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Abstract The dominant frequency in an inward-emitting coaxial virtual cathode oscillator is solved analyti-

cally based on the steady-state relativistic-fluid-Maxwell equations. Full three-dimensional numerical simula-

tion with the PIC method is carried out using the TS3 module of the MAFIA code. The frequency spectrum

and the output power are obtained by monitoring the five propagating modes in the cylindrical output waveg-

uide. The result shows that when the anode reflector exists, the frequency spectrum can be improved effectively

by the formed quasi-cavity and hence the corresponding energy conversion efficiency can be enhanced.
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1 Introduction

The inward-emitting coaxial vircator appears to

be one of the most promising high-power microwave

sources
[1—8]

. Fig. 1 demonstrates its typical struc-

ture. The electron beam, emitted by the cylindra-

ceous cathode, moves along the radial direction and

passes through the semi-permeable anode. When the

beam current is higher than the space-charge-limited

current of this region, an annular virtual cathode will

be formed at a certain position between the anode

and axis. Most of the electrons will be reflected by

the virtual cathode and oscillate between the vir-

tual and real cathode. Only a small portion of the

electrons can penetrate the virtual cathode. The mi-

crowave emission is attributed to the energy exchange

between the electrons and the electromagnetic field

induced by the oscillation of the reflected electrons,

and the oscillation of the position and potential of

the virtual cathode. Because the charge density in-

creases as the radius decreases, the virtual cathode is

produced more easily under the condition of low emit-

ting current density. As a result, the damage on both

the cathode and anode is decreased for the uniform

electron beam with low density, which is especially

important for a long pulse or the repetitive operation.

In addition, the frequency spectrum can be improved

by the quasi-cavity formed in the coaxial vircator
[1, 2]

.

Fig. 1. Schematic diagram of the inward-

emitting coaxial vircator.
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The physical process of the interaction of the beam

and cavity modes should be carefully considered and

the quasi-cavity should be designed reasonably to ob-

tain higher energy conversion efficiency.

Generally, there exists a central frequency for

the dominant microwave power in the experiment

of the vircator. A one-dimensional (1D) analytical

model can give the estimated value of the oscilla-

tion frequency
[1]

. But the electron flow exhibits two-

dimensional (2D) features in most experiments, which

makes the 2D theoretical analysis necessary. 2D prob-

lems have been solved by W. Woo only for the planar

vircator
[9]

. In Woo’s work, the electrons are treated

by the steady-state relativistic-fluid-Maxwell equa-

tions, and the frequency solution predicts the mea-

sured values within 20%. In this paper, the frame-

work of Woo is extended to study the inward-emitting

coaxial vircator. It is found for the first time that the

dominant frequency can be solved through Eqs. (11)

and (12). The comparison is made between the nu-

merical solution and the simulation and experiment

results.

A full three-dimensional (3D) numerical simula-

tion code is needed to study the microwave frequency

spectrum, which contains the azimuthally nonsym-

metrical modes, and the physical process of the inter-

action of the beam and cavity modes in the inward-

emitting coaxial vircator. The MAFIA module TS3,

which is a 3D Particle-In-Cell (PIC) code, can calcu-

late the time integration of the electromagnetic fields

in a self-consistent way with the equations of motion

of the charged particles. It has been applied to the

3D numerical simulation of the microwave tube elec-

tron gun
[10]

and the gyro-TWT. In this paper, the

TS3 module of the MAFIA code is applied to the

simulation study of the inward-emitting coaxial vir-

cator for the first time. The frequency spectrum and

the output power can be obtained by monitoring the

propagating modes in the output waveguide.

2 Theoretical analysis

The method applied to the planar vircator
[9]

is

extended to study the coaxial vircator in this sec-

tion. Being introduced the vector potential A and

scalar potential φ, the steady-state relativistic-fluid-

Maxwell equations can be described as

(u •∇)p+e(E+u×B)+(∇ •Pt)/n = 0, (1)

∇×B =−µ0neu, (2)

B =∇×A, (3)

∇ •ε0E =−ne, (4)

E =−∇φ, (5)

where Pt is the pressure tensor, n the electron den-

sity, µ0 the vacuum permeability, ε0 the vacuum per-

mittivity, e the unit charge, and u and p the mean

velocity and momentum of the electrons.

The diode current can be acquired by solving

Eqs. (1)—(3)[11]. Following we will derive the equa-

tions of the dominant frequency from Eqs. (4) and (5)

in the 2D axial-symmetric coordinate system. The

equation of the electron’s relativistic factor γ can be

written as

γ(r)= 1+eφ(r)/mc2. (6)

Considering that the dominant frequency f is

equal to the relativistic plasma frequency fp, which

is a constant in the space (or slowly varying in time),

from

ωp = 2πfp =
√

ne2/(γmε0) (7)

and Eqs. (4)—(6) we can get the equation of γ as

∇
2γ = (ω2

p/c2)γ. (8)

The solution of Eq. (8) in region I is

γ = e±kz
•[A •I0(αr)+B • K0(αr)], (9)

where I0 and K0 are the first and second kinds of

the modified Bessel function. α2 +κ2 = ω2
p/c2, where

α and κ are the constants, describes the transverse

and longitudinal motion of the electron. A and B are

the dimensionless coefficients determined by the two

boundary conditions: on the cathode surface the ra-

dial electric field and initial velocity of the electron

are zero. Therefore the coefficients are
{

A= 1/[I0(αrc)+I1(αrc)K0(αrc)/K1(αrc)]

B = 1/[K0(αrc)+K1(αrc)I0(αrc)/I1(αrc)
. (10)
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At the anode, we have γ0 = 1+eV0/mc2, where V0

is the diode voltage. Substituting it into Eq. (9), we

can get

I0(αra)

I0(αrc)+I1(αrc)K0(αrc)/K1(αrc)
+

K0(αra)

K0(αrc)+K1(αrc)I0(αrc)/I1(αrc)
= γ0, (11)

where α can be obtained numerically. If the longi-

tudinal motion of the electron is substantial, we can

get α≫κ at the dominant microwave emission. The

dominant frequency becomes

f = ωp/2π≃ cα/2π. (12)

For low voltages, Eqs. (11) and (12) reduce to the

non-relativistic solution:

f ≈ 9.44×104
•

(ra/rc)
1/4

(rc−ra)
V 1/2

0 . (13)

Another series approximation for α •ra > 1 can be

obtained from Eqs. (11) and (12) by expanding the

Bessel functions in their series forms:

f =
4.77×107

(rc−ra)
ln

[

√

ra

rc

γ0 +

(

ra

rc

γ2
0 −1

)1/2
]

. (14)

The non-relativistic solution agrees well with the

numerical one for V0 6 0.5MV. For higher voltages

the series approximation becomes more applicable.

Comparison of the observed and calculated dominant

frequencies is shown in Fig. 2 for various reported

experiments
[2, 3]

and simulations
[4—7]

. The numerical

solution predicts the measured and simulated domi-

nant frequencies within 10%.

Fig. 2. Comparison of the observed and

calculated dominant frequencies in the

inward-emitting coaxial vircators for vari-

ous reported experiments
[2, 3]

and computer

simulations
[4—7]

.

The dominant frequencies in the planar vircator

derived from the 1D
[12]

and 2D theories
[9]

are same:

f =
4.77×107

d
ln[γ0 +(γ2

0 −1)1/2], (15)

where d is the anode-cathode gap distance. Eq. (15)

has been applied to the coaxial vircators
[13]

and can

also predict the dominant frequency within 10% for

the parameters in Fig. 2. Our analysis gives the the-

oretical support to it. When ra/rc ∼ 1, the series ap-

proximation (Eq. (14)) becomes the same as Eq. (15).

It reveals that if the anode-cathode gap d is relatively

small compared to the cathode radius, the dominant

frequency in a coaxial vircator is similar to that pro-

duced by a planar vircator with the same d.

Eq. (11) and (12) are derived from the coaxial

structure and can replace Eq. (15) to estimate the

dominant frequency for the coaxial vircator. It is

more applicable for relatively larger anode-cathode

gaps.

3 Numerical simulation

The 3D PIC code, TS3 module of MAFIA, is

adopted to study the physical interaction of the beam

and cavity modes in the inward-emitting coaxial vir-

cator. A computer model is established and shown

in Fig. 3. The main parameters are from Ref. [2],

with rc=7cm, ra=5.5cm, V0=250kV, the radius of

the cylindrical waveguide rw=5.5cm, the diode cur-

rent of 20kA, the pulse length of 20ns, the width of

the cathode emission region of 3cm, and the distance

between the cathode and anode reflector of 5cm. An

xyz coordinate system is adopted for the sake of us-

ing the waveguide boundary condition. The number

of the mesh points and macroparticles are 2×106 and

1×106, respectively.

Fig. 3. The computer model established by

MAFIA code.

The potential distribution between the anode and

axis is altered due to the space charge effect of the

electron beam. It decreases as the current becomes
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larger, until the minimum potential in that region

reaches the value that equals the potential of the cath-

ode. The virtual cathode evolves at the position with

the minimum potential. Fig. 4 gives the transverse

phase space Pr ∼ r of the beam at t=16ns obtained

by MAFIA, which shows the evidence of the virtual

cathode evolution near r=4cm. From Fig. 4 the mo-

tion of the electron beam in the coaxial vircator can

be distinguished clearly. The electrons are acceler-

ated in the diode after emission, decelerated before

they reach the virtual cathode, accelerated from the

virtual cathode to the anode, and decelerated after

they return the diode region.

Fig. 4. Transverse phase space of the beam (t=16ns).

The cylindrical waveguide port should be defined

as the waveguide boundary in the M module to mon-

itor the microwave output. All parts of the 3D-field

not consisting of waveguide modes, which have been

defined, will be reflected at the boundary planes.

The propagating modes can be calculated in the E

module. The dominant frequency estimated from

Eqs. (11) and (12) is near 3GHz. As shown in Fig. 5,

five propagating modes are found by the E module,

where TE11 and TE21 modes have two degenerated

modes, respectively. The relative error of the longi-

tudinal propagation constants (as shown in Table 1)

given by MAFIA is less than 1% compared with the

theoretical values.

Table 1. The lowest five propagating modes

in the cylindrical waveguide (rw=5.5cm,

f=3GHz).

cut-off freq./ longitudinal propagation
modes

GHz constant/m−1

TE11 A/ TE11 B 1.60 53.1

TM01 2.09 44.8

TE21 A/ TE21 B 2.65 29.2

Fig. 5. Field distribution of the propagating

modes in the cylindrical waveguide given by

MAFIA E module(rw=5.5cm, f=3GHz, (a)

and (b), (d) and (e) are degenerated modes).

Fig. 6. Waveguide mode amplitude for the

propagating modes.

(a) Without the anode reflector; (b) With the

anode reflector.

All the five modes are loaded to the cylindrical

waveguide port in the TS3 module. Thus the 3D-

field of these modes can be transmitted through the

port without reflection. Because the structure of the

coaxial vircator and electron distribution are both

axial-symmetric, the induced electromagnetic field is

assumed to contain mainly the azimuthally symmet-

rical modes. For the present parameters, TM01 is

considered to be the dominant mode. TM02 is not

concerned because its cut-off frequency (4.79GHz) is

much larger than 3GHz. The waveguide mode ampli-

tude (namely the normalized voltage) at the port is

monitored for the five modes with and without the an-

ode reflector, as shown in Fig. 6. The frequency spec-

tra are acquired by FFT transformation, as shown in

Fig. 7. The result shows that, the voltage amplitude

of TM01 is the largest for the two situations. The az-

imuthally nonsymmetrical modes, TE11 and TE21,

have much less amplitudes. Due to the formed quasi-

cavity, the dominant frequency component is more
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apparent when the anode reflector exists. The domi-

nant frequency given by Fig. 7(b) is 3.03GHz, which

agrees well with the numerical solution of Eqs. (11)

and (12).

Fig. 7. FFT transformation of the waveguide

mode amplitude.

(a) Without the anode reflector; (b) With the

anode reflector.

Fig. 8. Instantaneous microwave power at the

output port as a function of time for TM01

mode.

The instantaneous microwave power can be ob-

tained from the envelope of the square of the normal-

ized voltage at the waveguide port. The output power

for each mode can be derived by integrating and aver-

aging its instantaneous power separately. The instan-

taneous power at the output port as a function of time

is shown in Fig. 8 for TM01 mode when the anode re-

flector exists. The corresponding power is 191MW.

The output power of the five modes is shown in

Table 2. The total microwave power can be estimated

by adding the power of the modes, which is 226MW

with the anode reflector and 141MW without the an-

ode reflector. The corresponding energy efficiency is

4.5% and 2.8%, respectively. It can be drawn that

with the anode reflector the azimuthally nonsymmet-

rical modes are restrained, and the frequency spec-

trum is improved due to the formed quasi-cavity. As

a result, higher energy efficiency is achieved in the

coaxial vircator.

Table 2. Output power for the propagating modes.

propagating output power/MW output power/MW

mode (without (with

the anode reflector) the anode reflector)

TE11 A 16 11

TE11 B 16 7

TM01 100 191

TE21 A 5 6

TE21 B 4 11

total power/MW 141 226

The dominant frequency and total output power

obtained by the numerical simulation are compared

with the analytic solution and reported experiment
[2]

,

as shown in Table 3. The dominant frequency given

by MAFIA is consistent with the experiment, and the

total power agrees in magnitude. Though there is

simplicity in the simulation model, satisfactory result

has been given by MAFIA TS3 module.

Table 3. Comparison of the simulation result

with the analytic solution and experiment
[2]

.

dominant output

frequency/GHz power/MW

analytic solution 2.92

MAFIA 3.03 226

experiment 2.89 230

4 Conclusions

To enhance the energy efficiency of the inward-

emitting coaxial vircator, one should carefully de-

sign its quasi-cavity to obtain the desired dominant

frequency and narrow bandwidth. The dominant

frequency can be numerically solved with Eqs. (11)

and (12), which are derived from the steady-state

relativistic-fluid-Maxwell equations. Through nu-

merical simulation carried out with the MAFIA

TS3 module, the frequency spectrum and output

power can be obtained by monitoring the propa-

gating modes in the output waveguide. The result

shows that TM01 is the dominant mode, and the az-

imuthally nonsymmetrical modes (TE11 and TE21)

have relatively less intensity. When the anode reflec-

tor exists, the dominant frequency component is more
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apparent due to the formed quasi-cavity. At the same

time, TE11 and TE21 modes are restrained, and the

frequency spectrum is improved. As a result, higher

energy efficiency is achieved.

To further enhance the energy efficiency, the opti-

mization of the cathode emission region and the dis-

tance between the cathode and anode reflector is in

process.
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