
(for θ=0.1, l=10 and J=0.03) and r0≈1.898 (for θ=0.5,
l = 10 and J = 0.03), respectively (see Fig. 3(a)). The
capacity is positive for rH > r0, therefore, this NCBTZ
black hole is stable. (The heat capacity will become neg-
ative for rH<r0. However, this region is unphysical, it is
not allowed by the definition of the horizon radii.) For
the purpose of comparison, in Fig. 3(a), we also plot the
heat capacity of a rotating BTZ black hole as a func-
tion of the horizon radius. Fig. 3(b) shows that the heat
capacity of the NCBTZ black hole is insensitive to the
change in the value of l. The behavior of the heat capac-
ity of the NCBTZ black hole for different values of J is
shown in Fig. 3(c).

Our next step is to calculate the entropy of the
NCBTZ black hole. We require that the first law be sat-
isfied with the NCBTZ black hole, dM =THdSH+ΩdJ ,
where Ω is the angular velocity of the black hole. On the
other hand, as physical quantities are evaluated on the
event horizon, M can be expressed as M =M(rH,J) and

dM can be expressed as dM =
∂M

∂rH

drH+
∂M

∂J
dJ . From

the two different forms of dM one finds the expression

for black hole entropy dSH =
1

TH

∂M

∂rH

drH. Defining the

entropy of the NCBTZ black hole as follows [41]:

S=

∫rH

r0

1

TH

∂M

∂rH

drH, (18)

where we find S = 0 for the extreme horizon radius r0,
which is a reasonable choice because this choice automat-
ically guarantees vanishing thermodynamical entropy at
absolute zero, as it is required by the third law of ther-
modynamics. Finally, we get

S=
π

2

∫rH

r0

drH

1−
(

r2
H

4θ
+1

)

e−
r2
H

4θ

. (19)

Obviously, this entropy does not satisfy the area law.
As is well known, phase transition is one of the im-

portant aspects in the study of the thermodynamics of
black holes and the free energy plays a crucial role to test
the phase transition. In order to analyze the possibility
of phase transition, let us define the on-shell free energy
as [23]

F (rH,θ)=M(rH,θ)−M0(θ)−TH(rH,θ)S(rH,θ). (20)

Here, the extreme black hole is used as the ground state
[42].

As an example, we show the free energy of the
NCBTZ black hole with θ = 0.1, l = 10 and J = 0.03
as well as the free energy of the rotating BTZ black hole
with l=10 and J =0.03 in Fig. 4. Clearly, the free en-
ergy of the NCBTZ black hole is higher than that of the
rotating BTZ black hole at any value of rH. Therefore,
there exists a possible decay of the NCBTZ black hole
based on the Maxwell-Boltzmann distribution into the
rotating BTZ black hole.

Fig. 4. Free energy F vs rH. The solid and dashed
lines show the free energy of the NCBTZ black
hole with θ = 0.1 and that of the rotating BTZ
black hole, respectively. In both cases, we have
taken l=10 and J=0.03.

4 Conclusions

In this paper, we investigate the Hawking temper-
ature, heat capacity, entropy and free energy of non-
commutative geometry inspired black holes based on a
Maxwell-Boltzmann smeared mass distribution in (2+1)-
dimensional spacetime. The noncommutativity leads to
the existence of an extreme horizon radius, at which the
black hole approaches to an absolute zero temperature.
The temperature is a monotonically increasing function
of the event horizon, which indicates that there do not
exist multiple black holes with the same temperature.
We use the first law of thermodynamics to derive the en-
tropy, which further confirms the incompatibility of the
first law of thermodynamics with Bekenstein-Hawking
entropy for the noncommutative inspired black hole [43].
Because the heat capacity is positive, this black hole is
stable. In addition, our numerical calculation shows that
there exists a possible decay of the NCBTZ black hole
into the rotating BTZ black hole.

We would like to thank the anonymous referee for
his/her helpful comments, which improve this paper
greatly.
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