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'�c �é´��m �é´þfåÆ U?©�

1 Úó

þfåÆÚþf|Ø´ïÄ�*âfÚ|�$Ä

5Æ��Æ, 3�fÚ©f�ºÝe, �m´é´�,

= [xi,xj ] = 0(i, j = 1,2,3). �´, 3u�ºÝeÑy


�m��é´�A. �C, �é´�m�¯K3Ô

nÆ.Úå
4��,�Ú'5
[1—26]

, 3ù��¡Ì

�´É�
äk�"�µ|�D�nØ�$U�A�

ïÄ�íÄ. Ï~ïÄ�é´�m¯K�nØÚ�{

Ì�5gþf|Ø, ,
, 3þfåÆ�µeeïÄ

�
�)�.��é´�m�A�´�~k¿Â�ó

�. ©z[5—18]é�é´þfåÆ��6�¡k
2

��ïÄ. �©¥, ·�a,��´3��6��¹

e&?�é´þfåÆ��
äk��5�¯K.

e¡Äk�?Ø�´�é´þfåÆ�ê���

�¹, ,�r§A^u����Ó5��f?1��

6�¡�ïÄ, ù��.´î��)�, ©z[5—8]¥

¿©?Ø
§��m–�m�é´5Úå�Ôn�A.

·��ó�­:´rüâfþfåÆ��)Ú�«�

Îí2��é´�m¥ÑlÀÚ–OÏd"ÚO��

¥þ�m�ÀÚfXÚ, 3��6��¹e, ­#½

Â�)Ú�«�Î. ¿�3�Ñ���mCþ�é´

'X¥�¹
�m–�mÚÄþ–Äþü��¡��é

´5. Ù�{´r�é´��m¥��)Ú�«�Î

^é´��m��)Ú�«�Î?1�5Ðm. |^

ù��{, ?�Ú?Ø
��Ún���Ó5��5

��f�U?ÚU?©��¹.

2 �é´þfåÆ�ê

3é´�m¥, æ^g,ü �(~ = c = 1), �I

ÚÄþ�é´'X�



















[xi,pj ] = iδij

[xi,xj ] = 0

[pi,pj ] = 0

, (i, j = 1,2, · · · ,n), (1)

3u�ºÝeÑy
�m��é´�A. 3�é´�

m¥, ^ x̂Ú p̂5L«�IÚÄþ�Î, §��é´'

Xde¡�úª�Ñ:














[x̂i, p̂j ] = iδij

[x̂i, x̂j ] = iΘij

[p̂i, p̂j ] = iΘ̄ij

, (i, j = 1,2, · · · ,n), (2)

Ù¥{Θij}Ú{Θ̄ij}´���é¡Ý
. 3�¡·�^

�Î F̂ L«�é´�m�Î, F L«é´�m�Î. ^

é´��m¥�xÚp5L«�é´��m¥� x̂ Ú

p̂, kXe�'Xª:

{

x̂i = aijxj +bijpj

p̂i = cijxj +dijpj

,(i, j = 1,2, · · · ,n), (3)

2005 – 07 – 20 Âv

* I[g,�ÆÄ7(10447005, 90303003), úô�g,�ÆÄ7 (M103042, 102011, 102028)ÚñÜnóÆ��ïÄ7 (SLG0319)]

Ï

387 — 391



388 p U Ô n � Ø Ô n ( HEP & NP ) 1 30 ò

|^©z[1]�(J, k:

ΘΘ̄ = 4αβ(αβ−1) •I, (4)

Ù¥αÚβ Ñ´é¡Ý
, I �ü Ý
, u´k














x̂i = αxi−
1

2α
Θijpj

p̂i = βpi +
1

2β
Θ̄ijxj

, (i, j = 1,2 · · · ,n) . (5)

3é´��m¥, Cþ (xi, pi)��«–�)�Î

(ai, a+
i )kXe�'X:

xi =

√

1

2µω
(ai +a+

i ), pi =
1

i

√

µω

2
(ai−a+

i ),

(i, j = 1,2, · · · ,n), (6)

ùpai Úa+
i ÷vé´'X: [ai, aj ] = [a+

i , a+
j ] = 0;

[ai, a+
j ] = iδij (i, j = 1,2, · · · ,n).

�
�Bå�3�é´��m¥�Ú\�«–�

)�Î âi Ú â+
i , §�/ªXe:

âi =

√

µω

2

(

x̂i +
i

µω
p̂i

)

, â+
i =

√

µω

2

(

x̂i−
i

µω
p̂i

)

,

(7)

ùÚé´��m¥��«–�)�Î (âi , â+
i )/ª�

Ó. d (7)ª9 (5)ªéN´��Xeé´'X:










[

âi, â
+
j

]

= δij +iµωΘij

[âi, âj ] =
[

â+
i , â+

j

]

=
i

2
µω

(

Θij −
1

µ2ω2
Θ̄ij

) , (8)

3�é´�/e, �
ÑlBose-EinsteinÚO, d

[â+
i , â+

j ]é´, ��ëY5^�:

Θ̄ = µ2ω2Θ ½ Θ̄ij = µ2ω2Θij , (i, j = 1,2, · · · ,n), (9)

r (9)ª�\ (5)ª¥, ��














x̂i = αxi−
1

2α
Θijpj

p̂i = βpi +
1

2β
µ2ω2Θijxj

, (i, j = 1,2, · · · ,n).

(10)

y3r(6)Ú(10)�\(7)¥���(âi , â+
i )Ú(ai,

a+
i )üö�'X:






















































âi =
1

2
(α+β)ai +

i

4
µω

(

1

β
+

1

α

)

Θijaj+

1

2
(α−β)a+

i +
i

4
µω

(

1

β
− 1

α

)

Θija
+
j

â+
i =

1

2
(α+β)a+

i − i

4
µω

(

1

β
+

1

α

)

Θija
+
j +

1

2
(α−β)ai−

i

4
µω

(

1

β
− 1

α

)

Θijaj

, (11)

lÏJ'X�� âi Adai L«, â+
i Ada+

i L«, ¤±

l(11)ªwÑα = β. �:

α = β =: α, (12)

u´ (11)ªC�















âi = αai +
i

2α
µωΘijaj

â+
i = αa+

i − i

2α
µωΘija

+
j

, (i, j = 1,2, · · · ,n).

(13)

d (4), (9), (12)ª��

ΘilΘlj =−θ2δij , θ =
2α

µω

√
1−α2, (14)

(10)ªC¤











x̂i = αxi−
1

2α
Θijpj

p̂i = αpi +
1

2α
µ2ω2Θijxj

, (i, j = 1,2, · · · ,n).

(15)

3 �é´�²¡þ��f�U?©�

�n = 2�, �â (14)ª�±)Ñ

Θ =

(

0 θ

−θ 0

)

, (16)

ù� (15)ªC¤











x̂1 = αx1−
1

2α
θp2, x̂2 = αx2 +

1

2α
θp1;

p̂1 = αp1 +
1

2α
µ2ω2θx2, p̂2 = αp2−

1

2α
µ2ω2θx1.

(17)

3�é´��m¥���5��f�Hamilto-

nian�Î�

Ĥ =
1

2µ
(p̂1p̂1 + p̂2p̂2)+

1

2
µω2(x̂1x̂1 + x̂2x̂2), (18)

r (17)ª�\ (18)ª,

Ĥ =
1

2µ
(p1p1 +p2p2)+

1

2
µω2(x1x1 +x2x2)+

2αω
√

1−α2(p1x2−p2x1), (19)

-h0 = 2α
√

1−α2, K (19)ª��¤

Ĥ =
1

2µ
(p1p1 +p2p2)+

1

2
µω2(x1x1 +x2x2)+

h0ω(p1x2−p2x1). (20)

rCþxi Úpi Ue¡��ªC�¤Xα ÚPα (ùpÚ
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�¡�α, β = a,b)

Xa =

√

µω

2
x1−

√

1

2µω
p2, Xb =

√

µω

2
x1 +

√

1

2µω
p2,

Pa =

√

1

2µω
p1 +

√

µω

2
x2, Pb =

√

1

2µω
p1−

√

µω

2
x2,

(21)

þ¡�Xα ÚPα ÷vXe�'X:

Xα = X+
α , Pα = P +

α , [Xα,Xβ] = [Pα,Pβ ] = 0,

[Xα,Pβ ] = iδαβ.

y3½Âe¡��«–�)�ÎAα, A+
α :

Aα = i

√

1

2
Pα +

√

1

2
Xα, A+

α =−i

√

1

2
Pα +

√

1

2
Xα,

(α = a,b), (22)

ùp�Aa ÚA+
α ÷vXe�'X:

[Aα,Aβ ] = [A+
α ,A+

β ] = 0, [Aα,A+
β ] = δαβ,

âfê�ÎNα = A+
αAα ����na=0, 1, 2, 3,· · · , �

±rHamiltonian�Î�¤ü�ªÇΩa ÚΩb ©m�

/ª:

Ĥ = Ωa

(

A+
a Aa +

1

2

)

+Ωb

(

A+
b Ab +

1

2

)

, (23)

Ù¥Ωa = ω(1+h0); Ωb = ω(1−h0), Ĥ ����´:

h(na,nb) = Ωa

(

na +
1

2

)

+Ωb

(

nb +
1

2

)

=

ω[na +nb +h0(na−nb)+1], (24)

duh(na, nb)�©á�, ¤± (24)ª¿Ø�é´��

m¥��¹. ":Uþýé�Ø�", 
´ω. é

una = nb = n��¹, ����ω (2n + 1); éu

na = −nb = n � � ¹, � � � � ω(2h0n + 1). l

úª (25)�����Ì�m��: ∆h(∆na, ∆nb) =

ω[∆na+∆nb+h0(∆na−∆nb)+1]; Ù¥∆na = n′

a−na,

∆nb = n′

b −nb, 3��Ì¥�3XØÓ�m�. éu

∆na = ∆nb = ∆n��¹, ©�m��∆h(∆n,∆n) =

ω(2∆n+1); éu∆na = −∆nb = ∆n��¹, ©�m

��∆h(∆n,−∆n) = ω(2h0∆n+1), éuùü«�¹:

":�Ñ�ω, �1�«�/´��Xëêα�©�.

3 α ª C u 1 � 4 � � ¹ e, k h0 → 0, Ωa,

Ωb → ω, Ïd���Ìh(na, nb) → ω(na + nb + 1),

ùÒ£�
é´�m�(J.

4 �é´��m(n = 3)¥�5��f

�U?©�

3n = 3�, �±�� (14)ª�3�), §�©O

�:

Θ1=









0 0 0

0 0 θ

0 −θ 0









, Θ2=









0 0 θ

0 0 0

−θ 0 0









,Θ3=









0 θ 0

−θ 0 0

0 0 0









,

(25)

r (25)ªA^� (15)ª�±��3«a.éA'XX

e,














x̂1 = αx1, x̂2 = αx2−
1

2α
θp3, x̂3 = αx3 +

1

2α
θp2

p̂1 = αp1, p̂2 = αp2 +
µ2ω2

2α
θx3, p̂3 = αp3−

µ2ω2

2α
θx2

;

(26)














x̂1 = αx1−
1

2α
θp3, x̂2 = αx2, x̂3 = αx3 +

1

2α
θp1

p̂1 = αp1 +
µ2ω2

2α
θx3, p̂2 = αp2, p̂3 = αp3−

µ2ω2

2α
θx1

;

(27)














x̂1 = αx1−
1

2α
θp2, x̂2 = αx2 +

1

2α
θp1, x̂3 = αx3

p̂1 = αp1 +
µ2ω2

2α
θx2, p̂2 = αp2−

µ2ω2

2α
θx1, p̂3 = αp3

.

(28)

n��¹e�é´��m¥�5��fHamiltonian

�Î�

Ĥ =
1

2µ
(p̂1p̂1 + p̂2p̂2 + p̂3p̂3)+

1

2
µω2(x̂1x̂1 + x̂2x̂2 + x̂3x̂3), (29)

ÀJ (27)ª�Ñ��¹?1?Ø, Ù¦ü��¹?Ø

aq. r (27)ª�\ (29)ª

Ĥ = (1−α2)

[

1

2µ
(p1p1 +p3p3)+

1

2
µω2(x1x1 +x3x3)+

2α
√

1−α2

1−α2
ω(p1x3−p3x1)

]

+α2H, (30)

Ù¥H =
1

2µ
(p1p1+p2p2+p3p3)+

1

2
µω2(x1x1+x2x2+

x3x3), y3�h′

0 =
2α

√
1−α2

1−α2
, K (30)ª��¤:

Ĥ = (1−α2)

[

1

2µ
(p1p1 +p3p3)+

1

2
µω2(x1x1 +x3x3)+

h′

0ω(p1x3−p3x1)]+α2H. (31)
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e¡, �XeC�,

Xa=

√

µω

2
x1−

√

1

2µω
p2, Xb=

√

µω

2
x1 +

√

1

2µω
p2,

Pa=

√

1

2µω
p1 +

√

µω

2
x2, Pb=

√

1

2µω
p1−

√

µω

2
x2,

Xc=

√

µω

2
x1−

√

1

2µω
p3, Xd=

√

µω

2
x1 +

√

1

2µω
p3,

Pc=

√

1

2µω
p1 +

√

µω

2
x3, Pd=

√

1

2µω
p1−

√

µω

2
x3,

Xe=

√

µω

2
x2−

√

1

2µω
p3, Xf=

√

µω

2
x2 +

√

1

2µω
p3,

Pe =

√

1

2µω
p2 +

√

µω

2
x3, Pf =

√

1

2µω
p2−

√

µω

2
x3,

(32)

ùp�Xα ÚPα ÷vXe�'X:

Xα = X+
α , Pα = P +

α ,

[Xα,Xβ ] = [Pα,Pβ ] = 0, [Xα,Pβ ] = iδαβ,

Ù¥ùp� (α,β) = {(a,b)}½{(c,d)}½{(e,f)}.
½Â�«–�)�ÎAα, A+

α �

Aα = i

√

1

2
Pα +

√

1

2
Xα, A+

α =−i

√

1

2
Pα +

√

1

2
Xα,

(α = a,b,c,d,e,f), (33)

N´�y, Aa ÚA+
α ´÷vXe'X:

[Aα,Aβ ] = [A+
α ,A+

β ] = 0, [Aα,A+
β ] = δαβ,

ùp� (α,β) = {(a,b)}½{(c,d)}½{(e,f)}, âfê

�ÎNα = A+
αAα ����na=0, 1, 2, 3,· · · . u´ (31)

ª��¤

Ĥ = (1−α2)

[

Ωc

(

A+
c Ac +

1

2

)

+

Ωd

(

A+
d Ad +

1

2

)]

+α2H, (34)

Ù¥ùp�Ωc = ω(1+h′

0); Ωd = ω(1−h′

0), §���

��:

h(nc,nd) = (1−α2)

[

Ωc

(

nc +
1

2

)

+Ωd

(

nd +
1

2

)]

+

α2E = (1−α2)ω[nd +nc +1+

h′

0(nc−nd)]+α2E, (35)

Ù ¥ E � H � � � �. l þ ¡ Ø J w Ñ, ù p �

h(nc,nd) 3 � é ´ � � m � © � Ñ ´ � � ë ê

α �. é u nd = nc = 0 � � /, � � � � (1 −
α2)ω + α2E. éund = nc = n��¹, ����

(1 − α2)ω(2n + 1) + α2E; éu−nd = nc = n��

¹, ���� (1− α2)ω(1 + 2h′

0n) + α2E, éuùü

« � ¹: " : � Ñ � (1 − α2)ω + α2E. l � © ú

ª (38)ª�±����Ì�m��: h(∆nc,∆nd) =

(1−α2)ω[∆nd+∆nc+1+h′

0(∆nc−∆nd)]+α2∆E; Ù

¥∆nc = n′

c − nc, ∆nd = n′

d − nd, 3��Ì¥�3

XØÓ�m�, éu∆nc = ∆nd = ∆n��¹, ©�

m��∆h(∆n,∆n) = (1− α2)ω(2∆n + 1) + α2∆E;

é u ∆nc = −∆nd = ∆n � � ¹, © � m � �

∆h(∆n,−∆n) = (1−α2)ω(2h′

0∆n+1)+α2∆E. Ó�,

3αªCu1�4��¹e, kh′

0 → 0, Ωc, Ωd → ω,

Ïd���Ìh(nc,nd) → E, ùÒ£�
é´�m�

(J.

5 ?Ø

3�©¥, Äk´rüâfþfåÆ��)Ú�

«�Îí2��é´�m¥ÑlÀÚ–OÏd"ÚO

��¥þ�m�ÀÚfXÚ, 3��6��¹e, ­

#½Â�)Ú�«�Î. ¿�3�Ñ���mCþ�

é´'X¥�¹
�m–�mÚÄþ–Äþü��¡�

�é´5. ,�r�é´��m¥��)Ú�«�Î

^é´��m��)Ú�«�Î?1�5Ðm. |^

ù��{, ?�Ú?Ø
����Ó5��5��f

�U?ÚU?©��¹. ¤���(J3αªCu1

�4��¹e, £�é´�m�(J.

�m��é´�A3�u|Ø±9���'��

é¡5�|ØÚ�Úå|Ø¥kX�~­���^.

8c, ù��¡�ïÄ3nØÔnÆ.Úå
2��

'5, ¤
9��ïÄ�K��. ,
, ¦+<�é�

é´��mþfåÆ¯K�ïÄ®��
�
-<�

Í�(J, �´�Ü©ó�âffÐm, �é´��

m¥¯K3��Ôn�¡�nØÚ¢�&?Ñ´�~

7�Ú�~k¿Â�.
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Abstract Space coordinates may become noncommutative near the string scale. In this paper, we give a representation

of the noncommutative coordinates and noncommutative momenta. We then apply this representation to compute the

eigen energy splitting of the isotropic harmonic oscillator in two and three dimensional noncommutative spaces.
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