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A nalyt ic Conf idence L evel Calculat ions Using

the L ik el ihood Rat io and Four ier T r ansfor mE

AM ÊØ ÓTE izl¥ R m m z d IEW ô ÀC» m ãÉ EØ ² m d ç a m ú × m b d d adm m Þ ddE
tk ² m pay l¶ d Ä S cz dÜ ô Ù EUM q zb ´ " Ed × lw ÔÄ s. A W d ù " ï µ1tm u y M m CK -

b e × eTSIEm ts m build m a ê emed e × ®¬ó mt Ê ² m m d m tbuUOn ap izmt Éd t h m obez ved ex-
PE iment ' s ´ EIEam m y k oam en d- In thds zmth a mw appmeetI s pmm M whid d c² Õ

analytm lly the e ê ®m m t ¹ ² nab r d s» ibm Þ via a Fom er m nd © n , Lú re dEe likeHhood rado ó

m od z kzg Ê tmu m - u e MMdyuc appmd 1Ä joys m a u motss sped d vm tª e OVE th toy Mm te

CE b method, maMruz it PEm bhe m qtdckiy aM pzÄ d y Ølcu18ü " ú dm m level m d ts.

Key w¦ ²

1 Entmduction

A m m m tiy mm zÖ µ c m Ê× em m tad ptzyga has bm the ku® mtatm m d m nbm -

m of zÄ ú fm n sm æhe boz new pertielm- Ä e hm¤ na m l msk is m inm pzØ the Þ lleetd dau
· t m tlze Þ ntext d nvo m aplana1tary hm othé Ø . I Tze t in t hypoth´ ¸ - the z111H hyé tIE -
dr - ç s that the data set Ê oomé dble ÷ × IEZFa p al bael@u md pmdud Þ d Þ e, m d the à ¤

Þ d is that tk data î Ê m z1padbLe with the am1d ap al azzd bad e w zd pzÐ ucm 1¤ In m et Ä ¤

ü , the sm æ11 50r new pardclÊ pzoced s via seveml parallel smzd m for f inal m tÊ ¤ t Ee rÄ l ts
fzq n d d tlEÊ e sub d zz uzelS m thg z oombined b pmduce a find rem lt .

An a istiz̈ Þ nfidgm level calculat ions fOHow the mme ge ï Ed sm t¦ YI 1- 3] . A ts t statisdc

oe Ê tm atoe Ê Þ nsm zcted Ø q1landfy the " ­ g 181¤IEÄ " d a real or m 1ulazed exPE M a1t . Most d .

¤a ilam z met lmds use m e Bm bie of w Monte Ê rio a pE m g 1² ­ ggEz m tbe Ê timamr dist ibu¤
×Þ against which the oh Êved e × Ä óç ' SÊ Êmamr ­ Ám pm d. ¶ 1is gï m aU021 µ 11 be rathg

m î £om m ×rhg É m the ntznber of w htb Ete CMlo g × erhzm ts is g Ä t ( as it mLISt k for hU E
PEä iSion cd cd adons) or ¤ the ntznber d sig 181 ad h d g u md expectd for ¥ C11 Ø× g ime u ²
R at ( as it Ê for the « se d sear dm op× × ed Ø tme becl@U EM a lbm cÊon) .

In th­ zm¥ , we pzØ Ø t m m pzuved method for d a dsdrª m zfida m Levels h the m ztè t d
sear chÄ for new perdclÄ . Sped fid ly , wtm the likelilm d rat io ¹ tmed m m g É zam , the a pe i-
mm t Ê tknator diStribudon m y be cadeulated analyt i@i ly wÃh the Fourier t and om . 112e mÄ t À a-

EnaUc d vantage ot tiZe analydc medmd ov® the t07 Monte Q r io zm thod ¹ the mm Ä e m a la Ilm Þ
ê Ä d and pmda on.
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2 I Akel ihood Rat io b t iEnator for SØ r chÊ

The lih iihÞ d mÉ ÔÉ namr B the m×o d th pmbebilidÊ ot oh m FiEÉg m eva1t uzÔÔ the
two sÄn h hn á tlm Ê . Ç Ee a tiznator fcz a SZª ie ¿ê erimiÄIZE

E = c ¨ u )

Here Ò +b is the pmh baity dgEity fm ctiOn h r sig zd + baelª YOUÀ g p®m am and « É the pzoba-

M ty dm ity fm d Þ for h cÅ £m k nly a pe i11281Ê . Bm m dZe m m nt facb r C appÄ rs h
each evm f s Ê dmatü , it ² Ê Emf affect the Ædz izzg d the ¹ ² natom- Fcz clarity m this noü , the
m Etant is cim Ä m h t , whe e s is the é ectd ntm ber d suphal evgm . In pmetice, IPt eve y
evò É Î Baily ag m1.lam. Each sm ch may M ve one oe mom evÄ VE iabla that d sÊú m te be-
tweÄ Ö ZEal-lilte m d beckg u mÉ like evÅ ² . For the gam al cme, tlze pmbebilitiÊ Ò +band ðL m
fund otzs d the oh ®ved ev× × ' EZ1Ä almd vE iabig -

As m e E8121ple, Þ TØder a smzch tmrª Þ e d sz unmant var iable m , the reÞ nsm eted Hig s
mm . The sg 1al azd h ckg £m d have di ffezØ t pmMMBty da zSty fm c6a zs d m , deaned m f s
( m ) azÀ Ë ( m ) , m¿ ecdvely ( For seaRhÄ with m m than one d sz km u nt VE iable, m E n -

placd w a vector d disa iminan t w r iablÊ X) . I t Ê thm sÙ ù Edozwazd m d culate Ò +b m d as

for a gnd e evg zt , taMzzg mm acm mt the evm waghÉ û m m a fm 1 the dism mnazu w iaHÄ :
, e- b +Ä [ 4 . ( m ) + bf b( m ) ]

E = e s » » = e . ( 2 )
e - b [ b f b ( m ) ]

The liltelih od mdo Êtm tor m h sh wn b E2183dmize the dism ® potgztid M Ä ciÄ on
pota168I d a sÄzch for new pu ucld 3] .

3 B u m ble EstMmtor Distr ibutiom VM Fast Fomt e-- U ðEEsfomE( FFE)

Á Ee way m fozm m Ê timator for m ØúØ 1ble d evenu ­ ² gEEg Úte a large nLEnber d my
M ont e Car lo Êê Ô É Ø ¡ , m ctz m p® m m t h ving a zzmzzbg d evm Ä gm e ated fm n a Poisgm d v
t ibudm . A m É E WEy Ê ô ± npum analyUØ Hy the proh bai t y dm a ty f uncm zd the Øú ÔÉ le Ä -

m m or g vm tb e pm h baity dg Ø ty fm d on of the evm t Ê tknatm . 112e ² cug £n of th is secdon

pu m « ² e latt a aw mech .
t TEe lateliimod ra60 ¿ t imator is a mul t ipl ied ve Ê timam - 113i s m¹ Ä the Ê ² zator for m m -

sa I1ble d evô ² Ê fa med by mul t iply irª the indiv idual ev´ Ø ² m m 3 . A lô Ø d vely , the 1oga-

r i ttuns d the × × Iatom may be m m11ed . h th e folb w iÛ ² rivam z, F = lnE ,wtm · E is t lze Hke-

la u d rad£ ò ² m t or -

F o r m ex per m m t w Ãh O ev m ² oh g v ed , th e Ê É nat or is tr i v ial :
Ò- { s+b}E =esÉr =1 ,

F = 0 , (4 )

po( F ) = S( F ) , ( 5)

wtE« ü po( F ) is the pmh baity de Ø ty huECÉ m d F for a ê e m a zts with Ooh e vd evÉ ² .

For m a pe ime1t with ØEact iy one w a t , tlÜ ­ ² 21ator is, µ ain tS Eç th m mÄÀ12ctd H g s
mag nz,

ë Ëë Ü · ® ï í Ú 24í

e - { Ð [ È ( " ' } + bf b W } ]

E = d 5 ¤[ Wb('" ) ]
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aEÀ ttE pzobebai ty dgØ ty fm cdon of F is dd nd Ê P1( F ) .

Fcz m g perm a 1t with e Eactl y two evg zü , the Ùö m mm d tbe two evÄ Ê × · muIdpli ed Ø
fonz1 m a Øenble Ê t iznab r . I f dEe moonst ucted F÷ggSEIØ­ ­ d th two evg 1² an m 1 and m2,

tha

E z

f s( m 1) + bf d m 1) ó , ( m2) + ´ ( m2)F = h - + h . ( 9 )

bf b ( m 1 ) bf b ( m z )

demity agm a z fa e Eactly two per ´ Ä P2( F ) ­ ­ Epty the Þ nvolt16on d p1( F )Ó13e pm babil i ty

w ith imelh
¨ ) = 1.P1(F1) ¨ 2µ8( F - F1 - F2)dF1¶

The gÄ m lm m zØ t»± ± e d n evÉ ² Ô sm u d onvazd aIEd mÞ uragng:
E - Å ¶ ( FFZd) + bf b( FFEt )

- Õ bA ( ,,$4)

j À [òô ¶ ]í - Ó )=P"(F) =

Na Et , the m zvoltmg I d PE( F ) Ê m À m d manageable
beb« Ô1th Þ nvolt16Þ mÀ the FÁ z ig- t azd og21.

If A ( F ) = B ( F )Û C ( F ) , the z tbe F´ ie m d ü zm d

E 5 7 = E T5 7 ¤Ô ø ¡ .

× × albws the coavoltEM 1mh ØPEÄ d Ä amp te powe t

Note thisÇumÞ tml² evm fü n=0, anmÙÓ5 7= 1. F£zany prad d Ø nputam , them -
Ú c FÞ rier t mØ Þ 21µ 1h aFpzw dmated by a zxmw id F®Ä F©Eier T razd ozm (FV T) .

E² w ² ò tl×s lzd p m deta zz×ne p¨ azd pb? 2 2e pzoh bai ty dg 1sity fm d on for m Øú m bie

Ä dzzzator with s a pä td a g ml azzd b e ê ä ±

Ð Ø ¬ n E É e nmIEbe d evenm oh ï vd m tiBe Êê ÔizIEÔ1t .
Á z zu s

p,ÔG) 2 « ("Ä× f ¦ ZTE7ä US+Ä(sy m[E;ø ]-E U7)

òþÙ h r b}[Z G - 1]. (18)
Ç Ee fumm z pØ ( F ) m y dØ be m DVØØ by tg Eû the iEzvg se trÉÀ £rEI1¤
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È £ " ) + hf b( m )
F z h bfh(m) (Ç

[ ó ½ ,Ê ) + Ã £" 1) I ² ¶ (mz) + bf b(mz) ]
[ WL(mJ I WL{mz) ] ´8}

pd Fµà p1(F) . ( 10 )

´ 21}

( 12 )

( 13 )

÷ h Ä ( mt ) + bf bw
bA ( ,,$4)

F s

P1( F ) Û ­ Û P1(F ) ¤,

" ÷a,
w m aw àõ ì m d É e rda6Ámtw

satidyA , B , azÀ C

(14)

z Ó572 [ß × Õ ' { 15µ

ÆÉ f M ´ s + b ) '
¢ ó ¨ ¨ ÑÁ (16)Ñ,+b(F ) =

Âª be¤U R m Four ier UÅzzd on nat ion ,

h ggEE ai , this mla¤
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6OEU w hich hol² for m y m ul tipli² ×÷ × t iznatou mm 1s that the pro babil ity dg Øity f und on for m

aru m y nm be d a pectd ¡ Ø and beckg o tmd eva zÊ m k cai culatd analym lly Þ ce the

pm h bili ty dg Ø ty fIEEd o-1 d the ­ ö nator is h mwn for a Ü Ø e evØ1t .
T WO Ê Eaznpb pzÐ ride pracdd pm of d the pr im ple- Fce tize fi¡ , am m e a hypothe6Á l Ä 6 ¤

mat ü EÄ ulÊ h a F oh bili ty dm ­ ty fm d Þ of am ple Gats a an fom

P I ( F ) = - L F e - ø ¹ , ( 19 )

6 ¢r L Ð

w h² ÉE Ò= 0 .2 and Ì = 2 .0 . F£r m Í × ected s + b = 20 .0 , h th the FFT method and the toy M on-

te ² r io method am tm d m evolute tk evm t × × n ator pm bebtl i ty dg Ea ty fm d on to m Ê × Ä zzg 1t
mm mtor probebili t y × Ø ty fm cm 1. 'n Ee ag ma n g u betw em the tw o metimds ( Fû ¤ 1 . ( a) ) B

st ildzí ¤ m e hid 1er pm d SÞ d the FFT znet tmd ¹ 8pperg 1t , eva 1 w tEÄ m npm d Ø 1 m à Þ Ø y
M onte Ê rlo m d mÄ ts . T he p® iodic sm zcm re ö due b the d sÞ nm m zs Poi© n d m h zt m t m-

kkg ¹ EVolved w i th a m r zow evg It g É m tor pm bebai ty f m cdÞ . h pad Ø iar , dEe pÄ k at h E = o
oor m­ £nds Ø th e pm babiHty that exact ly zem eva 1² be obm v ed ( e- {H b) = 2 . 1 Á 10 - 9 ) . Ç ze

pred Sion d the toy WM te Q r lo met tmd is lm i td by the nm bE of M m ü Cazio m m ma 1ts , w hile

th e pred Sion of the FFT metfu d is k n ited od y by Ø I1putE PZú cid on - For the seÞ nd exam ple , the
pm bebih y dg Ø ty hmcM 1d a t ypid non - Gatm an Ä imamm d m h md for m m perm Ê1t w i th

s = 5 and b = 3 ö pectd evg zu ( Ê . 1 . ( b ) ) . A õ ô , û tw o methods Á ¢ e w en m zó Þ s w hm

th e b y M onte Q r lo rneth d h lE " -

11Ee final Á i cula6ons of the Þ nf idm Ê Þ d ad a ² Cs+b a d Cb am sim ply the izzteg als d the
a p a ml g Et es² naØ r pm babil i ty dØØi ty hmcuon [43 ] .

lo--

10¤

F qF 1 . ÓTEe m× Ä Ô ' 1t Ø ² m sor pzoh bai ty de Ä ty h zzcm m fm a Gató ian eÊ 1t g É IUM

Ru beb² ty fm d Þ ( a) m d b a typAd EU EG m m n eva zt ­ ² 23Ä Ø ( b ) .

T he d id l ine ú d cd ated wiÉ É e FF r med ± ,É e É abed line is @K Itsted wiÉ the b y Monte Cado
meÉ od . Ezzuz bm as oda-ed with É e Mont e Carto meth d ar e due m lM ted m É · g .

4 D tsctESSion on Systa Em t ic U ncer ta i n t i6

When the likelihood mdo Ê tm ator is used Ø a tÊ t su dsdc, the systgnadc mzcertamty Þ the
oonfidm ce level is due to the uncena ntiÊ Þ nm 1bem of backg ð md evg1² ÊÕected, the mm be d
sö lal evenu m ect± , ad the sham d the disø Im am variablÊ . shm dEe sham m m ttm g

ß Ü ï í ë Ë ï í Ú 24í
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nmm dm the dØØ ty d Û Øl and beck g £und m tize d sm m mnt vam ble space, ì foa s d y Þ

the m c® taint y due Ø m m rtaindes Þ h ckg mzd and Þ a1 111m bÉ 3 ¤

CÞ eider one charmel haviÛ Ç tYR ë d ­ p at evØ ¥ , zd i typÊ d beckgzutnØ evÄ Ê . Ç Ee
nu mber of ¥ ch type d eve zt Ê de p td w ì , ( i = 1 ,2 , ­ , h + t ) . ¶ m tt E Four ier t azzd mm d
the × PE hna zt ÷ ² nator ' s de zg t y hmc6 011 Ê Ø 1ctdated tg z̈ th pzÊ riot s EÄ l ts :

© ª ¡ = ez fJ: "6[ ã Ð - E] , ( 20 )

wbm z r 57istheEM mM × Øwamem form ev-M tlze tthtype- If tlm m m 6Ê
foHow a Ga m m dis± bum 1 Ð th a m z² ted e m r mat ix

S6 = ´ ( 244 - ´ 24i µ) ( Ö - ´ uj µ) µ ( 21 )

betw eÄ tbe h + l tW Ê d eva zth tbg 1 the syst m att m m tainty Þ tk × per izzm t ´ m am -

de ú ty fï E×Þ ØZI h a la zlated analyd « 11y ±
ß TÔ7= j -j eZZÖIZ T»,21(þ ÷

ez z;2 ;þ Å (Ô,Ð µ}SJ{Ã ´Öµ} H dut =

eZ J;:" 4µ[211Ù - 1] þ 2 .J E:;Ó87-1] SJ Z7 67- 1] . (22)

In gï Ee al , the reEludm hmc² m a z h m m uctmd w m nbMù ,eva al Gatm an dim ibum zs,
m the sy3te nadc mzceztamt y Ê n h ü lculated azudyt iü lly .

GivÄ dze mul tipliü ti ve pmpe ti Ê d the HkeiÃmod raUO Ê ² n atoz , the m Bu nadÞ d sevg aI

SÊ rch channels pm m eds intuidvely . 11Ee Ê d znator for m y Ám binadon of even² is m aply the prod¤

Ä t d the indi v idual eve zt × × 1atm . G msÖ 1m d y , ¹ Ä» 12CÊÞ d tize g t iBEator pzo babilit y da Ø -

w fm d on for tk ± I1bmm on d ctu n nels pemi lels the m zst ud on d tbe ¹ ² zatg pzobebai ty dÄ ¤

­ ty fm cdon for the om binat ion d evm Ê m a g zª le a m el - In pan iØ lar , for a m nbinadon w i th

N sm æh d zazmd s:

PÄ(G) = û Ó (G) =eZZBW [EEL-1]

Ó Ee to ttze st r ict ly muldpl iÁ dve zzatum d the Ê ² nator , ttï m nb»mHÞ method is intm Id ly

¹ Ä st a u - IYo nu Ç® how subseÊ of the Ø aH ZIam zs an rÄ zrarª ed ( i . e . , £Þ 1bi niZEg chaz× els

m d f fa Ä t OId e s , m nbinirª dif ferg 1t suh m of data n ms) , the m ul t d the m nbmm on doÊ Â t

change-

6 Conclusion

A fast m d idm Ä level ü lc1dadon w i th a mul t iplia H÷ × dmator makÄ PÊ ­ bie stud Ê that
En id u have ozhe wise bm boo Ò U - intg Ø ve w i th the toy M C EBeth d . u m inchd e stEd iÄ d m .

pmva a g 1ts m the evÔ1t seiecdOIB , d var ious wor Î Ø poh m , and of syst a nadc erm rs m d d m r d -

feetL a ng zg othÉ 3 ¤ A PZØ ise cd a dadÞ d so maltÊ PÊ a ble z· j ec· on of z111H hypoth × × at th e level

ng ö saw for d SÞ ver y -

Ç e aurhon thaFEK Haim0 2 ben ztg h F w ry zueÂd dtm 4sstom -

1 Jamt P, Ia B beder F- N ¤d . Imù Ø2. Methods- 1998, A4212449
2 Jmlz T - Gz­ dmee In d Cü , utmon for GmbtniZHg SØzchE ÷ × Sm ll Sà É da . Á æN - EP 99 - 041 ad hî ±

449

J TÔ¡

(23)
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