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Abstract Coherent enhancement of Smith-Purcell radiation has attracted people’s attention not only in
adopting a better source but also in beam diagnostics aspect. In this paper, we study the intrinsic mechanism
of coherent Smith-Purcell radiation on the basis of the van den Berg model. The emitted power of Smith-Purcell
radiation is determined by the bunch profile in transverse and longitudinal directions. For short bunch whose
longitudinal pulse length is comparable with the radiation wavelength, it can be concluded approximately that
the power is proportional to the square number of electrons per bunch.
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1 Introduction

In 1950s, S. J. Smith and E. M. Purcell” sug-
gested that if an electron passed close to the surface
of a metal diffraction grating, moving perpendicular
to the tooth, there would be radiation emitted from
the grating. The experiment was carried out in a
Van de Graaff generator and an electron accelerator
tube. It is the first time to observe the radiation in
the optical band which is the so-called Smith-Purcell
radiation or SPR as an abbreviation, named after its
discoverers. Furthermore, they derived the famous
dispersive relation from the experiment which can be
described as

D
A= (B = sin), (1)

where A is the emission wavelength, D is the period of
the grating, n is the diffraction order, (3, is the rela-
tive velocity of the electron beam corresponding to
the speed of light, and 7 is the polar angle, as shown
in Fig. 1.

In 1961, Toraldo di Francia® concluded that the
field of the electron was composed of a set of evanes-
cent waves which would be scattered by the grating as
outgoing waves. And we define the waves as far-field
Smith-Purcell radiation. By then, the electromag-
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netic field of SPR can be calculated, although the
theory is only suitable for particular grating profiles.

Fig. 1.

Diagram defining the parameters.

In 1970s, van den Berg!® ¥ provided the general
formulas for the field and the power, based on the
diffraction theory for a monochromatic plane wave
in his earlier works!”. He used a Green’s function
formulation of the 2D problem to calculate the SP
radiation for an arbitrary grating profile. Thus, the
calculation of radiation factor is very important to
get the final solution. To calculate the radiation
factor, several methods have been put forward: the
Rayleigh method!®, the integral method!® !, the im-
proved point-matching method™ ®, and the modal
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expansion method™ ®. In order to achieve the max-

imum output of power, the grating and electron pa-
rameters need to be optimized!'® ',

Besides the van den Berg model, different ap-
proaches of studying the SPR mechanism have
then been put forward:
rent model™ ¥ a resonant diffraction radiation
model™, and a model based on the use of integral
equations for an electric field of radiation!®.

Recently, coherent SPR is of great interest for its
advantage in beam diagnostic system™® '™, The first
coherent SPR was observed in LNSTU in Japan!"®,
and the power intensity was enhanced by several or-
ders compared with the incoherent SPR.

As we know, the current theory of coherent SPR
is based on the induced surface current model. J.
H. Brownell"¥ assumes that the origin of SPR comes
from the surface currents induced on the grating by
the passing electron and accelerated by the periodic
profile of the grating. The radiation energy is related
to the induced current. And for different electrons,
the phase of current is different. So the energy of co-
herent SPR can be added separately except for the
part corresponding to the phase difference, which is
determined by the bunch profile. The model is gener-
ally applicable to shallow gratings over a broad elec-
tron beam energy range. It is particularly effective
when the image charge footprint (proportional to the
wavelength) is small compared with the period. And
in the van den Berg model, the incident and diffracted
fields can be expanded in terms of the discrete mode
and the boundary conditions are satisfied on the sur-
face. In principle, the grating with an arbitrary pro-
file can be analyzed with this approach.

Moreover, the results of experiments™® 2*! for non-
relativistic electron energies show good agreement
with the predictions of van den Berg model. For mod-
erate electron energies®" 2| the experimental results
are inconsistent with each other. So the validity of
these experimental results may be thought to be an
important problem. However, by now it’s difficult to
achieve the absolute measurements of the SPR power
within the demanded accuracy. And for high electron
energies as is presented in the experiment? for elec-
trons with energy 855 MeV, the measured intensity
of the SPR in the optical range agrees with the van
den Berg model and is by 6 orders of magnitude lower
than the theoretical estimation of the surface current
model.

Our theory is based on the van den Berg model. In
this paper, we first briefly describe the universal char-
acteristic of coherent radiation of relativistic beam for
various radiation types, in Section 2. And in Section
3, the self-consistent solutions of the generic field and
power expressions for coherent SPR based on the van

an induced surface cur-

den Berg model are derived, which is put forward for
the first time. Next in Section 4, the calculation re-
sults using our experimental parameters are provided.
Finally, we present our conclusions in Section 5.

2 General description of coherent ra-
diation

Coherent radiation occurs when the fields of ev-
ery particle can be added coherently independent of
the phase difference. In most cases, when the wave-
length is comparable to or longer than the longitu-
dinal length of the bunch, the coherent radiation is
likely to happen. Under this circumstance, the phase
of electromagnetic field is independent of the trans-
verse profile of the bunch, but the longitudinal distri-
bution is related to the phase.

So far as we know, synchrotron radiation from
bending magnets, undulator radiation from peri-
odic alternate magnets®”, transition radiation from
thin screens or foils traversed by the electrons!?®,
diffraction radiation from screens with holes or slits®”!
and Smith-Purcell radiation can be classified to co-
herent radiation, if suitable conditions are satisfied.

Incoherent radiation occurs when the phase dif-
ference should be considered while calculating each
component of the field. It is often the case, when the
wavelength is shorter than the longitudinal length of
the bunch.

Figure 2 shows the difference between incoherent
radiation and coherent radiation. Surely, we pre-
fer coherent radiation to incoherent one because the
power of the former is approximately proportional to
the square of beam current and is enhanced by a fac-
tor N compared with the latter, where N is the num-
ber of electrons per bunch. Moreover, the coherent
superiority is not only in adopting a better source
but in beam diagnostics aspect.

@ (b)

Fig. 2. Schematic of (a) incoherent emission of
uncorrelated radiation wave packets and (b)
coherent emission of phase correlated wave
packets.

3 Theory of coherent SPR

In this section, we adopt the van den Berg model
to obtain solutions for coherent SPR. And some equa-
tions are similar to those of the van den Berg theory.
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First, we adopt Cartesian coordinate here. As is
shown in Fig. 1, the grating is periodic in the x di-
rection, and the y direction is parallel to the grating
rulings. The charge moves along a trajectory at a
constant of z = z,.

The Fourier integrals of the electromagnetic vec-
tor field for a point charge can be expressed as!®

. R
Ei(x,y,z,t)= ﬁRe[J'dw J Ei(x,z;8,w)x

exp(i,@y—iwt)dﬂ],
o oo (2)
Hi(z,y,z,t)= %Re“'dw J Hi(z,z;0,w)x

— o0

exp(ify — iwt)dﬂ] ,

where the superscript ¢ means the incident field, G
and w represent the parameters in frequency do-
main with respect to y and ¢, thus E*(x,z;3,w) and
Hi(x,z;8,w) are the Fourier components of electro-
magnetic field.

Then we obtain from® the source-free Maxwell
equations the relations

(Vi +ipi,) x H(z,z; 8,w) +iweo E(x, z; 8,w) =0
(V1+ipiy,) X E(z,2; 8,w) —iwpe H (z,2; B,w) =0
(3)
where €9 and p denote the permittivity and perme-
ability of vacuum.

We next suppose the coordinate of the j-th
electron is (x;,y;,2;,t;). Thus the x component
of reflected field emitted by the ¢-th electron at
(x,y;,2;,t;) can be written as E7(x;,y;,25,t;); and
H(z;,9;,25,t;);- We also expand the reflected field
in the Fourier integral form as

1 oo o0
Er(zj,y;,25,t;); = ﬁReJ de Er(xj,2;;8,w); X

0 —o00

expliB(y o0 — yio) —iw(t; —tio)]ds,

Hi(%,y5,25,t5)i = %RGL dWJ OOH;(:cj,zj;ﬁ,w)ix
expliB(yjo — Yio) —iw(t; —ti)]dB,

(4)
in which the subscript ‘0’ means the coordinate at the
entrance of the grating.

According to the Floquet theory, when the bound-
ary condition is periodic, the x and y components of
the reflected field can be written as an infinite sum of
the so-called spatial harmonics, as is called Rayleign

expansion. Hence it can also be obtained as

E;(:Cjazj;ﬁaw)i = Z E;(waﬂ)z eXp(ianxj +17nzj0)7

n=-—oo

H;(:Cjazj;ﬁaw)i: Z H;(wvﬂ)iexp(ianxj +17nzj0)7
By (x;,25;8,w); = Z P, (w, B)iexp(ic,z; +1vm250),
H;(xjuzj;ﬁuw)i: Z W;(waﬂ)iexp(ianxj +i’7nzj0)7

()
where n is an arbitrary integer which denotes the or-
der of spatial harmonic. And there are relations

an=ap+2mn/D, 7, =(ki-p>—a2)"? (6)

in which ag =w/vo = koco /v, vo is the velocity of the
point charge, ¢y is the velocity of light in vacuum,
and D is the period of grating. The two parameters
denote the wave number in respective direction. In
detail, when =, is real, it deals with the propagation
wave; accordingly, when 7, is image, it deals with the
evanescent wave.

We conclude from Eq. (2) and (3) that the inci-
dent field is composed of a continuous set of plane
waves, and for every 3 and w, the wave is monochro-
matic plane wave. So there is such relation as g =
k x cos(po), where ¢o (see Fig. 3) is the angle be-
tween the y-axis and the direction of propagation for
a single incident plane wave.

4: Ay

Fig. 3.

Meanwhile 6,, (see Fig. 3) is introduced which de-
notes the angle between the negative z-axis and the
projection of the direction of propagation for a single
reflected plane wave of the n-th order harmonic on
the (z,z) plane. Therefore, we obtain from Eq. (5)
the relations

Diagram defining the angles.

Yo = kxsin(pg) cos(8,,). (7)

Hence Smith-Purcell formula can easily be given
from Eq. (6) and (7) by

sin(f,,) = co/(vo X sin(pg)) +nAo/ (D x sin(py)). (8)

The x component of the reflected field can also be

a, = kxsin(yp, ) sin(6,,),
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expressed in terms of @7 (w,3) and ¥’ (w, ) as

(K*=B°)E;, , (w v (Bw);-
9)

B), = =@, (B,w)twhon
From Eq. (4) and (5) we then have

B (%5,y5,25,t5)i =

ﬁRQJ’ eXp[_l(U(tJ _tjo) — I(U(tjo _tlo)]dw X

Jjo explif(y;0 — Yio) Z B, (w,0): x

exp(io, T; +ivn20)d0 =
1 N e 2mno(t; —to)
gt 3 | oo [

iw(t0 —tio)] dw x ro E;, (w,B):explif(yjo — yio) X

exp(ivnz;0)ds , (10)

where

2ntn w  271n
O‘n:OZO_FT:E T,xj:v-(tj—tjo).

We now turn our eyes to the energy loss of the
point charge due to the reaction of the reflected elec-
tric field, traversing the distance of one grating pe-
riod. Here, we suppose that the transverse motion
of charge is not taken into consideration. The me-
chanical work for the bunch composed of N electrons
traversing one grating period can be written as

N tjo+D/vo

_Z q’UOE;(:Ejayjquutj)dtj:
j=1

J
tjo

N tjo+D/vo

N tjo+D/vo

B

N

ZqUOE;(‘Ij)yj)ZJ

=1

,tj>ldt] -
ti0

1
] q’l)odtj Z ﬁ X
tio i=1

27'[7?/0 (t t]()>

ReZJ exp{ 5

n=-—oo

i(.()(tjo — tlo):| dw x

J B, (@, 8):explif (W50 — o) explizs0)db.
(1)

The integral is nonzero only when n equals zero.

Thus, it is followed from Eq. (9) and (11)

27_[2 ZZReJ exp|—iw(t;0 —ti)]dw X

Jj=1 i=1

J Eq . (w,3)iexpliB(y 0 — Yio) exp(ivozjo)dB =
_ap ZZReJ exp|—iw(t;0 —ti)]dw X

Joo W%ﬁz[—ﬂ@o%(w,ﬂ)i+wuo%4’>8(w,ﬂ)i] x

exp[if(yjo — Yio) exp(iv02;0)dB =

272 ZZRGJ exp[—iw(tjo —tio)]dw X

J’ r;n kg 62 [EO@ (w ﬁ) :’L (w7ﬁ)l+
1o (w, B): @y, (w, B):)7m X
expiB(y;0 — Yio) exp[ivo(2j0 — 2i0)]d 5. (12)

And the integrand (k*—(3%) " 'xw[eo®" (w, B)®P" (w, B)+

ol (w, ﬂ)!V*(w B)]yn can also be written in the
form of = [E”" (w,8) x H" (w,f3)] -i., which represents

the power density radiated in the spectral mode n. If
we rewrite the mechanical work in a set of discrete
form, we thus obtain

n 27_[2 ZZRCJ’ eXp (t]()—tlo)]dw X

j=1 i=1

Lo l#%ﬂ?w[%%(wﬁ)@f (,B):+

1o (w, B): ) (w
explif(yjo — yio) €x

,6)1]”)/71 X
plivo(zjo — zi0)ldB,  (13)

which equals the radiation energy of the n-th mode.
If we adopt the polar and azimuth angles as is indi-
cated in Fig. 1, then Eq. (1) can easily be deduced

from Eq. (8). As w, 8, k and k,, can be expressed in

7 and ¢, we can rewrite Eq. (13) as

z z 2 2 2

W, = g J'z q J'z nlcos 77<.:os EX
s (/B —siny)

N N

ZZ |R,,|* x exp|—iw(tjo —ti)] X

47’[|n| (Zi() +Zj0)
D(1/B, —sinn)

\/1/ﬂ§—1+cosznsin2c> cosndc, (14)

exp [iﬂ(yjo - yio) exp < -
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where

4 o
|R,|* = = @xD(2]70] 20) (1 = cos” sin )" x

2 oy )+ 0, | (19

is the radiation factor. Then the radiation energy
emitted in order n per unit solid angle in direction

(n, €) is given by
AW, ¢* |n|*cos?ncos?(
d2  2De, (1/B,—sinn)3

|Rn|2 X

ZZQXP[_iW(th —tio)] eXP[iﬁ(yjo _yio) X

j=1 i=1
Zio + Zjo :| -
2hint,n(n7<)
2

¢*> |n|?cos®ncos®¢
2D€0 (1/60 —Sinn)3

<Z Z + Z Z) exp[—iw(tjo —tio)] X

j=i i=1 Jj#i i=1

exp {—

|R,|> x

Zi0 + Zjo0 :|
——1. (16)
2hint,n (777 C)

And there are various methods that deal with the
radiation factor for different types of gratings. Here

eXP[iﬁ(yjo - yiO) exXp {_

we introduce the interaction height

D(1/B, —sinn)
Arc|n] \/1/83 —
which can indicate how far the electrons away from
the grating surface is tolerable, if the value of output
power is considered.

Firstly, we deal with the former part of Eq. (16).
It can be derived as

Z ZGXP[_iW(tjo - tio)] eXP[iﬁ(yjo - yiO) X

int,n —

14cos2nsin®¢ ’

Zio+ _ Ziot+Zjo N Zio
exp[ 2Nint,n (1, €) ] Zexp[ Ping,n (10, C)]
mAz
N Zexp [ - C)] f:(mAz)Az=
= z
NJ'0 exp [—7}“%”(%0} f(2)dz. (17)

When the bunch is with Gaussian profile, the integral
can be written as
L2
_(z—20) } dz,

1
(18)

" | o [l
X — X
2’7TO'Z 0 P hint,n(na C) P 202

where o, is the rms bunch radius in the z direction.

Next we deal with the latter part of Eq. (16). Tt
can be obtained as

N
D> expl—iw(tso —tio)] exp[iB(yj0 — yio) X
i i=1
Zio + Zj0

m] =N exp(—iwtyo) exp(ify) x

exp [—
JF#i

Zj()

exp [— 72hint,n(77a O] Jloo exp(iwt) f (t)dt x

[O exp(—ify) f, (y)dy x

L P {_ oo U <)] filz)dz=

2

(N-1)N UZ exp(—iwt) f,(£)dt| x

2

UZ exp(—iBy) f, (y)dy

oo Py 2
JO P |:_ 2hint,n (77’ <):| fz (Z)dz (19)
From Egs. (16), (17) and (19) it follows that
AW, N¢* |n|”cos?ncos?(
A2~ 2De, (1/B,—sinn)? B[ X{SincH(N=1)Sccnl:
(20)
o z
Secoh = [~ exp(—iwt) f (¢)dt| x
- : (21)
exp(=i8y)f, (y)dy
[~ ex {—#} f-(z)dz 2
Jo P 2hint,n("77<) :

In Eq. (21) Sine and Scon represent the incoherent
and coherent factor respectively.

Then the power emitted in order n by the beam
with a constant current I while passing over NV,, grat-
ing periods per unit solid angle in direction (¢,n) is

given by
dP, IN,q|n|’ 32 cos®ncos®¢ 5

= Rn Sino N_l Scox .
dn 2Deo(1— fBosinng)? [ Bl [Sinet(N=1)Sean]

(22)

The integral equals approximately zero when the
bunch length is long enough compared with the ra-
diation wavelength and the coherent portion should
not be considered in the emitted power. On the other
hand, the integral equals approximately one when the
bunch length is short enough. This is the case that
the coherent portion has been enhanced ultimately,
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the incoherent portion can be ignored and the power
is proportional to the square of the number of elec-
trons per bunch. These conclusions will be discussed
in details in the next section.

4 Numerical calculations

First we should state that the grating and beam
parameters adopted in the calculation are based on
the design of the Smith-Purcell radiator which will be
operated on the Femtosecond-Accelerator in the THz
Research Centre of SINAP. The parameters are listed

in Table 1.

From Fig. 4, we will find that for bunch with
Gaussian profile the coherent factor is symmetric with
the z-z plane. Moreover, the value of coherent factor
is larger in the backward direction, which represents
that the longer the wavelength is the stronger the co-
herence turns to be. And the value decreases rapidly
for larger azimuth angles (. Thus we commonly study
the Smith-Purcell effect in z-z plane for convenience,
which is called the H-polarization diffraction problem.

Various possible bunch profiles in the longitudi-
nal direction such as Gaussian, triangular and expo-
nential temporal profiles are adopted. From Fig. 5,

we can conclude that the bunch length affects the
value of coherent factor. Besides, bunches with tri-
angular and exponential profiles are more sensitive
to the bunch length. That is why Smith-Purcell can
be treated as a means of bunch length and profile
diagnostics especially for beam with high energy to
achieve reasonable resolution. Moreover, the process
is noninvasive and causes minimal disruption to the
electron beam.

7~
—
 A—\
——
 dp—

—
—— )

4

SR
R

-]

-0 <)

Fig. 4. 3D-plot to show the distribution of co-
herent factor at any observing angle.

Table 1. Parameters for electron beam and grating.
electron beam parameters grating parameters
I A for o o o 20 D
E/MCV peak/ z,FWHM/ z/ y/ / / Ny
macrobunch fs mm mm mm mm
2.68 0.194 250 0.258 6.4 0.36 0.368 160
0.25 0.25
—2501s — 250 fs —250fs
025 F -—-25ps 0.20 -—- 500 fs 0.20 ---500 fs
020 - “0ps ~ -~ 1ps e e 1ps
B 0.15 N 0.15 | ~
8 015 7o
AN 0.10 0.10 |
0.10 N P -
005 L AN 005 0.05 "~
NG @ (b) ©
0 1 | =~ Lo ) 1 O 1 1 0 1 1
—80 —40 0 40 80 —80 —40 0 40 80 —80 —40 0 40 80
ni(*) ni(*) n/(*)

Fig. 5. Comparison of bunches with (a) Gaussian, (b) triangular, and (c) exponential profiles for different

bunch lengths.

0.20
0.15 ~
0.10 -

Scoh

0.05 -

—0.05 1 1

0 - o(FWHM)=250 fs

--- asymmetry profile
— symmetry profile

—80 —40

0 40 80
n/(*)

Scoh (X 1042)

10 -
--- asymmetry profile --- asymmetry profile
—— symmetry profile 8 >~ — symmetry profile
(N a L \\\
|- >< 4 - \\
~ \
L < - \\
o8 2 \\
L 0t >
o(FWHM)=1 ps (b) o(FWHM)=1.5 ps (©)
1 1 Il Il Il 72 1 1 1 1 1
—80 —40 0 40 80 —80 —40 0 40 80

n/(°) n/(°)

Fig. 6. Coherent factors for asymmetry and symmetry triangular bunch with bunch length (a) 250 fs, (b)

1 ps, and (c) 1.5

ps.
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From Fig. 6, we can find that the divergence of co-
herent factor for asymmetry (dashed line) and sym-
metry (solid line) bunch profiles is intensified with
the increasing of bunch length. And the asymmetry
factor is 1.5 uniformly adopted in the calculation.

For bunch with Gaussian profile, the enhancement
of coherent factor over incoherent one can be eight
orders of magnitude higher seen from Fig. 7. And
this performance attracts our attention for the aim
to achieve higher power output.

1010
g
£ 108 -
o
o
15}
=
=]
S0
=
5
0 [
5 LU
O
102 | | | | T~
—80 —40 0 40 80
i)
Fig. 7. Comparison of coherent and incoherent

portions.

10
o 8
f=}
X 6
s 4
%)
‘ ﬁ
— 5
M
1) o ! Zo/m (x107)
Fig. 8. Plot that shows the optimized the dis-

tance zo between the beam axis and the grat-
ing surface.

From Eq. (20) and (21), we can find that the dis-
tance zo between the beam axis and the grating sur-
face is only included in the function f,. Thus we
just calculate the portion in the square brackets of
Eq. (20) to decide the proper value of distance. Here,
we want to remind you that the sign ‘N’ means the ac-
tual number of electrons that pass through the surface

of the grating when the distance is shorter than the
bunch radius. And it is necessary to put a shielding
block before the up end of the grating, to protect the
grating from direct impact of electrons. Fig. 8 shows
us the influence of 2z, to the coherent factor. And for
angle 7n=0°, the optimized distance is 0.26 mm.

Finally, to calculate the emission power per unit
solid angle for (=0°, we use a rectangular grating
with the grating depth 0.9D and groove wide 0.44D
optimized to be suitable for our experiment condi-
tion. The result is shown in Fig. 9. And the calcu-
lation methods of radiation factor will be detailed in
another paper.

4.5

4.0 -  emisson power per
solid angle for n=—1

35
3.0
2.5
2.0
1.5
1.0
0.5

0
=50 0 50

n/(*)

Radiation power per unit solid angle for (=0°.

(dP/AQ)/(W/sr) (X 10%

Fig. 9.
5 Concluding remarks

The far-field radiation of Smith-Purcell is not di-
rectly emitted from the electron beam but diffracted
by the grating. Hence the analysis is more compli-
cated compared with other types of coherent radia-
tion listed in Section 2.

We have obtained the general expressions of
Smith-Purcell radiation in which the incoherent and
coherent effects have been considered simultaneously.
Our theory is based on the van den Berg model. The
coherent enhancement has been observed in some
experiments. And we have provided the theoretical
support for further research in this field.

We would like to thank Drs. H.X. Deng, Q.L. Sun
and D.D. Dai L.X. Ling for their helpful discussion
on the mechanism of Smith-Purcell radiation.
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