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Azimuthal correlations of hadrons and fragments

in nucleus-nucleus collisions *
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Abstract: Two-particle (two-fragment) azimuthal correlation functions are studied by using a simple formula

which describes uniformly azimuthal distributions of final-state charged particles and nuclear fragments. This

formula is obtained in the framework of a multi-source thermal model (or multi-source ideal gas model). The

calculated results are compared and found to be in agreement with the experimental data of charged hadrons

and nuclear fragments in nucleus-nucleus collisions at intermediate and high energies.
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1 Introduction

Charged particles and nuclear fragments are the

main products in nucleus-nucleus collisions at inter-

mediate and high energies. In such collisions, the

particles’ (and fragments’) azimuthal anisotropy and

their correlations can provide information on the

properties of an interacting system [1–3]. The pri-

mary goal of current high energy nuclear physics re-

search is the creation and study of nuclear matter

at high energies and high densities. From interme-

diate energy to high energy regions, nuclear reaction

mechanisms are expected to change due to different

energy densities. As quantities measured in experi-

ments, azimuthal distributions and correlations can

be obtained in intermediate and high energy nucleus-

nucleus collisions.

Generally, the azimuthal distributions can be de-

scribed by a Fourier decomposition [4, 5]

dN

d(φ−ΦR)
∝

(

1+

∞
∑

n=1

2vn cos
[

n(φ−ΦR)
]

)

, (1)

where N denotes the particle (fragment) number, φ is

the azimuthal angle of an emitted particle (fragment)

and ΦR is the azimuth of the reaction plane which is

defined by the beam direction and the impact param-

eter vector. The coefficient vn is the nth-harmonic

coefficient of the Fourier expansion of the azimuthal

distribution and given by vn = 〈cos[n(φ−ΦR)]〉, where

〈...〉 denote the statistical averaging over particles

(fragments) and events. The second moment of the

anisotropy flow v2 is called the elliptic flow which is

observed mainly in semi-central nucleus-nucleus col-

lisions at intermediate and high energies. In such col-

lisions, elliptic flows of different charged particles and

nuclear fragments result from hydrodynamic pressure

gradients developed in a locally thermalized “almond-

shaped” collision (participant) zone [6].

An alternative technique for elliptic flow analysis

is the Fourier decomposition of the pairwise distribu-

tion in the azimuthal angle difference (∆φ =φ1−φ2)

between pairs of emitted particles (fragments) [7–9]:

dN

d∆φ
∝

[

1+
∞

∑

n=1

2v2
n cos

(

n∆φ
)

]

, (2)

where the square of the second Fourier coefficient,

v2
2 , characterizes the magnitude of the elliptic flow in

this case. Eq. (2) is in fact the ∆φ distribution. Fol-

lowing an approach commonly exploited in interfer-

ometry studies, a two-particle (fragment) azimuthal

correlation function can be defined as follows [7–9]:
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C(∆φ) =
Ncor(∆φ)

Nuncor(∆φ)
, (3)

where Ncor(∆φ) is the observed ∆φ distribution for

charged particle (fragment) pairs selected from the

same event, and Nuncor(∆φ) is the ∆φ distribution for

particle (fragment) pairs selected from mixed events.

Many models have been introduced to describe

particle productions in high energy collisions. For ex-

ample, the FRITIOF model [10], the VENUS model

[11, 12], the Gribov-Glauber model [13], the QGSM

model [14], the RQMD model [15–17], the Hydrody-

namics model [18, 19], the string percolation model

[20], the ART model [21], the ZPC model [22], a

running coupling non-linear evolution [23], the HI-

JING model [24–26], a multiphase transport model

(the AMPT model) [27], the color glass condensate

(CGC) model [28], the perturbative QCD plus sat-

uration plus hydrodynamics (EKRT) model [29], a

combination model of constituent quarks and Lan-

dau hydrodynamics [30], a two-stage gluon model or

a gluon dominance model [31], the KKT model [32],

a consistent quantum mechanical multiple scattering

approach (EPOS) [33, 34], a multi-source thermal

model (or multi-source ideal gas model) [35–44], etc.

In this work, we shall use the multi-source ther-

mal model [35–44] to describe the two-particle (frag-

ment) correlations in nucleus-nucleus collisions at in-

termediate and high energies. This model contains

anisotropic expansions and movements of the partic-

ipant region in the transverse momentum-space. A

simple formula obtained by this model will describe

uniformly the azimuthal correlations in different col-

lisions at different energies.

2 The model

Although the multi-source thermal model on

transverse momentum and azimuthal distributions

can be found in references [35–38], a short description

is given in the following to show a whole presentation

of this work. In the model, let the beam direction be

the oz axis and the reaction plane be the xoz plane.

Many emission sources (or thermal sources) of parti-

cles (fragments) are assumed to form in participant

(spectator) in nucleus-nucleus collisions at intermedi-

ate and high energies. Each emission source is treated

as an ideal gas source in its rest frame. The inter-

actions among different emission sources affect the

emissions of particles (fragments).

As in Maxwell’s ideal gas model, the three com-

ponents p′

x, p′

y, and p′

z of the particle (fragment) mo-

mentum in the rest frame of the emission source obey

Gaussian distribution and have the same standard de-

viation σ, that is [35–38]

fp′

x,y,z
(p′

x,y,z) =
1√
2πσ

exp

(

−
p′2

x,y,z

2σ2

)

. (4)

Considering the interactions among different emis-

sion sources, the considered source will have expan-

sion and movement in the momentum space. Due to

this expansion and movement, the momentum com-

ponents px, py, and pz of the particle (fragment) mo-

mentum in a final state will depart from the Gaussian

distribution.

We need only px and py to consider azimuthal dis-

tribution and correlation. The simplest relationships

between px,y and p′

x,y are linear

px,y = ax,yp
′

x,y +Bx,y = ax,yp
′

x,y +bx,yσ, (5)

where Bx,y represent the movements of the sources

and ax,y and bx,y are the coefficients that describe

the effects of the expansion and movement of the

source respectively [35–38]. It seems that Eq. (5) is

in contradiction with the Lorentz transformation. We

point out that one could understand the current for-

malism because Eq. (5) represents the relationships

between “mean” momenta in the cases of laboratory

(or center-of-mass) reference frame and source rest

frame.

The azimuthal momentum-space anisotropy of

particles (fragments) produced in nucleus-nucleus col-

lisions at intermediate and high energies can be de-

scribed by the momentum components, we have the

azimuthal angle

φ = arctan
py

px

. (6)

The transverse momentum pT is also given by the

momentum components, that is

pT =
√

p2
x +p2

y. (7)

According to the knowledge of probability theory

and Eq. (5), the distributions of px,y can be given by

[35–38]

fpx,y
(px,y) =

1√
2πσax,y

exp

[

− (px,y−bx,yσ)2

2σ2a2
x,y

]

. (8)

The unit-density functions of px and py are [38]

fpx,py
(px,py) = fpx

(px)fpy
(py)

=
1

2πσ2axay

exp

[

− (px−bxσ)2

2σ2a2
x

− (py−byσ)2

2σ2a2
y

]

. (9)

Then, we have the unit-density functions of pT and φ
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as [38]

fp
T

,φ(pT,φ) = pTfpx,py
(pT cosφ,pT sinφ)

=
pT

2πσ2axay

exp

[

− (pT cosφ−bxσ)2

2σ2a2
x

− (pT sinφ−byσ)2

2σ2a2
y

]

. (10)

From Eq. (10), we have the φ distribution to be

fφ(φ) =

∫
∞

0

fp
T

,φ(pT,φ)dpT (11)

and the pT distribution to be

fp
T
(pT) =

∫2π

0

fp
T

,φ(pT,φ)dφ. (12)

Generally, Eq. (11) can be used to describe the az-

imuthal distributions of final-state particles and nu-

clear fragments produced in nucleus-nucleus collisions

at intermediate and high energies. According to

Eq. (3), the azimuthal correlation is given by

C(∆φ) =

∫∆φ

0

fφ(φ1)fφ(φ1−∆φ)dφ1

/∫∆φ

0

f ′

φ(φ1)f
′

φ(φ1−∆φ)dφ1, (13)

where f ′

φ denotes the azimuthal distribution of par-

ticles from mixed events and equals fφ with ax,y = 1

and bx,y = 0.

It is difficult to give a set of parameters to de-

scribe the experimental data by using Eq. (13) due

to too many parameters. In calculations, replacing

φ by ∆φ in Eq. (11), we describe empirically the az-

imuthal correlations. That is, we have the azimuthal

correlation as

f∆φ(∆φ) =

∫
∞

0

pT

2πσ2axay

exp

[

− (pT cos∆φ−bxσ)2

2σ2a2
x

− (pT sin∆φ−byσ)2

2σ2a2
y

]

dpT. (14)

In the calculation of fφ(φ) and f∆φ(∆φ), the value

of σ does not significantly affect the result. The de-

fault values of the four parameters are ax,y = 1 and

bx,y = 0. The physics condition gives ax,y > 1.

3 Comparison with experimental data

Figure 1 shows the representative ∆φ correlation

functions obtained by the PHENIX collaboration (cir-

cles [45]) for charged hadrons detected in the pseudo-

rapidity range −0.35 < η < 0.35. The experimental

data [45] are presented for different centrality and

pT ranges in Au-Au collisions at the center-of-mass

energy
√

sNN = 130 GeV. Correspondingly, the calcu-

lated curves are given in the figure with different ax

values as marked in the panels, and the other param-

eters (ay and bx,y) are taken to be the default values.

In the selection of the parameter values, the method

of χ2-testing is used. From the left to right and up to

down panels, the obtained values of χ2 per degree of

freedom (χ2/dof) are 0.019, 0.051, 0.051, and 0.100,

respectively. One can see that our modelling results

are in good agreement with the experimental data of

the PHENIX collaboration.

Fig. 1. The azimuthal correlation function for

charged hadrons with −0.35 < η < 0.35 and

different centralities and transverse momenta

in Au-Au collisions at
√

sNN = 130 GeV. The

circles represent the experimental data of the

PHENIX collaboration [45] and the curves are

our calculated results.

The azimuthal correlation function for fragments

with rapidity (y) greater than 0.75ybeam for Ar-BaI2
collisions at 1.2 GeV/nucleon in three M ∗ intervals

and for Ar-KCl collisions at 1.2 GeV/nucleon in a

single M∗ interval is presented in Fig. 2, where ybeam

denotes the beam rapidity, and M ∗ is defined as a

reduced multiplicity counting only fragments over an

emission angle range of between 8◦ and 85◦. The cir-

cles represent the experimental data of Wang et al [7].

The solid curves are our calculated results with differ-

ent bx values as marked in the panels, and the other

parameters are taken to be the default values. The

obtained values of χ2/dof are 0.020, 0.037, 0.024, and



1108 Chinese Physics C (HEP & NP) Vol. 35

0.041, respectively. To give a comparison, the calcu-

lation result with ax = 1.015, bx = 0.068, ay = 1, and

by = 0 for Ar-KCl collisions is drawn in the figure by

the dotted curve with χ2/dof = 0.029. We see that

the modelling results with given parameters are in

good agreement with the experimental data.

Fig. 2. The azimuthal correlation function for

fragments with y > 0.75ybeam and in different

M∗ bins for Ar-BaI2 and Ar-KCl collisions at

1.2 GeV/nucleon. The circles represent the

experimental data of Wang et al [7] and the

curves are our calculated results.

Fig. 3. As in Fig. 2, except that fragments have

a maximum emission angle of θup.

Similar to Fig. 2, the azimuthal correlation func-

tion for fragments with emission angle (θ) less than

θup = 34◦ for Ar-BaI2 collisions and θup = 29◦ for Ar-

KCl collisions at 1.2 GeV/nucleon are given in Fig. 3.

The obtained values of χ2/dof are 0.017, 0.014, 0.006,

and 0.009, respectively. The calculation result with

ax = 1, bx = 0.012, ay = 1.010, and by = 0 for Ar-

BaI2 collisions in the M∗ > 37 interval, and that with

ax = 1.005, bx = 0.017, ay = 1, and by = 0 for Ar-

KCl collisions are drawn in the figure by the dotted

curves with χ2/dof = 0.005 and 0.008 respectively.

Once more we see that the modelling results describe

well the experimental data [7].

Fig. 4. The left panel: The azimuthal corre-

lation function in simulated 40Ar + 45Sc −→

p+X at 45 MeV/nucleon for different reaction

dynamics. Right panel: The azimuthal corre-

lation function in experimental 40Ar+45Sc−→
4He+X at 45 MeV/nucleon for different cen-

tralities. The circles represent the results of

Lacey et al [8] and the curves are our calcu-

lated results.

The azimuthal correlation function for 40Ar +
45Sc −→p+X and 40Ar + 45Sc −→ 4He+X at

45 MeV/nucleon for fragments emitted in different

rapidity ranges is displayed in Fig. 4. The circles in

the left panel represent the simulated results of Lacey

et al. for different reaction dynamics [8], and those



No. 12 LI Hui-Ling: Azimuthal correlations of hadrons and fragments in nucleus-nucleus collisions 1109

in the right one represent the experimental data of

Lacey et al. for different centralities [8]. The curves

are our calculated results with different ax and bx as

marked in the panels and the default ay (= 1) and

by (= 0). In the calculation, the obtained χ2/dof are

0.151, 0.036, 0.085, 0.425, 0.069, and 0.257, respec-

tively. One can see that our model describes well the

simulated results (left panel) and experimental data

(right panel) of Lacey et al [8].

Fig. 5. The azimuthal correlation function in
40Ar+45Sc−→ 4He+X (left panel) and 6Li+X

(right panel) at 45 MeV/nucleon for different

centralities. The circles represent the experi-

mental data of Lacey et al. [8] and the curves

are our calculated results.

Figure 5 shows the azimuthal correlation function

for 40Ar+45Sc−→ 4He+X and 40Ar+45Sc−→ 6Li+X

at 45 MeV/nucleon for fragments emitted in rapid-

ity ranges −0.5 < y < −0.05 and different centrali-

ties. The circles represent the experimental data of

Lacey et al. [8], and the curves are our calculated

results. Differing from Figs. 1–4, we have used a two-

component distribution which describes, respectively,

the contributions of the projectile and target compo-

nents. In the figure, except for the default values, the

parameters corresponding to the projectile and target

components are bxp and bxt respectively. The contri-

bution of the projectile component is mainly in the

low ∆φ range, and its fraction is kp. The contribu-

tion of the target component is mainly in the high ∆φ

range, and its fraction is 1− kp. In the calculation,

the obtained χ2/dof are 1.773, 0.089, 0.575, 1.419,

0.865, and 0.979, respectively. One can see that our

model describes well the experimental data of Lacey

et al. [8].

4 Conclusion and discussion

To conclude, a multi-source thermal model is used

to give a new and simple description of the two-

particle (fragment) azimuthal correlation function in

nucleus-nucleus collisions at intermediate and high

energies. In most cases (Figs. 1–4), a single compo-

nent distribution describes the experimental data. In

another case (Fig. 5), a two-component distribution

is used. The calculated results of the multi-source

thermal model are in agreement with the considered

experimental data. The parameters ax,y and bx,y de-

scribe the effects of the expansions and movements

of the thermal source in the transverse plane respec-

tively. ax,y > 1 means an expansion. bx,y > 0 and

< 0 correspond to the source movements along the

positive and negative axes respectively. An isotropic

emission in the transverse plane presents that ax,y = 1

and bx,y = 0. The physics condition gives ax,y > 1.

The parameter values for Fig. 1 and for the right

panel of Fig. 4 show that the expansion effect of the

thermal source decreases with the increase of the cen-

trality. The movement effect in the peripheral colli-

sions is positive, and that in the central collisions is

negative. The parameter values for the left panel of

Fig. 4 show that the expansion effect in the rotation

events is greater than that in the flow events, and

the situation of the movement effect is opposite to

that. With an increase of fragment multiplicity M ∗,

the movement effect for Fig. 2 does not show an ob-

vious change, and that for Fig. 3 decreases obviously.

With an increase in centrality, the parameter bxp for

the left panel of Fig. 5 increases obviously, and that

for the right panel of Fig. 5 does not show an obvious

change. Both |bxt| and kp for Fig. 5 decrease with the

increase of the centrality.

The important physical parameters in this model

are ax,y and bx,y, which describe the effects of the

expansions and movements of the thermal source in

the transverse plane respectively. Fixing the param-

eter ay = 1 in calculations, we obtained the values

of ax > 1 while fitting the experimental data, which

physically means an existence of anisotropy in the

emission of hadrons in the transverse plane. Also the
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values of the parameter bx,y, describing the movement

of the thermal source, were fixed at different values.

The simple model used by us for describing the exper-

imental data seems to work and fit the experimental

data quite well. In calculations, before getting the

values of parameters, we first described the experi-

mental data without fixing the parameters ax,y and

bx,y. Then, we obtained the values of ax not equal to

ay, this would also prove the existence of anisotropy

in experimental data. For example, we fitted the data

letting ax and ay vary, but at fixed values of bx,y in

some intervals of bx,y, changing bx,y every time with

some equal step dbx,y. After fitting the data many

times, we found that the limitation of the physics con-

dition and consideration of relative expansion could

give a better result.
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