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Verma Module of Quantum Group
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~ The structure and Verma module of the matrix element algebra 'A(3), of the quantum

group GL(3), are studied using a similar method for studying the structure and Verma
module of semisimple Lie algebras. The g-boson realization of A(3), is constructed from
its Verma representation and the cyclic representation of A(3), is obtained in terms of the
g-boson realization.

1. INTRODUCTION

Quantum groups [1], quantum algebras [2], and their representation theories play an important
role in constructing solutions of the quantum Yang-Baxter equation arose from nonlinear integrable
models [3]. Quantum groups can be specified using the quantum R-matrix that satisfy the quantum
Yang-Baxter equation [4]. Florators [5], Weyers [6], and Chakrabarti et al. [7] studied the
representations of matrix element algebra A4(n), of quantum group GL(n), in terms of their
Heisenberg-Weyl relation realizations, in particular, the non-generic representations where ¢ is root
of unity. A classification of irreducible representations of A(2), were presented in (8]

In this paper, we propose a new procedure for studying the structure and Verma module of
A(n), of GL(n),. The method used here is similar to that for studying the structure and Verma
module of semisimple Lie algebras. The concepts of Cartan subalgebra, raising and lowering matrix
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clements and their pairs are defined. Based on those concepts we studied the g-boson realization and
cyclic representation of A(3),. The method used here can be generalized to the case A (#1),

Throughout this paper we denote by Z* the set of all non-negative integers, by C the complex
number field and C* = C\{0}. :

2. STRUCTURE AND VERMA MODULE OF A(3)iq

Quantum group GL (3), is a set of matrices M = (m;), 1<, j <3, whose matrix elements are
non-commutative and satisfy the following relations

miimiy = q ‘mgm; <k,
miimy; = q " mymi; 1<k,

MijMy = mym; 1 < k and § > |,

(2.1)
miimy = mym;; + (¢7' — q)m;,m,(,-, 1 <koadj<]i,
We also require that the quantum determinant D (M) be not vanishing:
Dq(M) = my(myms; — g ' mymy,) — q " myy(mymy; — q " myms,)
22

=2 R
+q mu(mzxmsz g~ ' mymy,)

We note that D (M) commutes with all the matrix elements m.

The quantum matrix element algebra A(3), is defined as an associative algebra generated by
{m;| 1<, j <3} satisfying relations (2.1) and (2.2). Purpose of this paper is to study the structure
and representations of AQ3).. .

We note that the set of all antidiagonal matrix elements {m,.|i = 1,2,3} is maximal set of
mutually commutative matrix elements, and generates a maximal commutative subalgebra A (3),
Following the terminology of semisimple Lie algebra, we call it the Cartan subalgebra, and m,,_, the

Cartan elements. There then exists a common eigenvector v, of m,,_, on the algebraic closed field C
such that

Minity = Livg, L €C, 1<i<3, (2.3)
To define the Verma module, we must first define the raising and lowering generators and a maximal
vector. What are the raising generators? Actually, because D (M) commutes with all the matrix

elements, the requirement that D (M) is a nonzero constant becomes

D M)v,'='Tv;; T eC; (2.4)
If we require that

mijvg =10 (j >4 —1i), . (2.3)

N

L

then Eq. (2.4) is satisfied and T' = g7\, \,\,. Therefore, we define the matrix elements m,(j >4
= 1), and m; (j < 4 - ) as raising and lowering generators, respectively. In the sense of Egs. (2.3)
and (2.5), v, is the maximal vector.

Noting that

[mif7m4—i,(—i] = (q" - q)m;4_;m4_;,' € H(S)q, (1<4— i>,

we say that {m, m,,, .} (j <4-i)isa pair of a raising generator and a lowering operator. This

concept is similar to the pair {x_,v,} of raising and lowering generators corresponding to a positive
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root a of semisimple Lie algebras. It is obvious that for 4(3), there are three pairs
{mymy} {moms,} {mymy}

After analyzing the structure of A(3),, we turn to the Verma module of V(A) =V (A, An Ay) =
A(3), v, of A(3),. It is obvious that ¥(),) is spanned by

{/?("%7%’) = momamivylm,n,r € Zr} (26)

However, m,, is not diagonal on elements (2.6)
muX(mynyr) = g "1, X(myn,r) — (1 — qz’)q’”"'z"‘}?(m + l,n+ 1,7),

We hope to choose a basis for A(3),, such that m,, is diagonal on the bases, as is the situation in Lie
algebras. For this purpose, we define a set of new vectors

{X(m,n,r) = mompAT| A = mymy — g ' mymy,myn,r € Z+}, (2‘7)

We want to prove that if g7 # 1, elements (2.7) form a set of bases for (). In fact, by making use
of the following recursion relation

X(mynyr) = 27'AX (mynyr — 1) — 7R (m + Ly + Lr — 1),

X (m,n,r) can be written as finite sum of X (m,n,r), i.e., bases X (m,n,r) are complete. We can also
prove that, if g7 # 1, X (m,n,r) are linearly independent because they are the eigenvectors of different
eigenvalues of the operator (7,5 + My, + My):

(myy + my + my) X(monyr) = (g™ + ,4™" + ;9" X(m,n,r)

The assertion is proved. The representation on ¥(};) is obtained as
muX(myn,r) = q"**1,X(m,n,r),
muX(myn,r) = q" i, X(m,n,r),
myX(mynyr) = q"*" 2, X(m,n,r),
muX(mynyr) = X(m + L,n,r),
muX(mynyr) = X(m,n + 1,r),
m X (mynyr) = g~ 27 X (myn,r + 1) + g7 X(m + 1,n + 1,7),
muX(mynyr) = —g" 20,1 — ¢™)X(m — L,n,r),
muX(myn,r) = —q™ " "' 2,3,(1 — #*)X(m,n—1,7),
myuX(myn,r) = ¢742,2,(1 — ¢")X(m,n,r — 1)

S+ 42'-2111213(1 - qzm)(l - qz")X(m —l,n— 1,7). (2‘8)

We now prove that Eq. (2.8) defines an infinite dimensional irreducible representation if ¢7 # 1
Suppose that 77 is a nonzero invariant subspace of ¥'(};). There then exists a nonzero vector v inV

0=v= > CpuX(myn,r)eV, 0=C,, €C.

m,n,r
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Let 7 be the largest one among 7, then

md = 22— ()AL — g% (1 = g)C mnn X (0,5, r) € T,

In the same way, applying mf, and R’ onm?y, where # and 7 are the largest ones among # and r,
respectively, and ‘

R immigipyy, == gmymym3',
Rx(ma"?f) = q-‘ullzlJ(l - qz’)X(m,”’r — 1),

and noting that all the coefficients are not vanishing in the case ¢” # 1, we conclude that X(0,0.0)
€V . Applying m7,, my, (m,, = g"'m,m,m;l) on X (0,0, 0), and noting

(my — q—"mumnmfz‘)X(m,n,r) i q'("""),l;‘X(m,n,r + 1),

we have X (m,nr) € V (mjn,r € Z *). Therefore 7 = V(). This means that Egs. (2.8) is an infinite
dimensional irreducible representation if ¢” # 1.

We then discuss the case where g is a root of unity, i.e., the case ¢* = 1. In this case., V(X)) is
no longer an irreducible module. In fact, noting thatin () elements m%,, m%, and A? commute with
any element, we conclude that {m,,u,, May-lhy, AF-i| p; € C} generates a normal submodule /(y,)
of V(). The bases for the quotient module WX, ;) = V(X)/I(u;) can be obviously chosen as

{Y(m’"9r) . X(m,n,r)Modl(;t,-)‘ < myn,r < p—1},

dimW(1;, u;) = P, (29)
Equation (2.8) induees on W (), u,), a p*-dimensional representation
myuY (m,yn, r) = ‘I"'"'”le(m,ﬂ, r),
muY(m’”7’) = g™, Y(m,n, r)s
myY(m,n,r) = " LY(myn, ),
mpY(myn,r) = Y(m + l,n,7), (m= p—1)
muY(p — 1yn,7) = u,Y(0,n,r),
muY(myn,7) = Y(m,n + 1,r), (n=p—1)
myY(m,p — l,r) = u,Y(m,0,7),
myY(mynyr) = g~ ™17 Y (mynyr + 1) + g~ TY (m + 1,1 + 1,7),
(myn,r=p—1) _
muY(p — lyn,r) = ¢ " "U7'Y(p — l,n,r + )+ 977, Y(0,2 + 1,7),
myY(m,p — 1,7) - gAY (myp — Lyr 4+ 1)+ g7 "7 u.Y(m + 1,0,7), .
—(m+n)q =1
myY(m,n,p— 1) = g tmTm g usY(m,n,0) (210)

+ g mTTNTY(m + Lyn 4+ 1,p — 1),

Using the same method and noting ¢’ # 1 (1 < ¢ < p = 1), we can prove that Eq. (2.10) defines a
p-dimensional irreducible representation. :
It is easy to verify that in representation (2.10) we have
mp

[ A— A
1Ty, mi) Ly AP = m = mf = m{ =0,



n
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Therefore, (2.10) is not a pure cyclic representation. To obtain pure cyclic representation, we first
construct its g-boson realization.

3. g-BOSON REALIZATION OF A(3),

To construct the g-boson realization of A(3),, we define that the g-Fock space 5,(3) of three
g-bosons: .

F ((3):{Imyn,ry = (61)"(63)7(63)710)16:10) = 0, g¥i[0) = [0)

= 1,263 m,n,rEZ*'}, (31)
Then the mapping ©: V' (\,) = & ,(3) defined by
p:X(mynyr)b—> |myn,r) 32)
is isomorphism of a linear space. Define
I = PP -l’ (3-3)

where p is the representation (2.8) of 4(3),. Then T is a representation of 4(3), on 5~ ,(3)- Itis easy
to prove that

T(x) mynyry =D, plx)mdy” |mn'sr'), YzeA(3),. (3.4)
By making use of representation on 5 ,(3) of g-Heisenberg-Weyl algebra
gViimynyr) = q™|myn,ry,q¥imyn,r) = q*|myn,ry,
q‘v"|m7n7r> - q’!m’”’r>’br.‘m’n’r> = {m + 1,n7r>’
b”ms”a’> = |m,n + 19r>’b§lma”9’> = |m,n,r + 1>’

! 1 -m m
blim,n,r)—[m][m-—l,n,r>=‘————-;:7q (1—‘11 )|m—17”9r>9

————1(1_1 g (L= g™ m,n— 1,1,

byl myngry = —

LS S — g7 (L= g")myn,r — 1), (3.5)
9—49
we rewrite ['(x) in the form of g-boson operators

bylmonyry = —

my, == lzq‘qu‘Vz, my; = llq_‘\’\qu, my = lsquqN;,
m12'= by, my = b3, my = 1?4‘"‘({-”‘(5? + qbfb¥),
my = (g — ¢7)A2,9"1q"gVby, my = (¢ — g7 A,2:9M1qNgNsb,,

o - e 3.6
my = —2,2,1;9 (9 — ¢ l)qNbs +(qg—4qg l)"«x}-zls‘IquN‘qZN’b1bz. (36)

which is the desired g-boson realization of 4(3),. The method used above is a generalization of that
for constructing the g-boson realizations of quantum universal enveloping algebras [9].

It is worth noting that thé g-boson realization (3.6) is valid in both the case ¢” # 1 and the case
¢° = 1. This fact can be directly verified using the basic défining relations of g-Heisenberg-Weyl
algebra.
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4. CYCLIC REPRESENTATION OF AQ3),

In this section we suppose that g is the p-th root of unity, ie., ¢¢ = L

Our aim is to construct cyclic representation of A(3), in terms of its g-boson realization. In [9],
we presented the cyclic representation of the g-Heisenberg-Weyl algebra. For the case with three
g-bosons, letting V,(3) be a linear space spanned by {v(m,n,r)|1 < mnr < p - 1}, the cyclic
representation of the g-Heisenberg-Weyl algebra is defined as (&, C5 ¢ = 1):

Mo(m,n,r) = 9" w(myn,r), qMo(myn,r) = 9" *v(m,n,r),
@Mo(m,n,r) = I v(man,r), bto(myn,r) = v(m+ Lin,r)(m=p—1),
bfv(p— l,myr) = Ew(0,n,7), byv(myn,r) = v(m,n + Lir)(n=p—1),
b3v(m,p — 1,7) = Ev(m,0,r), b3v(mynyr) = v(m,n,r + D(r=p—1),
biv(mun,p— 1) = §550(myn,0), biv(myn,r) = [(m + Slo(m — 1,n,7)(m = 0),
6,w(0,7,r) = ETM L 10(p — Lin,r), by(myn,r) = (4L ]v(m,n—1,7)(n = 0),
bw(m,0,r) = §Gle(mp —1,7), byv(mynyr) = [r + Llo(myn,r — 1)

(r =0),
byw(myn,0) = £ 5, 10(myn,p — 1),

By making use of the g-boson realization (3.6) we immediately obtain the p-dimensional cyclic
representation of A(3),

(+1)

mapv(mynyr) = 1,9 * 3 y(myn,r),

myv(myn,r) = Lig"* "+t y(m,a,r),

myv(myn,r) = Liqg" " y(m,n,r),

muv(myn,r) = v(m + Lin,r) (m=p—1),

mpv(p — l,n,r) = £v(0,n,r),

muyv(m,nyr) = ov(m,n+ l,7) (n=p—1),

muyv(m,p — 1,r) = 5v(m,0,r7),

myv(myn,r) = A3'q "Dy (myn, r + 1) 4 A7 T L0y (e | -1, )
(mynyr=p—1), .

myuv(p = lyn,r) = A3'q" "0t L™y (p — Lon,r + 1) +47'g " 0 g (0, n+ 1, 7)

(nyr=p—1),

myv(m,p — 1,7) = 130q7 e LTy (o — 1, 7)) + A3tgT sy, 00 7)
(myr=p—1),

myv(myn,p—1) = ATtg Tt L D E (i, 0) + AtgTim it Lty (o - 1, + 1,

p—1) (mya=p—1),.

myuv(myn,r) = (g — DY T P Lt Th T Tl PR Cle(m — 1,n,7) (m=0),

muu(’O,n,’r} = (q _— q_l>lllzq”;’”‘ﬁﬁg‘-lg&.f‘[é}]u(p — 1,n,r),

msv(msn,r) = (g — g A+ It i LI, Llv(mun— 1,7) (n=0),

mav(m,0,7) = (g = g™ AAag™ B LTED  Tu(myp — 1, ),

myv(myn,r) = —1,2,0,¢7(g — g™)g" 5[ » -!--é'j]u(m,n..r — 1)

+ (g = 7ML TRy 2 ][+ Gle(m— lon— 1,r),
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(mynyr=0),
myuo(0,n,r) = —A,2,0;97° (g — ¢7Dg* 5 [ r + §310(0,n,r — 1)
=iy — 4_1)211lzlzf1"+z'+-’r‘+““;’§?1[Cx][n + &lv(p — Linyr),(n,r = 0),
myv(m,0,r) = —d4,973(q — ¢7Dg 5[ r + §1o(m,0,r — 1)
+ (¢ — q—l)llxlzlsqm+zr+;'+gz+zg’[m + £,183' 8 ]v(m,p — L,r),(myr = 0),
myuv(myny0) = — A7 (g — ¢7)gBET L v(mynyp — 1)
+ (g — g7V A yg™ O [ + £ ] [n + 5 Jv(m — 1, — 1,0),
(myn==0) (42)
It is easy to verify that Eq. (4.2) is a pure cyclic representation when ¢, is generic, i.e., % # 1, and the
central elements 7%; are nonzero multiples of identity matrix.

It is worth noting that the representation (4.2) reduces to (2.10) if ¢ = 1. Therefore,
representation (2.10) is only a special case of the general cyclic representation (4.2).

5. CONCLUSIONS

In this paper, we have studied the structure and Verma module of 4(3), using a similar method
for studying the structure and Verma module of semisimple Lie algebras, constructed its g-boson
realization from the Verma module, and obtained its cyclic representation at ¢° = 1. The method
used here is expected to generalize to the study of the structure and Verma module of the matrix
element algebra A(n), of the quantum group GL(1),, in particular, to the classification of finite
dimensional irreducible representations of 4(#),. There are the further work of authors.
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