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Abstract: Using the sequential decay process ete™ — J/i — AA, A —pn~, A — prt as an example, the

procedure for deducing the full angular distribution is illustrated by adopting both the Jacob-Wick and Jackson

conventions in the helicity formalism. To make sure that the final physical result is free of phase conventions,

we point out that the coefficients that relate the angular momentum states in different coordinate systems

of reference frames have to be taken into account properly in the procedure. The fact that those coefficients

are constants suggests that the Jackson convention is favorable in dealing with the processes with sequential

decays.
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1 Introduction

The helicity formalism, proposed by M. Jacob and
G. C. Wick in 1959 [1], is nowadays widely used in
particle physics to deal with collisions and decays in-
volving particles with spin. In the formalism, the
basic state of a particle is labeled by its momentum
p and its helicity quantum number A. Without an
explicit wave equation, the relative phases of the ba-
sic states have to be defined by a special convention.
The commonly used conventions are the Jacob-Wick
convention proposed in Ref. [1] and the Jackson con-
vention later proposed in Ref. [2].

Physical observables, such as differential cross-
sections and differential decay widths, are expected
to be independent of the phase conventions. How-
ever, different results did appear in the literature from
time to time when different conventions were applied
to calculate the angular distribution of the same pro-
cess. For example, the sequential decay process of
ete” —J/1— AN, A —pr—, A— prt was discussed
by applying the Jacob-Wick convention in Ref. [3].
The angular distribution so obtained was found to be
different from the recent result in Ref. [4] where the
Jackson convention was applied. It is therefore of in-
terest to understand the reason why such differences
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arise.

The angular distribution of ete™ — J/ — AA,
A —prn, A — prt will be re-examined by applying
both the Jacob-Wick and the Jackson conventions in
this paper. Using this as an example, some subtle
points in dealing with sequential decays will be ex-
plored.

2 Phase conventions

Some key points of phase conventions in the he-
licity formalism relevant to the following discussions
are listed in this section. Detailed information can be
found in Refs. [1, 2].

For a particle with non-zero mass and spin s, the
state with momentum p = (p,6,) and helicity quan-
tum number A can be defined from the angular mo-
mentum eigenstate |ss,) as

where 60, ¢ are respectively the polar and azimuth an-
gle of p, and |p| = p; R is the standard rotation oper-
ator

R(¢307X) :e*idﬁfze*w(]ye*ix(]z (2)

with J,, . the angular momentum operators of the
particle; L.(p) is the Lorentz boost operator, which
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boosts a particle at rest to momentum p along the z-
axis. Since J, commutes with L, (p), the e7*/= term
in Eq. (1) only contributes an arbitrary phase. Gen-
erally, x may be chosen as a function of 8, ¢ and
the functional form could be fixed by a specific phase
convention. Actually,

is taken for the Jacob-Wick convention, and

for the Jackson convention.

For a two-particle system, with spin s; and s,, re-
spectively, in a state of zero total linear momentum,
p1 = —p2 = p (direction 6, ¢), the two-particle state
is defined by

|p9¢)\1)\2> =R(¢,97x)|p00 )\1)\2>- (5)

Here the rotation operator R takes the same form as
given in Eq. (2) but J = J®+J® is the total angular
momentum of the two particles, and

The definition of the operator r® subjects to differ-
ent phase conventions,

r® = rﬂ%}v = (—1)32’A2e’i“‘]§2) (7)
for the Jacob-Wick convention, and
r® = = it g=in}? (8)
for the Jackson convention.
Based on the two-particle state defined in Eq. (5),

the state with total angular momentum J and z-
component JJ, = M can be constructed by

IpIM ) =N (42755, (6,00 1900,

(9)

where df? = sinfdfd¢. The definition of the

standard rotation matrix element 27 ,(¢,0,x) =

e”medl (@)e” "X can be found, for example, in
Ref. [5]. One can easily verify that
(PO A1 Az|p JM XL X,)

= NJ(SAIAQ(SAQAQ@}{;)\I,& (d)vaX)' (10)

The normalization factor N is irrelevant and will

simply be dropped in the following discussions.

3 Angular distribution of the sequen-
tial decay process

Assuming A, A are approximately on mass shell,
the process of ete™ — J/ — AA, A —pr~, A —prt

can be broken down into three sub-processes. The co-
ordinate system O-zyz of the J/1 rest frame .1, can
be fixed by choosing 2 along the e™ beam direction
and ¢ along an arbitrary direction that transverses to
2. For J/1 — AA, as seen in .7}, the decay amplitude
is given by

Tringr, (0,2) = L(pOP Ay Xo|Sy | I M), (11)

where |JM)y, is the angular momentum eigenstate of
the J/\{ (at rest), with J=1 and M the component
along 2. The helicity state denoted by a subscript
L is defined in the reference frame .74,; A, Ay are re-
spectively the helicities of A,A; Sjp is the transi-
tion matrix which governs J/1 decays. In the .7,
frame, the lincar momenta of A, A are back-to-back,
P, =—P; =P, and O, & are the polar and azimuth
angles of p. Using Eq. (10), one can get

TM;>x1>\2 (@,@) = O‘hkz@;j}\l—)@ (¢;@7X(@,¢))- (12)
Here, the transition element
Qxixg = L<p JM /\1)\2|SJ/11; |JM>L

is independent of M due to the rotation invariance.
For A — prt™ in the rest frame of the A, .y, the
decay amplitude may be written as

1
taing (01,61) A<q01¢1)\p|SA|§)\1>A
= Br o (61,01, x(61,61)). (13)

The helicity of p is denoted by A,, and the zero he-
licity of m~ has been dropped from the expression for
simplicity. The coordinate system O’-2'y’z’" of A, is
chosen as 2 is along the direction of P y' is along
the direction of 2 x z/. |1/2\;), is the angular mo-
mentum eigenstate of the A with z-component along
', and the helicity states with subscript A are known
being defined in .#;. The linear momentum of the
proton as seen in .%, is expressed by g with the polar
and azimuth angles of 6,,¢;. The transition matrix
Sa represents the dynamics of A decays, and £, is
the transition element of A — p7t~.

For .%3, the rest frame of the A, the coordinate
system O”-2"y"2z" is fixed by choosing z” along pj
and y” along 2 x z”. Similarly, the decay amplitude
for A — prrt can be expressed as

_ 1
tx\zkls (927¢2) = ;\<q92¢2 )‘ﬁ|57\|§)‘2>[_\

= BAI—)@;QT; (¢2,02,x(02,02)). (14)

Again, the helicity states are defined in .. All of
the other variables, such as A5, 6, ¢» and Sj, BA;»

in the expression, have similar meanings as given in
Eq. (13).
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The decay amplitude for ete™ — J /i — AA, A —
pt—, A — pmt can be constructed from the ampli-
tudes of the sub-processes

AM/\p)\f) - ZTM;)\l/\g(@v@)t)\l/\p(917¢1){/\2)\f}(025¢2)

A1 Ao

x (A<%/\1 ®x @Az )|p@4'> M), (15)

The last line in Eq. (15), which connects the states
defined in different coordinate systems of reference
frames, can be decomposed into two coefficients de-
fined as

1
Pr; =A <§)\1

R(¢,97X)Lz(p)‘%&> (16)

L7
and
_ 1 1

p>\2 =A <§)‘2 R(¢7@ux)r(2)Lz(p)‘§)\2>L

Here we use the definition of the two-particle state in

Eq. (5).
Since the two reference frames .#;, and ¥, are
actually connected by a Lorentz boost and a rotation

‘%)\1>A :R(¢,970)Lz(p)‘%>\1>

(17)

; (18)
L

so that

pr, =€ x(EP) (19)
Similarly, by using the connection between .#;, and
5%

1 1
3h), = Rnt@.m=0.0L.(p)|50) . (20)
one can obtain

Pr, = (—1)72e2X(@P) for the Jacob-Wick convention,

Pr, = e2X(EP) for the Jackson convention. (21)

Finally, the full angular distribution of the sequen-
tial decay process reads

do 9
dman < 2 M)

MApAp

= Z |6AP|Q|BA]3|2 Z OZAIA204;/1A/2

MXpAp AL A2\

xei[(kl7A,1)¢1+(>\27A,2)¢2]d}WA1 a (@)d}k{kif)\é (@)
1 1 1 1
del,\p (91)615/1% (Gl)d,\QZA15 (92)d/\2,2/\f) (62).

One can see that the expression given above is

(22)

completely independent of x and free from phase con-
ventions. It is also interesting to note that the full
angular distribution is independent of @ as physically
it should be. Otherwise, without the two coefficients,
px, and p,,, in the expression of the decay ampli-
tude in Eq. (15), the resulting full angular distribu-
tion would be dependent on @, as in Ref. [3].

4 Discussions and conclusion

The result given in Eq. (22) is the same as in
Ref. [4], where the Jackson convention was applied,
and different from that in Ref. [3] with the application
of the Jacob-Wick convention. The resulting full an-
gular distribution in Ref. [3] is dependent on @, which
is obviously incorrect. As indicated in section 3, the
dependence on @ is a consequence of the ignorance
of the two coefficients, p,, and p,,. If the two co-
efficients are taken into account, the same result as
here can be achieved. Actually, p,, and p,,, which
play a crucial role to get a convention-free result, are
the transition matrix elements of the states between
different coordinate systems of reference frames, by
which the relative phases of amplitudes according to
the sub-processes are defined.

It is interesting to note that x;x =0 in the Jackson
convention, the two coefficients, i.e., the transition
matrix elements, are simply px, = pr, = 1. That ex-
plains why correct results, for example in Refs. [4, 6—
8], could be obtained even without mentioning the
existence of the coefficients. It seems safer (and of
course simpler) to adopt the Jackson convention in
the helicity formalism.

The @ dependence of the full angular distribution
was also noticed in the study of the spin correlations
in T-pair decays when using the Jacob-Wick conven-
tion [9]. The arguments to fix the problem are, how-
ever, inadequate.

To conclude, some subtle points on phase conven-
tions in dealing with sequential decays have been dis-
cussed in this article. Using ete™ —J/1 — AA, A —
pt—, A — prtt as an example, we have shown that
the convention-free result could be reached by either
the Jacob-Wick or the Jackson convention.
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