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Low-lying states and isospin excitation

in the Ge isotopes *
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Abstract The level structure of 64−70Ge isotopes has been studied within the framework of the interacting

boson model-3 (IBM-3). The symmetry character in the proton and neutron degrees of freedom of the energy

levels has been investigated. The isospin excitation states (T > Tz) have been assigned for the 64Ge (N = Z)

nucleus. Some intruder states in these nuclei have been suggested. The calculated energy levels and transition

probabilities are in good agreement with recent experimental data. The study indicates that the Ge isotopes

are in transition from γ-unstable to vibrational.
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1 Introduction

Highly improved detection capabilities have al-

lowed the study of the nuclear structure in light and

medium mass N ≈ Z nuclei in recent years[1—11].

Because the neutrons and protons are in the same

major shells, the isospin effect plays an important

role. Isospin excitation bands of nuclei in this area

are characterized by the existence of large neutron-

proton pairing[12—17]. The study of the nuclear struc-

ture of nuclei in this area is attracting more and more

attention.

In Ge, Se and Kr isotopes, both valence protons

and neutrons are in the same major-shell between

shell-closures 28 and 50, and they were considered

to be nearly spherical. Therefore their structure may

be described by vibrational models, at least in the

low energy region. However many experiments and

theoretical work found that the low lying level struc-

ture of those nuclei is not a simple vibrator[18—21]. As

a typical isotope in this area, the Ge isotopes present

a useful testing ground for nuclear structure calcula-

tions. One interesting feature is that the structure is

the strange behavior of the 0+
2 states. The 0+

2 and 2+
2

states in the 70Ge isotope are interesting cases. The

0+
2 energy drops suddenly in 70Ge, and continues to

fall down at the 72Ge isotope in which it is lower than

the first J = 2+ excited state. After dropping below

the 2+
1 in 72Ge, its energy suddenly rises higher in

74Ge. The strange behavior of this state is very rare in

nuclei. It happens only in a few nuclei in the whole of

the even-even isotopes in the nuclear chart, e.g. 72Ge,
90,96,98Zr and in 98Mo nuclei and so on. The existence

of the unusually low-lying excited 0+ state around the

first excited 2+ state can not be ascribed simply as the

0+ member of the two- phonon triplet (0+, 2+ and 4+)

states. Recently, Hasegawa et al.[22], have considered

the configuration space (p3/2, f5/2, p1/2, 1g9/2), and

carried out a systematical shell model calculation for

the 68−82Ge isotopes. The calculations showed that

the strong enhancement of B(E2) and the unusually

low excitation of the second 0+ state near N = 40 can

be explained only with sufficient occupation of pro-

tons and neutrons in the g9/2 orbit. This mechanism

interpreted the 0+ state as an intruder state, and it is

described in the IBM by (N −1) normal bosons and
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one s′ boson[23]. Recently, high spin properties, back-

bending phenomena and B(E2) transitions in the
66−70Ge isotopes have been investigated using the pro-

jected shell model[24].

There is evidence that there is deformation in

nuclei in this region. Firstly, there exist low ly-

ing positive and negative parity states of J = 3−

in some isotopes in this region, which is an indica-

tion of deformation[25]. Secondly, there is a consid-

erable electric quadruple moment in the first excited

2+ state in nuclei in this region. However, the defor-

mation is not unique in this region, and it co-exists

with the vibrational mode, and hence produces the

interesting nuclear phenomena of shape coexistence.

Evidence of the coexistence of two different shapes,

vibrational and rotational, and shape transition be-

tween them have been studied by some authors[26—29].

Investigation of the even mass Ge isotopes by means

of the interacting boson model with the fermiom pair

model has been done by Hsieh et al[30]. In that study

it was suggested that the complex shape coexistence

was in the 68Ge nucleus. More complicated struc-

tures of these nuclei were revealed when the reduced

transition probabilities were studied. It was found

that, in spite of the fact that the energies of 0+
2 , 2+

2

and 4+
1 support a vibrational character, the B(E2)

value and their relative ratios did not justify such

an interpretation. Gangopadhyay[31], has performed

systematic analysis of even-even 60—70Ge isotopes in

relativistic mean field theory. The binding energy,

electric quadrupole moment, and root mean square

radius of a number of nuclei in these nuclei have been

calculated and compared with the experimental data.

Their studies show that there are deformations in

these nuclei.

The aim of this paper is twofold. First, to carry

out a systematic IBM-3 calculation of the even mass
64—70Ge isotopes and to search for the symmetry

characters of the eigenstates by studying the correla-

tions among the energy levels, wave function, F-spin

values and electromagnetic transitions probabilities.

Second, to identify the one-phonon and two-phonon

mixed symmetry states and isospin excitation states.

2 The model Hamiltonian and the

parameter

The building blocks of the interacting boson

model (IBM) are nucleon pairs with angular momen-

tum L = 0 and 2 which are mapped onto s and d

bosons. In the early version of the model (IBM-1)

there is no distinction made between proton and neu-

tron bosons. The number of bosons is taken to be

the number of nucleons outside the closed shell di-

vided by two[32—34]. In the IBM-2 version[35] the num-

bers Nπ and Nν are obtained by counting neutrons

and protons from the nearest closed shell. The IBM-

2 predicts the existence of mixed-symmetry states,

i.e. not completely symmetric states with respect to

the proton-neutron boson exchange. In the present

work the IBM-3 Hamiltonian has been used to pro-

duce the energy levels and the transition matrix ele-

ments. This model considers three types of bosons:

the proton-proton boson (π), the neutron-neutron bo-

son (ν) and the proton-neutron boson (δ). The (π),

(ν) and (δ) bosons are the three members of a T = 1

triplet and their inclusion is necessary to obtain an

isospin invariant formulation of the IBM. This means

that the Hamiltonian is not only dependent on the

total number of bosons N but also on the isospins T .

A mapping theory for the IBM-3 describing a subset

of states of neutrons and protons with good isospin

has been investigated in Refs. [36, 37]. The model

Hamiltonian is of the form[38, 39]:

H = εsn̂s +εdn̂d +H2, (1)

where

H2 =
1

2

∑

L2T2

CL2T2
((d†d†)L2T2 .(d̃d̃)L2T2)+

1

2

∑

T2

B0T2
((s†s†)0T2 .(s̃s̃)0T2 )+

∑

T2

A2T2
((s†d†)2T2 .(d̃s̃)2T2 )+

1√
2

∑

T2

D2T2
((s†d†)2T2 .(d̃d̃)2T2 )+

1

2

∑

T2

G0T2
((s†s†)0T2 .(d̃d̃)0T2 ). (2)

The symbols T2 and L2 represent the two-boson

isospin and angular momentum, respectively. The pa-

rameters A, B, C, D and G are the two-body matrix

elements and they have been studied microscopically

by Evans et al[38]. The parameters A1, C11 and C31

are similar to those of Majorana interaction in the

IBM-2, which have a great effect on the energy shift-

ing of the mixed symmetry states with respect to the

symmetric states. The IBM-3 Hamiltonian contains

many parameters which are functions of T and N

functions, and it is hard to find the best fit with ex-

perimental data unless one follows a guideline, such

as the shell model[39]. The fitting parameters were

chosen according to the microscopic study of IBM-3

parameters in Ref. [38], which shows the dependence
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of the IBM-3 Hamiltonian on the isospin value as well

as the boson number. The dependence on isospin is

more dramatic than that on the boson number. In or-

der to discuss the selected Ge isotopes, the Hamilto-

nian can be rewritten in terms of a linear combination

of the Casimir operator as[40]:

H = λC2Usd(6) +aTT (T +1)+α1C1Ud(5) +

α2C2Osd(6) +α3C2SUsd(3) +α4C2Ud(5) +

α5C2Od(5) +α6COd(3) . (3)

The ĈnG denotes the nth order Casimir operator of

the algebra G. The definition of all operators and the

full Hamiltonian of the IBM-3 in terms of Casimir op-

erators can be found in Ref. [41].

The coefficients of Casimir operators of groups

show that these nuclei are closer to the U(5) limits

and the transitional nuclei O(6). The λ parameter de-

termines the position of the mixed symmetry states

as well as the 1+ state. The aT parameter was fit-

ted to the relative position of the first T = 2 state.

By using the data and the following Coulomb energy

formula[42]:

ECoulmob = 0.70
Z2

A1/3
(1−0.76Z−2/3). (4)

The energy of the T = 2 isospin analogue state in
64Zn is at 6.420 MeV, and it is close to the energy

of 6.420 MeV in the present IBM-3 calculation with

aT = 1.070. In searching for the boson interaction

parameters, it is helpful to take advantage of the ex-

perimental data for the ground state band and other

symmetric states and by the guidance of group sym-

metry limits. In the Casimir operator form, the αi

(i = 1—6) coefficients are fixed with respect to the

fitting of the experimental low isospin states, there-

fore the low lying states for the even Ge isotopes are

considered as follows:

H64 = −0.350C2Usd(6) +1.070T (T +1)+0.570C1Ud(5) +0.021C2Osd(6) +0.013C2Od(5) +0.025COd(3),

H66 = −0.220C2Usd(6) +1.070T (T +1)+0.600C1Ud(5) +0.014C2Osd(6) +0.005C2Ud(5) +0.010C2Od(5) +0.030COd(3),

H68 = −0.181C2Usd(6) +1.070T (T +1)+0.690C1Ud(5) +0.013C2Osd(6) +0.006C2Ud(5) +0.002C2Od(5) +0.021COd(3),

H70 = −0.115C2Usd(6) +1.070T (T +1)+0.730C1Ud(5) +0.003C2Ud(5) +0.013C2Od(5) +0.021COd(3). (5)

Table 1. The parameters of the IBM-3 Hamiltonian used for the description of the 64−70Ge isotope.

isotope 64Ge 66Ge 68Ge 70Ge

εdρ 0.917 1.735 1.973 2.373

εsρ 0.145 0.890 1.119 1.450

Ai(i = 0,1,2) −4.938,−1.482,1.482 −4.692,−1.728,1.728 −4.616,−1.700,1.804 −4.510,−1.910,1.910

Ci0(i = 0,2,4) −5.552,−5.062,−4.712 −5.262,−4.642,−4.422 −5.002,−4.726,−4.432 −4.860,−4.604,−4.310

Ci2(i = 0,2,4) 0.860,1.358,1.708 1.158,1.578,1.998 1.418,1.694,1.998 1.560,1.816,2.110

Ci1(i =1,3) −1.758,−1.508 −2.058,−1.758 −2.700,−1.820 −2.152,−1.942

Bi(i = 0,2) −4.980,1.440 −4.7200,1.700 −4.620,1.778 −4.510,1.910

Di(i = 0,2) 0.000,0.000 0.000,0.000 0.000,0.000 0.000,0.000

Gi(i =0,2) 0.094,0.094 0.062,0.062 0.058,0.058 0.000,0.000

α0 = β0 0.110 0.065 0.075 0.065

α1 = β1 0.010 0.010 0.010 0.010

g0 0.000 0.000 0.000 0.000

g1 1.500 1.500 1.500 1.500

The corresponding parameters in the form of

Eq. (2) are also given in Table 1. The group symme-

try properties of Germanium isotopes have also been

extensively studied. For example, Ge isotopes have

provided a good example that reveals the transition

from the gamma soft O(6) limit to the vibrational

U(5) limit[20, 30, 38, 43]. Since the energy spectra of

the Ge isotopes considered in this work are close to

the U(5) limit, the parameter α1 is varied. The gene-

ral trend of α2 is in the decrease as we go away from

the O(6) limit.

3 Excitation energy

The Ge isotopes (Z = 32) have been chosen with

Nπ=2 each relative to the Z = 28 magic number.

The neutron boson Nν numbers go from 2 to 5. All

the bosons are particles and this is one of the rea-

sons that we stop the calculations, in the present

work, at the 70Ge isotope beyond which IBM-2 should
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be used. In examining the experimental data of the
64—70Ge isotopes, one is immediately struck by the

virtual constancy of the energy of the first 2+ state

and the marked changes in energy of the 0+
2 state. In

the theoretical results, the 0+
2 state remains at excita-

tion below the 2+
2 state. The calculated energy levels

are shown in Figs. 1—4 together with the available

experimental data, taken from Ref. [44—48]. The

figures show good agreement between the calculated

and available experimental data; only the predicted

levels labelled with IBM-3c have no experimental ob-

served counterparts. A detailed presentation is given

in the figures where we draw the calculated energy

levels and available experimental assignments (cer-

tain and uncertain spin and parity assignment). The

J-sequence of the energy levels is in agreement with

experiment.

Fig. 1. Comparison between the lowest excita-

tion energy bands (T = Tz, Tz +1 and Tz +2)

of the IBM-3 calculation and the experimental

data for 64Ge.

Fig. 2. Comparison between the lowest excita-

tion energy bands (T = Tz) of the IBM-3 cal-

culation and the experimental data for 66Ge.

Fig. 3. Comparison between the lowest excita-

tion energy bands (T = Tz) of the IBM-3 cal-

culation and the experimental data for 68Ge.

Fig. 4. Comparison between lowest excitation

energy bands (T = Tz) of the IBM-3 calcula-

tion and the experimental data for 70Ge.

Now we present the obtained results for the nu-

cleus 64Ge. In fact, this isotope has Nπ = Nν=2

and thus offers the opportunity to test directly the

δ-boson component of the calculated wave functions.

Our calculated levels are shown in Fig. 1. Clear repro-

duction of the low-lying structural features observed

in the experimental data can be seen, especially those

for the ground state band. The IBM-3 wave function

of the first excitation states with J = 2+ and T = Tz,

Tz +1, Tz +2 are as follows:
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| 2+
T=0〉= −0.507{| s2

νsπdπ〉+ | sνs2
πdν〉}+0.358 | sνsπsδdδ〉+0.254{| sπs2

δdν〉+ | sνs2
δdπ〉}−0.439 | s3

δdδ〉+ · · · · · · ,

| 2+
T=1〉= 0.626{| sνs

2
πdν〉}− | s2

νsπdπ〉}+0.313{| sπs2
δdν〉+ | sνs2

δdπ〉}+0.066{| sνdνd2
π〉− | sπdπd2

ν〉}+ · · · · · · ,

| 2+
T=2〉= 0.428{| s2

νsπdπ〉+ | sνs2
πdν〉}+0.151 | sνsπsδdδ〉+0.107 | sπs2

δdν〉−0.742 | s3
δdδ〉+0.142 | sδd

3
δ〉+ · · · · · · .

From these wave function expressions, one can see

that the three states have sizable components of the

δ-boson. The 2+
T=1 state is a one d-boson mixed sym-

metry state with some admixture two d-boson and

comes from [3, 1] U(6) partition. The calculated wave

function of the 2+
T=2 state contains four sizable ampli-

tudes of the δ-boson. These structures of the IBM-3

wave function may be of interest with respect to pos-

sible shell model calculations. In 64Ge, the calculated

3+
1 (T = 0) and 5+

1 (T = 0) states that appeared at

2.541 MeV and 3.691 MeV are close to experimental

Jπ = (3+) at 2.669 MeV and Jπ = (5+) at 3.716 MeV,

respectively[44]. In 66Ge, the J = 3+
2 and J = 4+

2

states are predicted as 0.223 MeV and 0.233 MeV,

higher than the observed Jπ = 3 at 2.495 MeV and

Jπ = 4 at 2.725 MeV states, respectively[45].

The excitation energy of the second 0+
2 state in

64Ge is identified as 1.200 MeV. The present calcu-

lated energy is consistent with the recent shell model

calculation at 1.353 MeV[49], and it will be very inter-

esting to see if this model prediction can be confirmed

in future experiments. The predicted 0+
2 levels around

1.3 MeV in the 64,66Ge have not been observed. In

our calculation, there is not a J+ = 4+ state close to

the experimental one Jπ = (4+) at 2.154 MeV. There

is no suitable solution in the present scheme for this

problem, and one possible explanation is the effect of

the g-boson.

In the 68Ge isotope, the experimental 0+
2 , 0+

3 and

0+
4 states are: 1.755 MeV, 2.617 MeV and 3.204 MeV,

respectively. The respective calculated energies are:

1.580 MeV, 2.596 MeV and 3.010 MeV. In the 70Ge

isotope, the 0+
2 energy of the two phonon states equals

1.4960 MeV in IBM-3 while in the experimental data

it is 1.215 MeV. This indicates that this state is out-

side the IBM-3 space, which is an ”intruder state” as

shown in Fig. 4. On the other hand, the calculated en-

ergies of the 0+
3 and 0+

4 states at 2.487 and 3.016 MeV

are in good agreement with the experimental data at

2.306 and 2.880 MeV. The first 4+
1 is fitted reasonably

well in all nuclei. In 68,70Ge there are many 4+ states

observed and the model predicted most of them. Pre-

sumably some of them are seniority-two states (two

fermions coupled to J = 4), which are outside the

model space. The first 6+
1 states have good agree-

ment for 64—70Ge.

In order to observe the shape coexistence in the

Ge isotopes one has to calculate the ratios E4+
1
/E2+

1

and E6+
1
/E2+

1
and then compare them with the ex-

perimental ratios. This comparison can give indica-

tions of the nuclear shape. It is well known that the

nuclei shape varies smoothly from spherical near of

closed shell, where E4+
1
/E2+

1
= 2.0, to deformed near

the mid-shell, where E4+
1
/E2+

1
=3.3, and in between it

is gamma soft. As shown in Fig. 5, this ratio starts

from 2.277, for the N = Z=32 isotope, and decreases

to 2.07 for the 70Ge isotope. The E6+
1
/E2+

1
is equal to

3.8 in the 64Ge and decreases to 3.16 in 70Ge close to

U(5). These values lie between those for a good vibra-

tor (E6+
1
/E2+

1
=3) and gamma soft (E6+

1
/E2+

1
=4.5).

Indeed, most of the energy ratios in Fig. 5 are in good

agreement with the γ-soft to vibrator transition.

Fig. 5. Comparison between the experimental

values of the ratios E
4+
1

/E
2+
1

and E
6+
1

/E
2+
1

and the IBM-3 prediction for 64—70Ge.

4 Mixed symmetry state

One of the important advantages of IBM-3 is the

prediction of isospin excitation and mixed symmetry

states. To identify the mixed symmetry states, one

can make use of their electromagnetic transition prop-

erties: weak E2 and strong M1 decay to the ground

state and the first 2+ state, respectively[50, 51]. The

mixed symmetry structure of wave functions can be

seen by calculating the 〈J | C2U(6) | J〉 value. Here

we have the U(6) labelling as it is a good quantum

number approximately. For 64Ge (Tz = 0), the lowest

mixed symmetry state comes from [N −2,2] because

[N − 1,1] does not contain T = 0, while for 66Ge it
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comes from [N−1,1]. This fact can be seen from Fig. 1

and 2 and therefore the lowest mixed symmetry state

in 64Ge has high energy. The lowest mixed symmetry

state is Jπ = 2+ coming from [N−2,2] partition with

T = 0 at 5.618 MeV which is inconsistent with the cal-

culated one given in Ref. [39] at 4.6 MeV. However, up

to now no experimental evidence for such conclusions

has been discovered. The first scissor mode state in
64Ge is calculated at 6.161 MeV. Because IBM-3 has

three charge states, for three kinds of boson, it is pos-

sible to have U(6) partitions into three rows, namely

the [N1,N2,N3] states which are the characteristic of

IBM-3. It is found that such states are produced at

high energy, upwards at about 8.5 MeV, and the low-

est example is a scissor mode at 8.922 MeV, which

is predominantly the [2,1,1] partition with T = 1.

These suggestions do not contradict the experimen-

tal data. In the 66Ge isotope, the calculated 2+
5 state

at 3.030 MeV is the lowest mixed symmetry state

and has sN−1d configuration. The IBM-3 calculations

about J = 3+ clarified that the lowest 3+
1 is a full sym-

metry state.

Since the 68,70Ge isotopes have good experimen-

tal data, the detailed description of mixed symmetry

states has been performed for these nuclei. The IBM-

3 2+
2 state is highly symmetric as its wave function

is composed predominantly (94%) of the 2+
2 (sN−2d2)

symmetric boson. In the present calculation, the in-

fluence of M , the ajorana parameters, on the energy

levels has been studied. We take a more traditional

approach of keeping all the parameters of the Hamil-

tonian and change only one term from the Majorana

terms. According to the experimental data the 2+
3

state of 68Ge at 2.457 MeV decays by a 0.190 MeV

E2 γ-ray transition to the first 4+ state at 2.268 MeV

with an intensity that is 2.1 times larger than the in-

tensity of the 1.441 MeV transition to the 2+
1 state.

According to the Nuclear Data Sheets the 2+
4 state

of 68Ge at 2.947 MeV decays by a 1.169 MeV transi-

tion to the second 2+ state at 1.777 MeV, while the

2+
5 decays by a 2.007 MeV to the 2+

1 state. A domi-

nant M1 decays to the 2+
1 state, as is expected for a

one-phonon mixed-symmetry state.

On the other hand, the 2+
3 state of 70Ge at

2.156 MeV decays by 0.450 MeV and 0.941 MeV tran-

sitions to the 0+ and 2+ two-phonon states, respec-

tively. In the present calculation, the model symmet-

ric predictions are consistent with the data on the 2+
3

state in the two cases.

To identify the lowest mixed symmetry state in

the 68,70Ge isotopes we have analyzed the wave func-

tion for 2+
3 , 2+

4 and 2+
5 in these nuclei. The main

components of the wave function for these states are

given as follows;

| 2+
3 〉68 = −0.453 | s2

νsπdπ(d2
ν)0〉−0.261 | s3

νdν(d2
π)0〉−0.382 | sνs2

π(d3
ν)2〉−0.387 | s2

νsπdπ(d2
ν)4〉−

0.289{| s2
νsπdπ(d2

ν)2〉−0.223 | s3
νdν(dπ)2〉 · · · · · · ,

| 2+
4 〉68 = −0.256 | sνsπdπ(d3

ν)3〉−0.504 | sνsπdπ(d3
ν)2〉−0.298[| s2

ν(d2
ν)0(d

2
π)2〉+ | s2

ν(d2
ν)2(d

2
π)0〉]−

0.222 | s2
π(d4

ν)2〉−0.249 | sνsπ(d3
ν)4dπ〉 · · · · · · ,

| 2+
5 〉68 = −0.612 | s4

νsπdπ〉+0.426 | s3
νs2

πdν〉+0.213[| s3
νs2

δdπ〉− | s2
νs3

δdδ〉]−0.369 | s2
νsπs2

δdν〉+

0.301[| sνs4
δdν〉+ | s3

νsπsδdδ〉] · · · · · · ,

for the 68Ge isotope and

| 2+
3 〉70 = −0.464 | s3

νsπdπ(d2
ν)0〉−0.232 | s4

νdν(d2
π)0〉−0.480 | s2

νs2
πd3

ν〉−0.148 | s4
νdν(d2

π)2〉−

0.296 | s3
νsπdπ(d2

ν)2〉−0.199 | s4
νdν(d2

π)4〉−0.398 | s3
νsπdπ(d2

ν)4〉+ · · · · · · ,

| 2+
4 〉70 = −0.690 | s5

νsπdπ〉+0.436 | s4
νs2

πdν〉+0.308 | s4
νsπsδdδ〉−0.327 | s3

νsπs2
δdν〉−

0.189 | s3
νs3

δdδ〉+0.221[| s4
νs2

δdπ〉+ | s2
νs4

δdν〉]+ · · · · · · ,

| 2+
5 〉70 = −0.277 | s2

νsπdπ(d3
ν)3〉+0.545 | s2

νsπdπ(d3
ν)2〉+0.263[| s3

ν(d2
ν)0(d

2
π)2〉+ | s3

ν(d2
ν)2(d

2
π)0〉]+

0.269[| s2
νsπdπ(d3

ν)4〉 | s3
ν(d2

π)4(d
2
ν)4〉+0.339 | sνs2

π(d4
ν)2〉+ · · · · · · ,

for the 70Ge isotope.
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In these expressions, we have labelled the angular

momentum sub-total for the d-boson configurations.

For instance, | dν(d2
π)0〉 means that the 2 dπ bosons

couple to Ldπ
= 0 and then they couple with a dν

boson to form an L = 2 basis state. The wave func-

tions show that the 2+
5 states at 3.311 MeV and 2+

4

at 2.533 MeV are close to the experimental ones at

3.023 MeV and 2.534 MeV and are the one d-boson

mixed symmetry states in 68,70Ge, respectively. The

two states are generated from the [N−1,1] U(6) par-

tition. For the other 2+ states, in 68Ge the large

mixed symmetry component is in the calculated 2+
7

at 3.772 MeV and is close to 3.735 MeV in the data

which was assigned (2+)[46]. In 70Ge, the state (2)+

at 3.423 MeV in the experimental data[48] is closed to

the mixed symmetry state J = 2+
6 at 3.362 MeV in

our IBM-3 results (i.e 2+
2m).

The level at 3.287 MeV in 68Ge has possible J =

(1,2+) assignments in the experimental data and is

close to a level at 3.270 MeV with J = 1+ in the IBM-3

result with C11 = −2.70 MeV and A21 = −1.70 MeV,

where the choice of the Majorana parameters plays a

crucial role. As shown in Fig. 4 the first calculated

scissor state in 70Ge at 3.214 MeV is in good agree-

ment with the observed one Jπ = 1(+) at 3.242 MeV.

In both nuclei, the IBM-3 calculation about J = 3+

makes it clear that 3+
2 (sN−2d2) are mixed symme-

try states. In 70Ge, the second J = 3+ state at en-

ergy 3.424 MeV is close to the experimental data of

3.046 MeV. The existence of more experimental data

gives us the opportunity to test the model prediction

in this region.

5 Electrometric transitions

The E2 transition can be calculated by the fol-

lowing isoscalar and isovector transition operators

Q = Q0+Q1 , (6)

where,

Q0 = α0

√
3[(s+d̂)20 +(d+ŝ)20]+β0

√
3[(d+d̂)20, (7)

Q1 = α1

√
2[(s+d̂)21 +(d+ŝ)21]+β1

√
2[(d+d̂)]21. (8)

The M1 transition is also a one boson operator

with isoscalar and isovector parts M=M 0+M 1 where,

M 0 = g0

√
3(d+d̂)10 = g0L/

√
10, (9)

M 1 = g1

√
2(d+d̂)11, (10)

where g1 and g0 are the isovector and isoscalar g-

factors, respectively and L is the angular momentum

operator.

Table 2 shows the IBM-3 calculations for the

B(E2) values. The αi and βi, (i = 0,1) were deter-

mined by fitting the exterminate data of B(E2;2+
1 →

0+
1 ), as shown in Table 1. The agreement of IBM-3

with the available experimental data is good. The E2

transition 2+
2 → 0+

1 is forbidden in the U(5) limit, and

this is why the value is so small and equals zero for
70Ge.

Table 2. Experimental
[45—49]

and calculated B(E2) for 64—70Ge. The units of the B(E2) values are given by

10−2 e2b2.

B(E2)

J+
i → J+

f
64Ge 66Ge 68Ge 70Ge

Exp. IBM-3 Exp. IBM-3 Exp. IBM-3 Exp. IBM-3

2+
1 → 0+

1 4.10(60) 3.826 1.896(362) 1.879 2.912(329) 3.096 3.593(68) 3.360

2+
2 → 0+

1 0.015(5) 0.036 0.016(6) 0.008 0.023(4) 0.010 0.171(85) 0.000

2+
3 → 0+

1 0.001 0.000 0.000 0.000

2+
4 → 0+

1 0.000 0.000 0.041 0.046

2+
2 → 2+

1 6.20(210) 5.995 2.686(1264) 3.102 0.086(34) 5.289 4.97(189) 5.760

2+
3 → 2+

1 0.013 0.003 0.004 0.000

2+
4 → 2+

1 0.001 0.000 0.006 0.007

2+
3 → 2+

2 1.901 0.905 1.546 1.371

3+
1 → 2+

1 0.052 0.011 0.003(1) 0.015 0.000

3+
1 → 2+

2 4.563 2.577 4.627 5.143

4+
1 → 2+

1 5.991 >1.517 3.102 2.287(29) 5.292 4.112(11) 5.760

4+
2 → 2+

1 0.038 0.009 0.077+29
−65 0.011 0.000

4+
2 → 2+

2 3.346 1.907 3.949+1481
−3455 3.449 4.961(2053) 3.772

5+
1 → 3+

1 2.541 1.772 3.548 4.032

6+
1 → 4+

1 6.389 >0.189 3.624 1.975(658) 6.534 5.817(1197) 7.200
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Table 3. B(E2) ratios relative to the B(2+
1 → 0+

1 ) transition for selected transitions in 64—70Ge.

B(E2)

Ratio 64Ge 66Ge 68Ge 70Ge

Exp. IBM-3 Exp. IBM-3 Exp. IBM-3 Exp. IBM-3

2+
2
→0+

1

2+
1
→0+

1

0.004 0.009 0.017 0.004 0.007 0.003 0.047 0.000

2+
3
→0+

1

2+
1
→0+

1

0.000 0.000 0.000 0.000

2+
2
→2+

1

2+
1
→0+

1

1.512 1.566 1.417 1.650 0.0294 1.708 1.382 1.714

2+
3
→2+

1

2+
1
→0+

1

0.003 0.001 0.001 0.000

2+
3
→2+

2

2+
1
→0+

1

0.496 0.481 0.499 0.408

3+
1
→2+

1

2+
1
→0+

1

0.013 0.001 0.005 0.001 0.000

3+
1
→2+

2

2+
1
→0+

1

1.193 1.371 1.494 1.530

4+
1
→2+

1

2+
1
→0+

1

1.563 >0.607 1.650 0.783 1.709 1.149 1.714

In the 68Ge isotope, the transition 2+
2 → 2+

1 dif-

fers from the experiment by two orders of magnitude.

There is no suitable solution in the present scheme for

this problem, where some of the U(5) forbidden tran-

sitions are non-zero in the experiment. The mixing

of different d-boson numbers in the wave function is

necessary in order to allow the U(5) forbidden tran-

sitions to occur. The calculations produce the large

experimental B(E2) value for the 2+
2 → 2+

1 transition

in 66,70Ge. The relative ratios are also calculated and

listed in Table 3 together with available experimental

values. A small ratio for transitions from the second

2+ gives a second indication that this state is a band

head of a quasi γ- band. The transitions ratio from

4+
1 , agrees well with the experimental ratio. However,

in all cases where the B(E2) value in the numerator

is very small, we expect to get substantial disagree-

ment.

To produce M1 matrix elements, the isoscalar g0

factor is taken to be zero, for all isotopes, and the

isovector factor g1 is taken to be 1.5 µN for all iso-

topes. We found that for small experimental value

the model gives zero M1 matrix elements, which

means that the model assumed the state to be purely

symmetric in the boson space. The importance of

the mixed symmetry component in the electromag-

netic transitions from 2+
4 and 3+

2 states is affirmed in

B(M1) to symmetric states. The B(M1) values are

larger than the B(E2) ones from these states to full

symmetry 2+
1 and 2+

2 , respectively. In 68,70Ge, the

B(M1;2+
1ms → 2+

1 ) is equal to 0.2202 µ2
N and 0.2170

µ2
N, respectively. The first scissor mode state in these

nuclei has dominant M1 decay to 2+
2 with the calcu-

lated B(M1) being equal to 0.3034µ2
N and 0.2954 µ2

N,

respectively.

6 Conclusion

A systematic investigation of even-even Ge-

isotopes in the framework of IBM-3 for energy levels

and electromagnetic transitions has been carried out.

The IBM-3 wave functions have been analyzed in

detail, and the electromagnetic transition has been

calculated and compared with experiments. Good

agreement between the calculations and experiments

has been achieved. In 64Ge, one with Z = N in

the pf -shell, the IBM-3 calculation predicted that

the isospin excitation states with T = Tz + 1 and

T = Tz + 2 are the J = 2+ and J = 0+ states at

5.694 MeV and 6.420 MeV, respectively. It is found

by inspecting the wave function, that the 2+
5 and 2+

4

states in 68,70Ge are the first, and 2+
7 in 68Ge and

2+
6 in 70Ge the second mixed symmetry 2+ states.

The calculated structure also supports the shape co-

existence in these nuclei. In 70Ge, the 0+
2 state is

an intruder state. It is found that these even-even

Ge isotopes are in the transition from O(6) to U(5)

dynamical symmetry.

The author would like to thank Professor G. L.
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ful suggestions.
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