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Abstract We improve O( p4) caleulation in U(2); x U(2)y chiral theory of mesons by resummation calculation for vector mesons

physics and restudy decay p—>mr. We obtain a complete and compact expression for f.. (p*) (up to O(p®)), from which an im-

portant non-perturbative conclusion is drawn from convergence and unitarity consideration.
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The Nambu-Jona-Lasinio (NJL) model"”’ ar.ld its ex-
tensions are widely used to understand hadron physics ( for
reviews see, e.g., Ref. [2]). There are various meth-
ods to parametrize the NJL version models, among which
is the U(N,), x U(N,)y chiral theory of mesons”®’ with
N, =2 or 3 (proposed by Li and called Li’s model here-
after) . This model can be regarded as a realization of
chiral symmetry, current algebra and vector meson domi-
nance ( VMD ). It provides a unified description of
pseudoscalar, vector, and axial-vector mesons, which are
introduced as bound states of quark fields. Its basic in-
puts are the cutoff A (or g in Ref. [3]) and constituent
quark mass m (related to quark condensate). This theory

has been studied extensively“_m]

1

, in particular it has
been used recently[11 to analyze the data of g-2 of muon
reported by CMD-2 groupm] . Hence Li’s model is a good
phenomenological model.

So far Li’ s model has been only investigated up to
O(p“)m in perturbation manner. This treatment is rea-
sonable for chiral perturbation theory (ChPT)"™, be-

cause the typical energy there is much less than the ener-

gy scale of chiral symmetry spontaneously breaking
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(CSSB) A gy ~2nF, ~1GeV. This is not the case here

because the typical energy p of vector mesons is compara-
ble with Ay . For example, at p energy scale, p~m,
and the perturbation parameter p/Acsp = 0.7. There-

fore, studies in Ref. [3] should be improved by going

beyond O(p*). But we know that, in usual perturbation
treatment, it is difficult to deduce effective action of me-
sons at higher order. This is a paradox. As a solution to
it, we develop a method to obtain the sum of all terms‘ of

the p -expansion[ 1)

. We call it resummation study. In
this paper, we want to use it to restudy typical decay p—>
xr in Li’s model. Other processes can be restudied in a
similar way .

Before this study, let us outline procedures of per-
turbation calculation  and our resummation calculation.
Given a quark model which describes interactions of con-
stituent quarks q and mesons M and satisfies requirement
of Chiral symmetry, we can write the Lagrangian as .Z'=
Hq,q,M)=qgPq, where D= ZAM) is characteristic
of the model. The first step of perturbation calculation is
using the method of path integral to integrate out the
quark fields,
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eijd4x$e&(M) _ J[dq][dq]eiJ‘(fxq@q. (1)
After functional integration, we can formally obtain the
effective action S (M) of mesons as S (M) =
In det?A M). To

Schwinger’ s proper time method™™”’ or heat kernel metho-

regularize  this  determinant,
d"® should be employed. This directly results in an ex-
pansion in p, and usually up to O(p*). One will en-
counter great difficulty when he attempts to calculate terms
of higher orders.

On the other hand, to perform resummation study,
we calculate effective meson action via loop effects of con-
stituent quarks. This method is equivalent to integration
over quarks in path integral, but via this method we can
obtain effects from all orders of p-expansion. Specifical-
ly, we divide % into free-field part %, and interaction
part %, and turn to interaction picture. The effective ac-

tion can be obtained as

oS = <0’ quijd"x.%] ’0> -

1+ iijd“ EEZ_ & x
- Pl (2’_()4 (271)4

+ p )L (pisup,) s (2)

where T, is time-order product of constituent quark

8*(py + po + -

fields, II, (p,,**, p,) is one-loop effects of constituent
quarks with n external fields, p,, p,, ', p, are their

four-momentum. Getting rid of all disconnected diagrams,

we have

Sa =S,
net

d'p, d'p
—d*p, —L£2% ... LA
Sn —Jd P (27_()4 (21t)48 (P] +
pr+ o+ p)I(pyyp), (3)

where ¢ denotes connected part. Obviously, in Eq. (3),
the effective action S is expanded in number of external
vertices and expressed as integral over external momenta.
Hereafter we shall call this method proper vertex expan-
sion, and call S, n-point effective action. Using proper
vertex expansion, we will obtain effective actions which
include informations from all orders of chiral expansion.
That is, we can do resummation of momentum expansion
by this method. That is what we need.

It is instructive to compare these two kinds of calcu-

lations. The perturbation calculation can deal with all

kinds of meson interactions at low orders, while resumma-
tion calculation deals with specific process and includes
informations of all orders. In the sense of p-expansion,

resummation calculation is non-perturbative. As we can

“see later, this character will give important result.

Having showed outlines of resummation calculation,
we turn to Li’s model. Because we only focus on p phys-
ics, the N, =2 part of Li’ s model, i.e., U(2) x
U(2)y chiral theory of mesons'* suffices to study decay p
—>qn. This Model is constructed by U(2); x U(2)y
chiral symmetry and minimum coupling principle, and its
ingredients are quarks (u and d), pseudoscalar mesons
(w and 7 (u and d component)), vector mesons (p and
w), axial-vector mesons (a, and f, (1285)), lepton,
photon and W bosons. For our purpose, we only write the
relevant Lagrangian as

FZ=q(id+ V+ Ays - mu(x))q +

%m§(<V,‘V"> + (4,4")), (4)

where A, =riali‘ +f ., V, =rip,i, +wp,u=em5, D =
tw' + 7, and (***) denotes trace in flavor space. The
quark part of this Lagrangian can be divided into two par-
ts. The free-field part is £ = g(id - m)q, and the
interaction part is

1
2

where terms involving more @ has been omitted, because

Ft = G(V+ AYs — im®PY; + =md*)q, (5)

they have mnothing to do with decay p—>nx. All subse-
quent calculations are performed at chiral limit.

Before studying decay p—>wr, we have to do some-
thing to obtain physical fields. We should calculate effec-
tive actions for quadratic terms ( VV), (A44), (PD),
(VA), (V@) and (AD) through integration of two-point
quark loops like Fig.1(a) (where C,D =V,A,P) and

one-point quark loop Fig.1(b). These actions are calcu-

AN
C D
o]
(@ (b)
Fig.1. Calculation of {CD) terms (C,D=V,A,®P)

from quark loops.
(a) Two-point diagram of quark loop; (b) One-point diagram
of quark loop for {(DD) term.
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lated as

N, [ d'pdk
0} J(—iﬂz—n)“(<V#(P)V,(— P)> X

Trl 7 Se(k=p) ¥'Se(k)]+{A, (p)A, (- p)) x
T 77, Sp (k=p) 775 S: (1)1 (@(p)® (- p)) x
(m*Tel 75 Se (k=p) 75 Sp (k)] + mTe[ S: (k)]) -
2im(V, (p)® (- p )Tl v*S, (k - p)7sSe(k)] -
2im (A, (p)®(- p))Tel V75 S:(k - p) x
7sSe(k)] + 2(V,(p)A, (- p)) x

Tel S, (k = p) 775 Se(k) 1), (6)

where, for (&P ) term, we have added contribution from

1
q
Seﬂ' =

one-point diagram (Fig.1(b)) of quark loop. This is so
because @ is realized nonlinearly. After integrating over
momentum k of quark loops, we get expressions including
all terms up to O(p~ ). But we are not interested in high
order terms now. Discarding them and adding the non-

quark part of Eq. (4), we obtain

=1 B V- PYE

g°p') + mo) + <A, (p)A (= p)) x
-

(64° m + mé)g’”] +(@(p)D(- p)) x

)gP + 8PP+
©g

%g2m2p2 + (A, (p)®(- p))6ig’m*p*),
(7)

where the logarithmic divergence is absorbed by

(8)

and the quadratic divergence in {(®®) term has been re-
duced to logarithmic divergence by the identity I" (1 -
di2) +I'(2-d/2) = -1+ 0(e). The first and second
terms of Eq. (7) indicate needs for rescalings of V, and
A, . (We see that axial-vector A, does not satisfy gauge
invariance. Because d, A* =0 when A, is on-shell, we
shall ignore the p“p” term when redefining A, .) The non-
vanishing ( A®) term indicates that there is a mixing be-
tween A, and J, @, which should be erased by shift of
A, . Therefore, the redefinitions of V, and A, are
Ve g A, -La3,0,

e " g1 - N6 g g "

(9)

and we can obtain in passing the mass formula for them
m; N
mi:—f,(l—-—-ﬁ)mi:6m2+m2v. (10)
g 6" g
After redefining A, and cancelling the mixing, and then
making the kinetic term of @ in standard form, we obtain

3gm’ 1 5 3( 2c)22 A

¢ my + 1-=) gm =

cC =

6m’ + m,’ 4 8 g 16’
or
Fo 2¢
=—,6(1-—)22=F2, 11
¢ 2gm%, g gm e an

and rescaling for —=>2P/ F,
actly those in Ref. [3].

. Eqs. (9)—(11) are ex-

Now we can study decay p—>=x. For vertex p-mm,
we need to calculate two Feynman diagrams of quark loop

(see Fig.2). The relevant Lagrangians (after redefini-

@
@
v v
@
@
@ (b

Fig.2. Quark loops for vertex p —>mr.

(a) Two-point diagram; (b) Three-point diagram.

tions ) for the first and second ones are

1 2m
2®= ¢ =¥ q:v)
(,71 q(g +F¢ q,
o - 2c _2m )
FO_ ( SV- 2 aer, - 5y g, (12)

respectively. For the first one, .% (“gives integration of
the quark loop astAkTr[}”‘SF(k -p)Se(k)] o p* (p
is momentum of vector field V). Because 3, V" =0 when
V, is on-shell, contribution from the first diagram vanish-
es, S, = 0. For the second diagram, the Lagrangian

%™ determines that the effective action for this three-

point diagram is calculated as
4iNcJ d*pdq,d* ¢,
gF fp (2m2x%)*

SANLIRLIPRN PN

[yﬂsp(k + ql))'“YsSp(k)Y 75SF(k - (h)] +
szr['}’#SF(k + q1)75sp(k)75sp(k it 92)] -

y = 8 (p + g + q,) x

2

[
- qlquPTr X

;—"‘ql,Trwsm + )77 S (k) s S (h -
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q.)] - ;—ngVTr[)"‘SF(k +q,) %

Y5 Se ()77 Se(k - ¢:)]) . (13)

After integrations of quark loops and considerations of

3, V" =0 and chiral limit q: = g5 = m’ =0, we obtain

]

2 2
TP “52¢ 72

the effective action for vertex p-7r as

S = me (p)ri(=-p - q) x
e = (27(27{')4 ijkp;: P P q

(@) (- ig") fre(P), (14)

where

[m2(18(1 - 2¢/g)n* g’ - (2 - 3clg)N,) — p*(c/g)*(6x°g® - N,)] +

[m?(1 -2c/g + xy) + p(x(1 - x)(1 — y) x

2N 1 1 m2
[4 d f
rrzgf:Jox x Ody{ m’ - p'x(l-2x)(1-y)

2

(1 + xy) - c/g(l +2x - 2% = 3xy +22°y) + /g (1 = xy))] - ln(l P x(1-x) x
m

(1 - y))(m2(l —~dclg +3xy) - *pilg*(1 - xy))} =

12(N, +3g°7*) - (24c/g)(2N, + 3g°*) + 40N, (c/g)* , (10N, +36¢°x") ,
m p—

3n’ gfy

on’ g’ f;

4N, (3 - 12¢c/g + 10(c/g)*) m* - 4N, (clg)* p* ‘-p :
. clg +10(c/g)" ) m (clg)p [4m = P arctg —‘zB—z (15)
p 4m - p

3’ gfx
The factor £, ( p’) is complicated . Its expansion in p up
to O ( p°) (corresponding to expansion of S up to
0(p*)) is

2 N (1 -2clg)’ - 1277
fm(p2) 2_[1+ clg cT ,

P 61t2f,,2 p
(1 -4c/g)N, ,
60" m [ p +
(1 —4c/g + (c/g)’)N,
12072 m4f2 P6 + O(Ps)] ’

(16)
where condition (11) has been used. As we can see, the
sum of the first two terms in this series is just f,. in
Ref.[3] when N, =3 and p* = mf, is set.

Moreover, expression (15) shows that series (16) is
in fact an expansion in dimensionless quantity p’ =
P(Am*): fon(P®) = 2/g 4+ 19" + c,p* + c3p" + 0.
Convergence of this series means p° < 1 or p* < 4m?,
which at p energy scale means the constituent quark mass
m > m,/2 ~385MeV. The same conclusion can also be
drawn from unitarity consideration. Unitarity of the theory
demands that, at leading order of 1/N, expansion, there
should be no imaginary parts in transition amplitude of
meson decay'”’ . The expression (15) for f,., is just at

the leading order of 1/ N, expansion, therefore, it must be

real. Thus p® < 4m” must be ensured in Eq. (15);

which means m > m,/2 at p energy scale. We should
point out that this conclusion is drawn from non-perturba-
tion expression (15) which is characteristic of resumma-
tion study .

The difference between our result of m > 385MeV
and the one of m = 300MeV in Ref.[3] is understand-
able. The parametrization m = 300MeV in Ref.[3] is
consistent with its O(p*) calculation, and the phenome-
nology studies are good there. Now that we have re-
summed all terms in p-expansion, we naturally obtain that
m > 385MeV using convergence or unitarity analysis. In
fact, such high constituent quark mass is also reasonable
from another aspect. When fitting the hadron spectra, we
have to adopt high constituent quark mass, or we fail to
account for the observed masses of scalar nonet™ . It is
argued in Ref. [ 18] that high constituent quark mass
might be a consequence of lack of confinement of the
model and could be avoided if we knew how to add con-
fining forces to the model. This is suggested by the results
which use confining

of constituent quark models

interactions'"”’

We like to mention that only the lower limit of con-
stituent quark mass is determined in this paper. To deter-
mine further the value of constituent quark mass in this
model needs more phenomenological considerations be-

sides the unitarity condition indicated in this paper. We
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also like to mention that the model studied here is a QCD-
inspired chiral constituent quark model with vector me-
sons. How to deduce chiral constituent quark model rigor-
ously from the fundamental QCD theory remains to be
open. And we only consider the effects of constituent
quark, which dominates.

To conclude, we improve perturbation calculation in
Li’s model by resummation study. We first illustrate

proper vertex expansion method in chiral quark model,

and then use it to perform resummation study on decay
pg—~>nr. We derive the complete and compact expression
of forr (p*) (up to O(p~™)), from which the explicit ex-
pression of effective action S, up to O( p*) is easily ob-
tained. We can see that this method of resummation study
is a powerful method to catch informations from all orders
of p-expansion. Using this method, we draw a non-per-

turbative conclusion that m > m /2.
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