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Particle-number conserving analysis of the high-K

multi-quasiparticle bands in 179Re*
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Abstract The experimentally observed ten rotational bands in 179Re are analyzed with the particle-number

conserving method for treating the cranked shell model with pairing interaction, in which the blocking effects

are taken into account exactly. The experimental moments of inertia of these bands are reproduced quite well

by our calculations with no free parameter and the deformation driving effects are discussed. The bandhead

energies and the variation in the occupation probability of each cranked orbital are also analyzed.
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1 Introduction

In recent years, a lot of low-lying excited rota-

tional bands with intrinsic multi-quasiparticle (qp)

states have been observed [1–3]. For the well-

deformed rare-earth nuclei with A ∼ 180 (Z ∼ 74,

N ∼ 104), the single-particle spectrum is dominated

by high-Ω (projection of angular momentum along

the symmetry axis) orbitals near the Fermi surface,

e.g., the proton orbitals π7/2−[523] (the boldface let-

ter denotes the high-j intruder orbitals), π7/2+[404],

π9/2−[514], π5/2+[402], and the neutron orbitals

ν7/2+[633], ν5/2−[512], ν7/2−[514], ν9/2+[624],

etc. This special situation gives rise to low-lying ex-

cited high-K multi-quasiparticle bands.

In the rare-earth region, there are many inter-

esting phenomena, such as signature inversion [4, 5],

deformation-driving characteristics of high-j intruder

orbitals [6], etc. The Re (Z= 75) isotopes are located

at the edge of the rare-earth region and many experi-

ments have been done to investigate this transitional

nuclide. Many features, such as configuration depen-

dent deformations [7], signature inversion in doubly-

odd Re nuclei [8], multi-quasiparticle K isomers and

K forbidden transitions [3, 9, 10], have been investi-

gated in detail. Also much research concerning the

high-spin structure and band crossing phenomena of

Re nuclei has been done [7, 9, 11, 12]. It is well known

that in the rare-earth region the νi13/2 is responsible

for the first backbending (~ω ∼ 0.20–0.30 MeV) and

the πh11/2 is responsible for the second backbend-

ing, which usually occurs in the very high-spin region

(~ω∼ 0.50 MeV) [13]. In the transitional Re nuclide,

the backbending frequency (ωc) may be a little dif-

ferent for each band due to different deformations. A

larger deformation would reduce the alignment gain

and move the backbending to a higher frequency [7].

Some experiments that are used to investigate 179Re

have been done [3, 7] and the experimental data were

recently reported in Ref. [12]. But until now there

have only been scarce theoretical calculations avail-

able, so in this paper we use the particle-number

conserving (PNC) method to investigate this nucleus.

The particle-number is conserved from beginning to

end and the blocking effects are taken into account

exactly in our calculation.

In this paper, the experimental 1-qp, 3-qp and 5-

qp bands in 179Re [3, 11, 12] are analyzed using the

particle-number conserving (PNC) method. Details

of the PNC formalism are given in [14, 15]. For con-

venience, the main formulation used in the present

calculation is presented in Sect. 2. The PNC analysis
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for the low-lying 1-qp and multi-quasiparticle bands

in 179Re, including the bandhead energies, moments

of inertia (MOIs) and occupation probability of each

cranked Nilsson orbital are given in Sect. 3. Sect. 4

gives a brief summary.

2 A brief review of the PNC method

for the CSM with pairing interac-

tion

The CSM Hamiltonian of an axially symmetric

nucleus in the rotating frame is [14, 15]

HCSM = H0 +H
P
,

H0 = HNil−ωJx. (1)

H0 =HNil−ωJx is the one-body part of HCSM, where

HNil is the Nilsson Hamiltonian, −ωJx is the Corio-

lis interaction with cranking frequency ω about the x

axis (perpendicular to the nuclear symmetry z axis).

H
P

is the pairing interaction

H
P

=−G
∑

ξη

a+
ξ a

+

ξ̄
aη̄aη, (2)

where ξ̄ (η̄) labels the time-reversed state of the Nils-

son state ξ (η) and G is the effective strength of pair-

ing interaction, which is determined by the experi-

mental odd-even difference in binding energies, and

it is not a free parameter.

In the PNC calculation, a cranked many-particle

configuration (CMPC) truncation (Fock space trun-

cation) is used instead of the single-particle level

(SPL) truncation in common shell-model calcula-

tions. This is crucial to make the PNC calculations

for low-lying excited states both workable and suf-

ficiently accurate [16, 17]. The stability of the cal-

culations using the Fock space truncation has been

investigated in detail by the Dudek group [17].

An eigenstate of HCSM can be written as

|ψ〉=
∑

i

Ci|i〉 (Ci real), (3)

where |i〉 is a CMPC (an eigenstate of the one-body

operator H0). In the following calculations, the CSM

Hamiltonian (1) is diagonized in a sufficiently large

CMPC space to obtain the solutions to low-lying ex-

cited eigenstates of HCSM. In the following calcula-

tion, the dimension of the CMPC space is about 700

for protons and 800 for neutrons. As we are only

interested in the yrast and low-lying excited states,

the numbers of important CMPCs involved (weight

> 1%) is very limited (usually < 20) and almost all

of the CMPCs with weight > 0.1% are taken into ac-

count, so that the solutions to the low-lying excited

states are accurate enough.

The kinematic moment of inertia for the state |ψ〉

is

J (1) =
1

ω
〈ψ|Jx|ψ〉

=
1

ω

(

∑

i

C2
i 〈i|Jx|i〉+2

∑

i<j

CiCj〈i|Jx|j〉

)

. (4)

The occupation probability nµ of the cranked orbital

|µ〉 is nµ =
∑

i

|Ci|
2Piµ, where Piµ = 1 if |µ〉 is occupied

in |i〉, and Piµ = 0 otherwise.

It is noted that because Rx(π) = e−iπJx and

[Jx,Jz] 6= 0, the signature scheme breaks the validity

of K being a good quantum number. However, con-

sidering [Jx,J
2
z ] = 0, we can construct the simultane-

ous eigenstates of (Rx(π),J2
z ). Each |i〉 in (3) is cho-

sen as a simultaneous eigenstate of (H0,J
2
z ). Walker

and Draculis [1] pointed out that some forms of K-

mixing must exist to enable K-forbidden transitions

observed in many low-lying rotational bands of axially

symmetric nuclei. However, by convention, K is still

used as a convenient quantum number to describe the

rotational bands of deformed spheroidal nuclei. In the

PNC treatment of the CSM with Hamiltonian (1), the

seniority (number of unpaired particles) is not a good

quantum number either, due to the appearance of the

antipairing Coriolis interaction. Moreover, though

the total number of particles n

(

=
∑

µ

nµ

)

keeps ex-

actly constant, the occupation probability nµ for each

orbital µ may change with increasing rotational fre-

quency ω.

3 Analysis of the low-lying rotational

bands in 179Re

3.1 Cranked Nilsson levels near the Fermi

surface of 179Re

The cranked Nilsson single-particle levels near the

Fermi surface of 179Re are calculated at first. In our

calculations, the Nilsson parameters (κ, µ) and the

deformation parameters (ε2 = 0.2325, ε4 = 0.0385)

for protons and neutrons are taken from the Lund

systematics [18, 19]. A little change in ε2 is made

in Kπ = 1/2− (π1/2−[541]) due to the deformation

driving effects of this orbital in Re nuclei [7, 11] and

a slight adjustment is made in (κ, µ) to reproduce

the bandhead energies of the low-lying 1-qp bands

in 179Re. For protons, κ4 = 0.0626, κ5 = 0.0649,

µ4 = 0.609 and µ5 = 0.533. For neutrons, κ5 = 0.0660,
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κ6 = 0.0620, µ5 = 0.440, µ6 = 0.350, ν1/2−[521] is

shifted upward by 0.04~ω0 and ν9/2+[624] is shifted

downward by 0.06~ω0. The change in µ will cause a

change in the relative position of the Nilsson levels in

the same N shell, and a change in κ will lead to the

change in the relative position of the neighboring N

shell. In our calculations, we consider the N = 4,5

major shell for protons and the N = 5,6 major shell

for neutrons. The adjusted Nilsson level scheme is

shown in Fig. 1. The effective pairing interaction

strength is determined by the experimental odd-even

differences in binding energy: Gp = 0.30 MeV (pro-

tons) and Gn = 0.28 MeV (neutrons). So there is no

additional free parameter in our calculations.

Fig. 1. The cranked Nilsson orbitals near the Fermi surface of 179Re. The deformation parameters (ε2 =

0.2325, ε4 = 0.0385) are taken from the Lund systematics [18]. The Nilsson parameters κ and µ (Lund

systematics [19]) are slightly adjusted to reproduce the bandhead energies of the low-lying 1-qp bands in
179Re. (a) For protons, κ4 = 0.0626, κ5 = 0.0649, µ4 = 0.609 and µ5 = 0.533. (b) For neutron, κ5 = 0.0660,

κ6 = 0.0620, µ5 = 0.440, µ6 = 0.350, ν1/2−[521] is shifted upward by 0.04~ω0 and ν9/2+[624] is shifted

downward by 0.06~ω0.

Table 1. Comparison of the experimental and

calculated bandhead energies of 1-, 3- and 5-

qp bands in 179Re.

Kπ configuration∗ Eexp/keV Ecal/keV
5
2

+
π 5

2

+
0 0

9
2

−

π9

2

−

88 89
15
2

−

π9

2

−

,ν 7
2

−

,ν 1
2

−

927 1520
17
2

+
π 5

2

+
,ν 7

2

−

,ν 5
2

−

1815 1850
19
2

+
π9

2

−

,ν9

2

+
,ν 1

2

−

1827 1770
23
2

+
π9

2

−

,ν 7
2

−

,ν7

2

+
>1772 1697

33
2

+
π 5

2

+
,ν9

2

+
,ν 7

2

−

,ν7

2

+
,ν 5

2

−

3456 3039
33
2

−

π9

2

−

,ν 9
2

+
,ν 7

2

−

,ν7

2

+
,ν 1

2

−

3542 2709
35
2

+
π 7

2

+
,ν9

2

+
,ν 7

2

−

,ν7

2

+
,ν 5

2

−

3703 3507

∗Orbitals: protons (π): 5
2

+
: 5

2

+
[402], 7

2

+
: 7

2

+
[404],

9

2

−

: 9

2

−

[514]. Neutrons (ν): 7
2

−

: ν 7
2

−

[514], 9

2

+
: 9

2

+
[624],

1
2

−

: 1
2

−

[521], 7

2

+
: 7

2

+
[633], 5

2

−

: 5
2

−

[512].

Table 1 shows the experimental [3, 12] and cal-

culated bandhead energies for 1-, 3- and 5-qp bands

in 179Re. Most of the experimental data can be well

reproduced by the PNC calculation using the Nilsson

level scheme and effective pairing strength (both for

protons and neutrons) given above. So it seems rea-

sonable for us to proceed with the following calcula-

tions. Some bandhead energies are not so well repro-

duced (e.g., Kπ = 15/2+,33/2−). They are also not

very well reproduced in Ref. [3]. This may be due to

configuration dependent deformation effects. In this

transitional nuclide, the deformation in each rota-

tional band is very complicated. If we consider these

effects strictly, the results should be better, and this

needs further investigation.

3.2 The MOIs and the backbending of the

1-qp bands in 179Re

The experimental J (1)s of the low-lying 1-qp

bands in 179Re [3, 11, 12] are shown in Fig. 2 by �

(α= 1/2) and � (α=−1/2), respectively. The PNC

calculated J (1)s for all of the low-lying 1-quasiproton

bands are shown by solid (α = 1/2) and dotted

(α = −1/2) lines. The experimental J (1)(ω)s are re-
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produced quite well by the PNC calculations, which

in turn confirms the assigned configurations for the

1-qp bands in 179Re [3, 11, 12]. In Fig. 2(a), we

see that reducing the quadrupole deformation ε2 by a

small amount (ε2 = 0.22, reduced by about 6%), the

backbending of the gsb Kπ = 5/2+ (π5/2+[402]) can

be reproduced very well (dashed line). The alignment

gain in the π5/2+[402] band is larger than that gain

in the π9/2−[514] band after backbending. This is

due to the configuration dependent deformation ef-

fects. We do this calculation only to illuminate this.

The smaller earlier backbending frequency ωc in the

Fig. 2. The MOIs of the low-lying 1-qp bands in 179Re. The experimental MOIs are denoted by � (α = 1/2)

and � (α =−1/2). The calculated MOIs by the PNC method are denoted by solid lines (α =1/2) and dotted

lines (α =−1/2). (a) The MOI for the gsb Kπ =5/2+ (π5/2+[402]). The dashed line is the MOI calculated

using a little reduced quadrupole deformation (ε2 = 0.22). (b) The MOI for the 88 keV band, Kπ = 9/2−

(π9/2−[514]). (c) The MOI for the Kπ = 1/2− (π1/2−[541]) band.

Fig. 3. The occupation probability nµ for all 1-qp bands in 179Re. (a) The neutron occupation probability for

the gsb near the Fermi surface. (b) The proton occupation probability for the gsb Kπ = 5/2+ (π5/2+[402]).

(c) The same as (b) but for the Kπ = 9/2− (π9/2−[514]) band. (d) The same as (b) but for the Kπ =1/2−

(π1/2−[541]) band. The Nilsson levels far above the Fermi surface (nµ ∼ 0) and levels far below it (nµ ∼ 2)

are not shown.
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π5/2+[402] band is also caused by these effects.

In Fig. 2(b), the backbending of the Kπ = 9/2−

(π9/2
−

[514]) band is reproduced well by our cal-

culation. The backbending in these two bands is

caused by a pair with νi13/2. In Fig. 2(c), because the

Kπ = 1/2− (π1/2
−

[541]) band has very strong defor-

mation driving effects in the rare-earth region, many

experiments find that the deformation is ∼ 15%–20%

larger than that in the gsb [12, 20]. Here, we choose

ε2 = 0.252 for the π1/2−[541] band, proving that our

calculations can reproduce these effects well. This in

turn confirms the deformation driving effects in 179Re.

We present the occupation probability for all 1-

qp bands in Fig. 3. The Nilsson levels far above

the Fermi surface (nµ ∼ 0) and those far below it

(nµ ∼ 2) are not shown. Fig. 3(a) is the neutron

occupation probability for the gsb near the Fermi

surface. We can see that the occupation probabil-

ity of ν7/2+[633] (i13/2) drops suddenly down from

1.8 to nearly zero when increasing the cranking fre-

quency ω from 0.27 MeV/~ to 0.40 MeV/~, and that

of the 7/2−[514] increases from 1.0 to nearly 2. So it

is understandable that the backbending in both the

π5/2+[402] and the π9/2−[514] bands is caused by

the crossing of the gsb with a pair of high-j intruder

neutron i13/2 bands. Fig. 3(b) is the proton occupa-

tion probability for the gsb π5/2+[402]. Fig. 3(c) and

(d) are the same as Fig. 3(b), but for the proton occu-

pation probability of π9/2−[514] and π1/2−[541]. It

should be noted that the concept of “blocked levels”

only has a vague meaning even at the bandhead. For

example, for the Kπ = 1/2− (π1/2−[541]) band, the

orbitals above the Fermi surface (π1/2−[541], etc.)

are also partially occupied, whereas the orbitals below

the Fermi surface (π5/2+[402]) are partially empty

(see Fig. 3(d)).

3.3 The 3- and 5-qp bands in 179Re

The experimental J (1)s of four low-lying excited

high-K 3-qp and three 5-qp bands in 179Re [3, 12] are

shown in Fig. 4 by � (α = 1/2) and � (α = −1/2),

and the calculated J (1)s are shown by solid (α= 1/2)

and dotted (α = −1/2) lines. Most of these bands

are reproduced well by PNC calculation, except the

Kπ = 17/2+ band. It seems strange that this band

has no high-j intruder orbital, but has a significantly

large MOI. An interaction with a close lying band

may paly a role [3]. The anomaly of this band needs

further investigation by experiment. The difference

between the two high-K 3-qp bands Kπ = 15/2− and

Kπ = 19/2
+

is that the blocked normal neutron or-

bital ν7/2−[514] in the former is replaced by the high-

j intruder orbital ν9/2+[624] in the latter. Thus we

can understand why J (1)(Kπ = 19/2
+
) is a little larger

than J (1)(Kπ = 15/2−). All three 5-qp bands contain

two high-j intruder neutron orbitals ν7/2+[633] and

ν9/2+[624], so the magnitude of their J (1)s looks the

same. No signature splitting is found in of all these

3-qp and 5-qp bands.

Fig. 4. The same as Fig. 2 but for the low-lying 3-qp and 5-qp bands in 179Re.
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4 Summary

The experimental 1-qp bands and low-lying high-

K 3-qp and 5-qp bands in 179Re are calculated by

the PNC method. The Nilsson level scheme (Lund

systematics) is slightly adjusted to reproduce the

bandhead energies of the 1-qp bands in the PNC

calculation. We show that the little difference in

the backbending frequencies between all of the 1-qp

bands is due to the different deformation in these

bands, which confirms the configuration dependent

deformation in the Re nuclei [7]. This is the first time

we have used the PNC method to treat the transi-

tional Re nuclei. The experimental J (1)s for most

bands are reproduced quite well by our calculations,

which in turn confirms the configuration assignments

for these bands [3, 11].

The authors are grateful to Jin-Yan Zeng, En-

Guang Zhao and Shan-Gui Zhou for fruitful discus-

sions.
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