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Abstract The ground-state properties of N=8 and N=9 isotones are investigated in the framework of the

single-particle shell model. The isospin effect on the average nuclear potential is taken into account by in-

troducing an isospin-dependent term in the depth of the Woods-Saxon potential. The theoretical results of

RMS radii and spin-parity values are in agreement with the experimental data. Especially, the level inversion

between neutron levels 2s1/2 and 1d5/2 in N=9 isotones is reproduced. A detailed discussion on numerical

results is given and one-neutron halos in the ground states of 14B and 15C are presented.
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1 Introduction

Recently, some unexpected phenomena were re-

ported in experiments, such as abnormal spin-parity

values of some exotic nuclei
[1]

, the sign of proton

halo
[2—4]

, and the disappearance of magic number
[5]

.

All of these new experimental results couldn’t be ex-

plained by the traditional shell model. More atten-

tion has been paid to the microscopic understanding

of the change of level spacing and order. In partic-

ular, special emphasis is laid on the influence of the

nuclear structure and inner interaction on the level

inversion. A lot of related studies have been done

both on experimental and theoretical sides. Experi-

mental physicists focused on the level inversion be-

tween intruder and relevant normal levels through

the investigation of β decay or scattering
[6—9]

. On

the other hand, theoreticians tried to describe and

explain these abnormal phenomena by using differ-

ent theoretical methods
[10—13]

. All of these previous

works contribute to our further understanding of the

nuclear shell structure.

It was pointed out by Bohr and Mottelson
[14]

that

the nucleons are subject to different average nuclear

potentials due to the effect of neutron excess. This

effect is proportional to (N −Z)/A. For light sta-

ble nuclei, the isospin effect could be omitted due to

N ≈Z. For light nuclei far from stability, the isospin

effect will become dominant with the increase of neu-

tron excess. It is interesting to examine the effect of

neutron excess on the average nuclear potential. Es-

pecially, it is worthy to make a detailed study to see

whether the isospin effect could explain the abnormal

properties observed in some light nuclei.

N=9 isotones are ideal to investigate this prob-

lem for the following reasons: (1) N=9 isotones are

in the range of light nuclei where the isospin effect

on nuclear potential is significant. (2) Among the

N=9 isotones, experiments have showed the exis-

tence of level inversion in 15C
[15]

. (3) From the known

experiments
[16—18]

, a halo or a skin has been sug-

gested for 14B and 15C. Based on these considerations,
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in this paper, we will study the isospin effect on the

ground-state properties of N=8 and N=9 isotones.

The isospin effect is introduced by adding a neutron

excess term in the depth of the Woods-Saxon poten-

tial. Special attention will be paid to the level spacing

between neutron levels 2s1/2 and 1d5/2.

2 Theoretical framework

According to the essential assumptions of shell

model, an average potential (or called single-particle

potential) could be adopted to describe the average

potential of single nucleon subjected to others. The

motion of a nucleon satisfies the following Schrödinger

equation
[

−
~

2

2m
∇2 +Uws(r)+Uso(r)+UC(r)

]

×

φnlj(r) = Enljφnlj(r). (1)

In the above equation, Uws(r) is the Woods-Saxon

potential with normal parameters r0 = 1.27fm, a0 =

0.67fm
[14, 19]

. The standard form of spin-orbit poten-

tial can be written as
[20, 21]

Uso(r) = Vso

2

r

df(r)

dr
(l •s), (2)

where f(r) is the standard Woods-Saxon shape func-

tion. The parameter Vso takes Thomas form with

Thomas form factor λ=25
[20, 21]

. For protons, the

Coulomb potential UC(r) of homogeneously charged

sphere with radius R = r0(A−1)1/3[20]
is added to the

nuclear interaction potential.

The nucleon density of nucleus can be written

as
[22]

ρ(r) =
1

4π

∑

a

|ua(r)|
2na , (3)

where na denotes the nucleon number and ua(r) is

the radial wave function of orbit a.

As proposed by Bohr and Mottelson, the following

modification for potential depth V0 is used
[14]

V =







V0 (1−c×(N −Z)/A) , for neutrons,

V0 (1+c×(N −Z)/A) , for protons.
(4)

The reason for adding this modification is that: with

different isospin, neutrons and protons are subject

to different average nuclear potentials. When atomic

nucleus stays in ground state, inner protons and neu-

trons prefer to fill in low energy orbits. Because the

conjugated neutron and proton in the same orbit form

a system with zero isospin, the effect of isospin on to-

tal average nuclear potential is contributed entirely

by the extra protons or neutrons. So it is reason-

able to add the neutron excess term in the potential

depth. This modification with the favorable parame-

ters V0 = 52MeV, c =0.40 greatly improves our theo-

retical results.

Now let’s give a brief discussion on the magnitude

of the symmetry potential. In Eq. (4), the coefficient

of the term (N −Z)/A is approximately 25MeV in

the textbook
[14]

. The value used in our calculation

is V0 × c = 52× 0.40 ≈ 21MeV. The strength of the

symmetry potential in the present paper is close to

that in the textbook
[14]

.

It is necessary to point out that the level inversion

between 2s1/2 and 1d5/2neutron levels could be re-

produced when the isospin-dependent term is added

in the potential depth. Detailed discussion on the

change of level order will be given in the next sec-

tion.

3 Theoretical results and analysis

By using the method with the parameters men-

tioned above, we calculate the single-particle energies,

RMS radii and density distributions of ground states

for N=8 and N=9 isotones with Z=4—8. The nu-

merical results are presented in Tables 1—3 and Figs.

1—3.

In Tables 1 and 2, we list the results of single-

particle energies and RMS radii for N=8 and N=9

isotones. Rm, Rn and Rc are the RMS radii of mat-

ter, neutron and charge distributions, respectively.

ε(MeV) is the single-particle energy. The correspond-

ing experimental radii are taken from
[23—25]

. For

N=8 isotones, the ground-state properties are stud-

ied. For N=9 isotones, calculations are performed

for two cases: the outmost neutron occupies either

the 2s1/2 level or 1d5/2 level. The excited states are

denoted by the superscript ∗. It can be seen from Ta-

bles 1 and 2 that: (1) The theoretical RMS radii of

N=8 isotones agree with the experimental data well.

(2) It is shown that the valence neutrons of the low-
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est energy states of 17O and 16N occupy 1d5/2 level.

This accords with the spin-parity values of 17O and
16N from the shell model and experiments

[1]
. (3) For

the ground state of 15C, its experimental spin-parity

is (1/2)+
[1]

which is in contradiction with the pre-

diction of shell model. Nevertheless, our calculation

confirms the experimental result and implies the level

inversion between neutron levels 2s1/2 and 1d5/2. The

ground state of 14B is 2−
[1]

and we predict its valence

neutron occupies the 2s1/2 level which deserves fur-

ther experimental test. Our results on 13Be agree

with the previous theoretical predictions
[10, 26]

where

the valence neutron of ground state is unbound and

occupies the 2s1/2 level. (4) Basically, the numerical

results on RMS radii of 17O, 16N, 15C and 14B agree

with the experimental values.

Table 1. The theoretical results of single-

particle energies and RMS radii for N=8 iso-

tones (The single-particle energies are in unit

of MeV).

16O 15N 14C 13B 12Be

Rm/fm 2.73 2.71 2.71 2.73 2.79

Rn/fm 2.70 2.73 2.77 2.84 2.95

Rc/fm 2.76 2.70 2.61 2.53 2.42

2.63 ± 2.62 ± 2.75 ± 2.62 ±
Rm(exp.)

0.06 0.06 0.05 0.07

2.59 ± 2.70 ± 2.93 ± 2.75 ±
Rn(exp.)

0.11 0.10 0.09 0.11

2.72 ± 2.61 ± 2.56 ±
Rc(exp.)

0.02 0.01 0.05

−ε(1s1/2)(p) 26.44 27.32 28.28 29.33 30.51

−ε(1p3/2)(p) 13.27 13.69 14.13 14.62 15.15

−ε(1p1/2)(p) 9.10 9.26

−ε(1s1/2)(n) 30.56 28.70 26.65 24.39 21.88

−ε(1p3/2)(n) 16.93 15.03 12.98 10.79 8.45

−ε(1p1/2)(n) 12.73 10.84 8.85 6.77 4.65

Table 2. The theoretical results of single-particle energies and RMS radii for N=9 isotones (The single-particle

energies are in unit of MeV).

17O∗ 17O 16N∗ 16N 15C 15C∗ 14B 14B∗ 13Be 13Be∗

2s1/2 1d5/2 2s1/2 1d5/2 2s1/2 1d5/2 2s1/2 1d5/2 2s1/2 1d5/2

Rm/fm 2.88 2.79 2.92 2.80 3.04 2.83 3.41

Rn/fm 3.00 2.85 3.11 2.89 3.31 2.98 3.82

Rc/fm 2.73 2.73 2.67 2.67 2.59 2.59 2.51

Rm(exp.) 2.71 2.78 3.00

(±0.28) (±0.09) (±0.10)

Rn(exp.) 2.79 2.94 3.27

(±0.50) (±0.15) (±0.16)

Rc(exp.) 2.66

(±0.03)

−ε(1s1/2)(p) 28.19 28.19 29.13 29.13 30.14 30.14 31.26 31.26 32.49 32.49

−ε(1p3/2)(p) 15.07 15.07 15.55 15.55 16.08 16.08 16.64 16.64 17.26 17.26

−ε(1p1/2)(p) 10.91 10.91 11.14 11.14

−ε(1s1/2)(n) 30.24 30.24 28.45 28.45 26.49 26.49 24.34 24.34 21.96 21.96

−ε(1p3/2)(n) 16.99 16.99 15.17 15.17 13.21 13.21 11.12 11.12 8.90 8.90

−ε(1p1/2)(n) 13.02 13.02 11.21 11.21 9.30 9.30 7.31 7.31 5.26 5.26

−ε(2s1/2)(n) 2.95 1.92 1.01 0.32 −0.05

−ε(1d5/2)(n) 4.16 2.52 0.89 −0.71 −2.45

In order to describe the level spacing and order

more directly, we present the theoretical neutron level

scheme of N=9 isotones in Fig. 1. It is clear that

the nucleon potential gradually decreases with the in-

crease of neutron excess. The orders and spacing of

inner neutron levels are almost unchanged for differ-

ent nuclei. However, there are great changes in the

level spacing and orders between 2s1/2 and 1d5/2. The

details of the change of this level spacing are given in

Table 3 and Fig. 2.

Fig. 1. Neutron levels of N=9 isotones.
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In Table 3, we list theoretical values of neutron

level spacing [ε(2s1/2)−ε(1d5/2)] for N=9 isotones and

the corresponding experimental data
[15, 27, 28]

. In or-

der to see these more clearly, the trend of the varia-

tion is plotted in Fig. 2. It is seen that the level spac-

ing is positive when neutron excess is small. With

the increase of neutron excess, the spacing gradually

diminishes and becomes negative when N −Z=3. In

other words, there is the inversion of the neutron lev-

els 2s1/2 and 1d5/2 in 15C. Our prediction on 15C spin-

parity agrees with the experimental value (1/2)+[1]
.

Based on the theoretical spacing which is negative

when N −Z=4 and N −Z=5, we predict that there

also exists level inversion in 14B and 13Be. Further-

more, it is evident that the global trend of theoretical

variation of level spacing is consistent with the exper-

imental fact.

Table 3. The difference of neutron single-

particle energies between 2s1/2 and 1d5/2 for

N=9 isotones.

N −Z

1 2 3 4 5

Exp./MeV 0.87 0.15 −0.74

Cal./MeV 1.20 0.60 −0.13 −1.03 −2.40

Fig. 2. The variation of neutron level spacing

between 2s1/2 and 1d5/2 with neutron excess

for N=9 isotones. The black circle represents

the experimental value and the hollow star de-

notes the theoretical one.

From the known experiments[16—18], a halo or a

skin has been suggested for 14B and 15C. It is noted

from Table 2 that the RMS radii of neutron distribu-

tion for the ground states of 15C and 14B are much

larger than that of 17O and 16N. So we plot the den-

sity distributions for the ground states of 17O, 16N,
15C and 14B in Fig. 3. The dash-dotted, dashed,

solid and dotted curves represent the density distri-

butions of matter, neutron, proton and the last neu-

tron, respectively. It is evident that proton density

distributions are similar for different nuclei. However,

the spatial extensions of matter, neutron and the last

neutron density distributions gradually extend with

the increase of neutron excess. Long tails of matter

density distributions emerge in 15C and 14B. All of

these analyses show that the large spatial extension

of matter density distribution comes from the contri-

bution of the last neutron and there exist one-neutron

halos in the ground states of 15C and 14B.

Fig. 3. The density distributions of matter

(dash-dotted lines), neutron (dashed lines),

proton (solid lines) and the last neutron (dot-

ted lines) for the ground states of 17O, 16N,
15C and 14B.

4 Conclusion

With the single-particle shell model, we studied

the ground-state properties of N=8 and N=9 iso-

tones with Z=4—8. An isospin-dependent term is

introduced in the depth of the Woods-Saxon poten-

tial. The theoretical results of RMS radii and spin-

parity values are in agreement with the experimental

data. In particular, the level inversion between neu-

tron levels 2s1/2 and 1d5/2 in 15C, 14B and 13Be is

reproduced. The global tendency of the level spacing

agrees with the observed fact. In addition, our study

implies that the 15C and 14B are one-neutron halo nu-

clei which deserve further experimental investigation

in China.

It is noted that the reasonable results of level in-

version can be obtained when the isospin-dependent

term is added in the depth of the Woods-Saxon po-

tential. This may imply that the isospin effect is an

important factor for the change of average nuclear

potential of light nuclei far from stability. In order

to obtain comprehensive understanding of the isospin

effect, it is interesting to study other light nuclei by

using the above method and this work is in progress.
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