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Abstract By using the rigorous spectral representation of relativistic random phase approximation, the low-

lying excitation of finite nuclei and its longitudinal response function for quasielastic electron scattering are

calculated in the o-w model of quantum hadrodynamics. It is shown that the reproduction of the correct order

of the 17 and 3~ excitation states of °O is due to the contribution of the exchange vertex. There is no

significant influence of the retardation effect on the low-lying excitation states. In contrast, the retardation

effect plays an important role in the electron scattering process of nuclei. The theoretical longitudinal responses

of 12C and *°Ca, including the contributions of the exchange vertex and the retardation effect, are suppressed

and reproduce the experimental data better than the results excluding them.
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1 Introduction

The relativistic random phase approximation
(RRPA) is one of the most successful tools for treating
nuclear many-body effects in quantum hadrodynam-
ics [1, 2]. It is a relativistic extension of the nonrela-
tivistic random phase approximation and represents
the small amplitude limit of the time-dependent rela-
tivistic mean-field theory. In the framework of RRPA,
one can solve the relativistic integral equation, for ex-
ample the Bethe-Salpeter equation, and obtain the
properties of the nuclear many-body system. In the
last decade, the RRPA not only yielded good results
of the excited state of spherical nuclei around the sta-
ble region, but was also widely applied to the descrip-
tion of the isotopes far from the (3-stability line.

The study of the relativistic random phase ap-
proximation was pioneered by Chin [3] in the late
of 1970s. Summing a set of ring diagrams, col-
lective modes could be generated in nuclear matter
within the Walecka model. Horowitz and Serot [4]
have pointed out that the retardation effects may
cause a significant change in the results in relativistic
nuclear matter calculations. According to the Baym-
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Kadanoff [5] formalism or perturbation theory, the
integral equation depends at least on two energy-
variables, so that it is difficult to solve unless approx-
imations are made. Blunden and McCorquodale [6]
considered the contribution of both ring and ladder
diagrams. To simplify the calculation, they neglected
the retardation effects of the exchange vertex. Crecca
and Walker [7] established a simple model with lad-
der diagrams in which the motion of the baryon was
treated nonrelativistically. Bauer E et al. [8, 9] theo-
retically studied the electron scattering response, in-
cluding the contribution of the exchange vertex, us-
ing the standard Laudan-Migdal parameters plus a
(1t + p)-meson exchange as a model interaction and
evaluated the ladder diagram up to the second level.

One of the authors established a three-dimensi-
onal relativistic two-body wave equation to replace
the four dimensional Bethe-Salpeter equation [10].
The three-dimensional equation is relativistic self-
closed and it takes the full retardation effects into ac-
count. With the method of Ref. [10], a rigorous spec-
tral representation of the RRPA was given [11, 12].
In this RRPA, the explicit expressions for the annihi-
lation term K" the exchange term K and the
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kernel for the fermion line renormalization K ® were
obtained rigorously in a form that depends only on
one energy variable and the retardation effect was
taken into account properly. This scheme provides a
simpler and more systematic treatment of the RRPA.
In order to compare the relative contributions of the
above subkernels and the retardation effects, it is de-
sirable to investigate the properties of the finite nuclei
using this scheme. In this paper, the rigorous spectral
representation of the RRPA is applied to calculate the
low-lying excitation states of finite nuclei and its lon-
gitudinal response function for quasielastic electron
scattering in the o-w model.

The paper is organized as follows.
we review the derivation of the full expression of the
RRPA and its relation with the response function.
In Section 3, the numerical results of the low-lying
negative parity excitations of '°0O, the longitudinal
quasielastic functions of 2C and %°Ca are discussed

In Section 2,

and compared with experiments. Finally, a summary
is given in Section 4.

2 Formalism

In the o-w model of quantum hadrodynamics [13—
17], the Lagrangian density for the system of the nu-
cleons and mesons has the following form,

L =1pliy, 0" — M+ %(8uaa“a—m§02) - iQWQ’“’

1 _
+§mi)w#w“—|—1/)[gco'—gw”y“wu]1/), (1)

with 2,, =9, w,
rest masses of the mesons and M is the mass of nu-
cleon. The field operators are denoted by o and w
for the meson fields and 1 is for the nucleon field. All
fields are functions of z = (z, t).

From Eq. (1), one may write the Hamiltonian of
the system as H = Hy+ Hy,,. If a single particle
potential u is introduced into the Hamiltonian to fa-
cilitate a many-body calculation, it takes the form
H = Hy+u+H;,;—u. In the basis of the single nucleon
spectrum, the nucleon-related Hamiltonian H,,. can
be exactly expanded as

nucl—ZE cheat+ > b (nAk)

nikr

—0d,w,, where m, and m,, are the

)—u(nA)] ey, (2)
with
b (nAk) = f(nAk)a.. + f(Ank)aly,

£ (k) = Jd%@(:c)nwn@)m(x),

FinAk) = jdwn(x)nwr(x)@(x),

where 9 is the nucleon Dirac spinor and all of
the quantum numbers are denoted by «. The ba-
sis functions ¢, (x) satisfy the Klein-Gordon equa-
tion for mesons and all quantum numbers of the
mesons meson are abbreviated with k. {FE,} is the
eigenvalue spectrum, c,(cl) are the nucleon anni-
hilation (creation) operators, a,(al,) are the me-
son operators and the subscript r denotes the type
of meson. The Dirac field operator has the form
P(x,t) = >, Ya(x)ca(t). For finite nuclei, 1, (z)
and ¢ (x) are expressed in polar coordinates as in
Ref. [13].

To get the rigorous spectral representation of the
relativistic random phase approximation, we start
from the two time Green function, which is defined
as

Gaprs(ti—ta) = (O[T[ch(tr)ca(tr)c] (t2)es(t2)]]0)
—(chea)(ches). (3)

The equation satisfied by Gag,s(w) is

(

(Wapec — Qapec — Uapec) Gecys (W)
= _gaﬁwé+G( aﬁ775 w) (4)

where Qopec=(Ea—FEp)0acdsc, Uapec = UpcOasUacdpc,

and

G(Map,8;0) =Y [br(Ek)Sac—b,(8CK)Sae] Gec s (w).

139
(5)
To make Eq. (4) closed, we introduce the kernel
K through the following equation,

G(Map, Y05;w) = Gaperc Kerer ec(w)Gecrs (w). (6)

If G;! s (w) exists, then the kernel K¢r ¢¢ is well de-
fined. Following the method described in Ref. [10],
K. 3.5 is given by

Kop s (W) = gagec[—hecnn +G(M5<7Mnmw)

—G(Mec,&¢5w)Goprn (W)G (N My w)] gt ss (7)

where

heeny = Z [b,(§'€k)Scer — by (CC'k)eer [{clicer clien).
&¢rk

(8)

Eq. (7) is rigorous if g 5. exists. It was
proved in Ref. [10] that the complicated term
G(Mee,&'¢5w)Ggery i (W)G (' X, My ;w) is a useful
term rather than a bothering one, because it ex-
actly cancels the particle-hole reducible part of
G(MﬁOMn)nw)
rate parts by breaking a particle and a hole line at

which can be cut into two sepa-

the same horizontal level in the Feynman diagram.
So K,ps(w) is obtained by calculating only the
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irreducible diagrams of G(M&,M;A;w), which can
be given straightforwardly by perturbation theory.
Defining GiT(M&,MfM;w) as the irreducible term of
G(Mgc,M,;w), the kernel Kop5.5(w) has a simpler

form,

Koprs(W) = gapecl=Pecoo + Gir(Mec, M} 30)19505-
(9)
Considering the lowest nonzero approximation,
Eq. (9) provides a simple and systematic way to
calculate the RRPA and its higher order correc-
Finding the zero order of G and the first
order of h, K.p.s(w) is written by K.p.s(w) =
K((xa;lzw (w) + Kc(zeg,)'yé (w) + K((xsg?'yé (w), where K((xa;lzyé (w)
is the annihilation term and K L(Z;)w(w) is the ex-

tions.

change term. Their corresponding Feynman diagrams
By iterating, Kg};")w (w) and
K L%’i)w (w) produce the ring diagrams and ladder dia-

are shown in Fig. 1.

f . . . .
grams. K ((fﬁ)w (w) is a singular fermion line renormal-
ization term.

a\\/ﬁ o B “ p

Y/\\B Y 5 ¥ 5

(2) (b ©

Fig. 1.
nels. Fig. 1(a) is the Feynman diagram of
f((%n’zyé (w) and Fig. 1(b)~and Fig. 1(c) are the
Feynman diagrams of K (w). The solid

and dotted lines denote the nuclear and me-

Feynman diagrams of irreducible ker-

afB,ys

son propagators, respectively.

The kernel K.5.s(w) depends only on the one
variable w. The quantity w in the kernel corresponds
to the retardation of the interaction between the two
nucleons in real time. This retardation effect is prop-
erly taken into account in our RRPA kernels and can
be calculated self-consistently in our scheme.

Defining Kup.s = Kap s+ 9ap.arsUas s Bd. (4)
turns to a more clear form,

(Wlap,ec — Qap,ec)Gecys (W)
= —Gaprs t+ Japm Ko ec(W)Gecrs (W), (10)

If a suitable u is adopted, K can be simplified.
In this paper, the effective potential v is determined
by a nucleon mean field. The various kernels K are
listed below,

K (aBdiw) = = fr(Bak) fi(67k)

x DI (a0, k;w), (1)

K (o, v6;w)
=3 Julyak) £1(58k) x [DE (@B, 6, kw)
—D™ (3,67, k;0)], (12)

K39 (ap,y6;w)
= > {> r0an k)

X [D3 (BAk;w) — D3 (€AK; 0)] 65
+ ) F(BNR) F1(CAR)

%D (Aaksw) = DGk O)oea . (13)
where

D™ (3,76, ksw) = A (af, 70, k;w)

D (aff, 8, kiw) = DY (59k,w) — Dy (sark,)
+D} (bak,w)— D, (Bvk,w), (15)

DS (BN\k;w) = DY (BAk;w) — DI (BAk;w),  (16)

(Ng—Nao)(Ns = N,)

+ Y
AF(af,7v6,k;w) = R (17)
N, (1—Ny)
+ Y
D (afk;w) = Bt B.—E,tic’ (18)
Dy (afhiw) = — =Nl (19)

w—I—ETk—FEQ—Eﬁ—ie'

There is no contribution of kg .5 in KL%“LS (w) be-
cause the single particle potential u is equal to hffgy)w
and they eliminate each other.

Our above results have taken all the terms and
retardation effects into account and give a full, rigor-
ous description of the RRPA. When substituting K
into Eq. (10), the series obtained by iteration contains
all the forward and backward propagating diagrams
produced by Ki}n)ﬂﬂ; (w), IN(SL;‘)V& (w) and IN(SL?V& (w) and
their cross combinations.

According to the Lehmann representation of the
particle-hole Green function, Eq. (4) can be rewritten
as the RRPA eigenequation,

(Whapec = Xapec)Xec = —GapmBnrec(W)Xee,  (20)

where ¢ = (0|clce|f). In the numerical calculation,
Eq. (20) is transformed into the angular and isospin
coupling representation and the RRPA equation has
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the following matrix form,
A;Ep/h’ ((U) B;Eh/p/ (W) X;’jf—;/

=Bl (W) = Ay (@) |\ Xy

(%)
X}z’p’
(21)

with A% ¢ (w) = dtapec — IN{&’;EC(w) and BJf .. (w) =
—K} . (w), where the subscripts p and & denote the
particle and hole states, respectively.

The response function for quasi-elastic electron
scattering is the imaginary part of the polarization

with three momentum transfer ¢ and energy loss w,
1
Sn(q,w):2‘9‘;EImH(J@,J@,q,w)7 (22)

where II(Jy,Jp,q,w) is the polarization propagator,
which depends on the baryon currents J,. The baryon
current J, is longitudinal for § =0, while J, is trans-
verse for § ==+1. In general, the baryon current [2] is
given by Jp =e*(q,0)J, with

T (q.w) = F1<q2>Jd3xei%/?<sc>w<x>

2M

where F); and F, are the Dirac and Pauli form fac-
tors of the nucleons, respectively. A, is the anoma-
lous moment. The response function is represented
through J, as

+F2<q2>jd%ei%(zﬁ—””iawqw(:c),(23)

Sola,0) =2 Il (0 @)G@) I @w)],  (24)

where G(w) is the particle-hole Green function. Sub-
stituting the solution of Eq. (21) into Eq. (24), one
gets the response function Sy(q,w).

3 Results and discussions

The numerical results of the low lying collective
states in '°O and the longitudinal response of '2C
and *°Ca are presented in this section. In order to
concentrate on the exchange term and the retarda-
tion effects, the simple o-w model and the mean-
field parametrization are adopted [18]: g2 = 109.6,
me = 520 MeV, g2 = 190.4 and m, = 783 MeV.
The ground-state properties are evaluated by the rel-
ativistic mean field theory without Dirac sea. The
continua of the single particle excited states are dis-
cretized by imposing boundary conditions at a radius
several times the nuclear radius. Theoretically, the
contribution of the retardation effects can be taken
into account by iteration. But the calculation of re-
sponse functions is too formidable to accomplish. So
we develop an algorithm in which the range of eigen-
values of Eq. (21) is divided into N parts, and the

median of each part is regarded as the w in the ker-
nels. If the part is small enough to ignore the dif-
ference between the median and the eigenvalues in it,
the median of the part will be regarded as the energy-
variable in the kernel.

The low-lying negative-parity states of O are
shown in Fig. 2. The first column shows the unper-
turbed levels from the ground-state calculation. The
second and third columns are the spectra obtained
from the RRPA, including K®» and K@ 4 K ()
respectively. The forth column is the experimental
data of Ref. [19].

T %4* %47 T
20 - - P
251/2(1p312) —— —
— 4~
1ds2(1p12) =, ==,
k= 3 —_—3 37 4
3 1 anapn = — 37
2 . /2 L1
& -2 —=2
5 0- o~ —31
5 251/2(1p1/2) —- 0
e 10 F -
2 — - —1
g |2s120p102) — 2
3 -
g _ — 1
3 3= —3
5+ —1 .
O | | | |
unperturbed an antex EXP

Fig. 2. Energy levels of the low-lying states in '°O.

If only the contribution of K@ is considered, the
energy of the 3~ state is higher that of the 1~ state,
which is not in agreement with experiment results.
The exchange vertex K (*® may lead to an increase in
the energy of the 1~ state above that of the 3~ state,
while the 3~ state is not changed. The latter order
of the the 17 and 3~ states is comparable to experi-
ment. Our RRPA spectrum with K" and K% is
very similar to the results in Ref. [6]. However, they
did not show clearly that the exchange vertex plays
a crucial role in the order of the collective 1~ and 3~
states.

Dawson and Furnstahl [20] obtained the correct
order of the 17 and 3~ states due to the negative-
energy states included in the configuration spaces.
However, at the same time, a spurious 1~ state ap-
pears. According to our results, the exchange vertex
K can reproduce the correct order of these two
states and no spurious state exists, which is another
candidate for the explanation of the state inversion.

The retardation effects (RE) for the low-lying
states are shown in Table 1. The first and second
columns show the excitation energies with (+RE)
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and without retardation effects (no RE), respectively. 0.06 T T T | T
One finds that there is no significant influence of the momentum tra2§£€f'\c4lo Mev o an
retardation effects on the low-lying excited states. o 0.05 |- -’,-"‘“"’;j\ e n
However, for the longitudinal response function, the =
. . . .. = 004
contribution of the retardation effects is important, 5
as we show below. g
2 0.03 —
Table 1. Energies of the low-lying excited states. g
= 002
J  +RE/MeV no RE/MeV EXP/MeV £
3 5.7732 5.7746 6.13043 g 001 L
1 8.2423 8.2408 7.11685 .
2 10.6125 10.6192 8.8719 0
0 11.1672 11.1672 9.632
0.030 , ,
2 13.5806 13.5834 12.531
4 16.1304 16.1307 17.788
0.025
2
=
0.024 | , 1 ] ] S 0020
- RE+ex+ 3
momentum transfer=400 MeV ex +a?1x an £
0.020 _— e an — g 0015
< N ——— RMF =
g o e EXP
S o016 A g 0010
3 =4
2 g
2 0012 0.005
2
:Té
2 0.008 .
B 0 50 100 150 200 250 300
<_§ energy loss/MeV
0.004 . . . . 40
Fig. 4. Longitudinal response function for *"Ca
o at ¢ = 410 MeV and 550 MeV. The solid
(dashed) line shows the results of the calcula-
tion, including K™ and K with (without)
0010 retardation effects. The dotted line shows the
~ ’ B corresponding results using the RRPA, which
S only includes the annihilation interaction, and
§ 0.008 = the dashed-dotted line shows the response in
Q
g the relativistic mean field (RMF). The exper-
§ 0.006 -~ imental data are from Ref. [21].
E
S 0.004
g The longitudinal response function is obtained
T 0002 from Eq. (24) with the G(w) derived from Eq. (21)
including Dirac and Pauli currents. In Fig. 3 and
Fig. 4, we plot our results for 2C at g = 400 MeV
0 50 100 150 200 250 300
and ¢ = 550 MeV, and “°Ca at ¢ = 410 MeV and
energy loss/MeV K X . .
) . . 12 q=>550 MeV. Comparing with the calculations in the
Fig. 3. Longitudinal response function for ~“C

at ¢ = 400 MeV and 550 MeV. The solid
(dashed) line shows the results of the calcula-
tion, including K ™ and K with (without)
retardation effects. The dotted line shows the
corresponding results using the RRPA, which
only includes the annihilation interaction, and
the dashed-dotted line shows the response in
the relativistic mean field (RMF). The exper-
imental data are from Ref. [21].

relativistic mean field theory and the RRPA with only
K@ one notices that the exchange vertex K% is
not only responsible for a decline in the amplitude
of the response function but also shifts the maxi-
For 2C at
q = 550 MeV, a good agreement is obtained when
taking K% into account. At g =400 MeV, the po-
sition of the maximum is slightly lower and the am-
plitude is in better agreement with the experimental

mum towards a lower energy transfer.
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data than that obtained by the method with only
K@ Though all of the responses of “°Ca are over-
estimated, as in Ref. [22] and Ref. [23], the compress-
ibility owing to K (* and the retardation effects have
significant contributions and the response fits better
to the experimental data. This feature becomes more
obvious at ¢ =550 MeV.

Until now, experimental data of response func-
tions for 2C, “°Ca and °°Fe are available. The num-
ber of protons in *°Fe have been different from the
number of neutrons, and it needs the nonlinear model
with the isovector meson coupling for a descripation.
Our RRPA scheme is independent of the model and
it can be extended to the nonlinear model, which is
beyond the scope of this paper.

The treatment of the subkernel K9 in our RRPA
scheme involves the renormalization and the selection
of a single particle potential. In this paper, we focus
on the exchange vertex and retardation effects for fi-
nite nuclei, and the effects of the subkernel K are
not discussed here.

4 Summary

The low-lying excited states of 'O and the lon-
gitudinal response functions for quasielastic electron
scattering off 2C and *°Ca are calculated in the
framework of the o-w model of quantum hadrody-
namics. By using the rigorous spectral representa-
tion of the relativistic random phase approximation,
the exchange vertex and retardation effects are taken
into account simultaneously and properly. We have
pointed out that the reproduction of the correct order
of the 17 and 3~ excited states of 90 is due to the
contribution of the exchange vertex, and there is no
significant influence of the retardation effect on the
low-lying excited states. In contrast, the retardation
effect plays an important role in the electron scat-
tering process of nuclei. The theoretical longitudinal
responses of 2C and “°Ca, including the contribu-
tions of the exchange vertex and retardation effects,
are suppressed and reproduce the experimental data
better than the results excluding them.
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